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Abstract Algebraic state space theory (ASST) of logical systems, developed based on the semi-tensor

product (STP) which is a new matrix analysis tool built in recent ten years, provides an algebraic analysis

approach for many fields of science, such as logical dynamical systems, finite-valued systems, discrete event

dynamic systems, and networked game systems. This study focuses on comprehensively surveying the appli-

cations of the ASST method to the field of finite state machines (FSMs). Some necessary preliminaries on

the method are first reviewed. Then the applications of the method in the FSM field are reviewed, includ-

ing deterministic FSMs, nondeterministic FSMs, probabilistic FSMs, networked FSMs, and controlled and

combined FSMs. In addition, other applications related to both STP and FSMs are surveyed, such as the

application of FSM to Boolean control networks and the application of graph theory to FSMs. Finally, some

potential research directions with respect to the ASST method in the FSM field are predicted.

Keywords Boolean control network, Boolean network, finite state machine, learning system, semi-tensor

product (STP), ASST
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1 Introduction

As Deif remarked in the 1990s [1], matrix theory can be called advanced arithmetic and has wonderful
applications in almost every field of science and engineering. This is because dealing with complex systems
with many components must require a mathematical tool that can combine these components together,
and matrix theory can achieve this goal. However, matrix theory is not a panacea; it has its inherent
defects. A vivid example can be found in [2].

In 2009, a new type of matrix multiplication, called the semi-tensor product (STP) of matrices, was
proposed by Cheng [3]. For two matrices of any dimensions M ∈ Mm×n and N ∈ Mp×q , the STP of M
and N is defined as

M ⋉N := (M ⊗ Is/n)(N ⊗ Is/p),

where Ik represents the identity matrix of order k, s is the least common multiple of n and p, and ⊗ is
the Kronecker product of matrices. The STP generalizes the traditional matrix multiplication (TMM) by
allowing any two matrices to participate the multiplication. In the framework of the STP, some defects
of the TMM are naturally and perfectly overcome, and an overwhelming majority of the properties of the
TMM still hold. More importantly, the STP possesses special properties that the TMM does not have,
such as the pseudo commutative law with respect to vectors, vector-matrix version of pseudo commutative
law, elimination law of vectors, algebraic representation of logical functions, extraction law, and power-
reducing law. These beautiful properties have made STP attract many scholars’ research interests in
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Table 1 Notations used in this study

Notation Meaning Notation Meaning

Mm×n The set of m × n matrices Z+ The set of positive integers

Lm×n The set of logical matrices of size m × n D The set {0, 1}

δin The i-th column of the identity matrix In ∆n The set {δin|i = 1, 2, . . . , n}

M = δn[i1, i2, . . . , ik] M = [δi1n , δi2n , . . . , δ
ik
n ] ⌊A⌋ The matrix A = (⌊aij⌋) ∈ Mm×n

|S| The cardinality of set S S1 − S2 The set {s|s ∈ S1, s /∈ S2}

⌊x⌋ The largest integer less than or equal to x Θ(x) The set {y ∈ ∆m|y ∧ x = y}

Rowk(A) The k-th row of matrix A Row(A) The set {Rowk(A)|k = 1, . . . ,m}

Colk(A) The k-th column of matrix A Col(A) The set {Colk(A)|k = 1, . . . , n}

1n The n dimensional vector [1, 1, . . . , 1] ∆(η) The set {δkn| the k-th element of η is nonzero}

Ed The dummy operator matrix δ2[1, 2, 1, 2] Ω(M) := {α|α ∈ ∆(coli(M)), i = 1, 2, . . . , n}

various fields, such as automation control systems [4–7], engineering electrical electronics [8–10], artificial
intelligence [11–13], information systems [14–16], neurosciences [17,18], and applied mathematics [19–21].

It is worth mentioning that in the framework of algebraic state space theory (ASST) developed based
on the STP, finite state machines (FSMs) have been investigated systemically by borrowing the ideas,
methods, and techniques from control theory. A series of achievements have been gained, including
different modes of FSMs and various problems of the same model. The models of FSMs include de-
terministic FSMs [22–34], nondeterministic FSMs [35–43], probabilistic FSMs [44–48], and networked
FSMs [49, 50]. Different problems of the same model consist of stabilization [22–25, 31, 35, 38], simula-
tion [40], simplification [37,51], reachability [28,38,41,46,49,52,53], controllability [31,38,46,53], language
recognition [27, 28, 32, 34], observability [39, 54], etc.

In the last decade, FSMs have integrated with control theory in many aspects with the help of ASST and
STP, such as the ideas (feedback ideas) [23,25,35,55], concepts (reachability, controllability, observability,
stabilization) [28, 31, 38, 39, 41, 46, 49, 52–54,56], and methods (state feedback control, correction control,
model predictive control, fault-tolerant control, adaptive control) [29–31,46,57–59]. These results greatly
enrich the control theory of FSMs. This paper aims to present a comprehensive survey of the applications
of the ASST method in FSMs.

The remainder of this paper is arranged as follows. Section 2 introduces some commonly used theo-
retical results on the STP and some concepts on FSMs. Sections 3–7 present applications of the ASST
method in various types of FSMs: deterministic FSMs in Section 3, nondeterministic FSMs in Section 4,
probabilistic FSMs in Section 5, networked FSMs in Section 6, and controlled and combined FSMs in
Section 7. Section 8 is a brief review of other applications related to STP and FSMs in the context of
ASST. And finally, several potential research directions are predicted in Section 9. The notations used
in this paper are listed in Table 1.

2 STP and finite state machines

This section first briefly looks back at some special properties of STP, which are powerful in studying
FSMs and other fields by using ASST and are not possessed by classical matrix multiplication. Then the
concepts of various types of FSMs discussed in this paper are briefly introduced.

2.1 Special properties of STP

Remark 1. Since the traditional multiplication of matrices is a special case of the STP, this study uses
the STP as the multiplication of matrices, and the STP symbol ⋉ is omitted except for special emphasis.

Proposition 1 (Associative law [60]). Let A ∈ Mm×n, B ∈ Mp×q and C ∈ Mr×s be three matrices,
and then the associative law (AB)C = A (BC) holds.

Proposition 2 (Scalar multiplication [60]). Let A be a matrix of size m × n and r be a real number.
Then rA = Ar = rA.

Proposition 3 (Pseudo commutative law with respect to vectors [60]). Let X and Y be two column
vectors ofm and n dimensions, respectively. STP has the pseudo commutative propertyW[m,n]XY = Y X

and W[m,n]Y X = XY , where W[m,n] is an mn×mn matrix and is called a swap matrix, whose element
at position [(I, J), (i, j)] is defined as 1 if I = i and J = j, or as 0, otherwise, where (I, J) and (i, j) are
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double indices used to mark the rows and columns, which are organized by the ordered multiple indices
Id[j, i;n,m] and Id[i, j;m,n], respectively.

Proposition 4 (Vector-matrix version of pseudo commutative law [61]). Let X be a column vector of
size s× 1 and A ∈ Mm×n be a matrix. Then the pseudo commutative law XA = (Is ⊗A)X holds.

Proposition 5 (Elimination law of vectors [31]). For all pairs of logical variables x, y ∈ ∆ and Ed =
[1, 2, 1, 2], STP has the elimination properties Edxy = y and EdW[2,2]xy = x.

Proposition 6 (Algebraic representation of logical function [5]). Any logic function f(x1, . . . , xn) :
∆n → ∆ can be represented as the algebraic form f(x1, . . . , xn) = Mfx1x2 · · ·xn, where Mf is unique
and called the structure matrix of f , x1, . . . , xn ∈ ∆.

Definition 1 (Column-equal-division of matrix [51]). For a matrix A of size n×m,m = rp, its r-column-
equal-division isA = [Blkr1(A), . . . ,Blk

r
i (A), . . . ,Blk

r
r(A)] , where Blk

r
i (A) =

[

col(i−1)p+1(A), . . . , colip(A)
]

is referred to as the i-th block of r-column-equal-division of A.

Proposition 7 (Extraction law [51]). Let A be a matrix of size p×qr. The extraction law Aδir = Blkri (A)
is true for STP, where Blkri (A) is given in Definition 1.

Proposition 8 (Power-reducing law [60]). Let x be a logical vector of size n× 1. Then Mprx = x2, in

which Coli(Mpr) = δ
(n+1)i−n
n2 , i = 1, 2, . . . , n.

2.2 Finite state machines

Finite state machines, also called finite automata or finite-state automata, are devices that can represent
languages according to defined rules, or mathematical models of computation.

Definition 2 (FSM). An FSM is formally defined as M = (X,E, f, x0, XF ), in which X and E are sets
of states and events, respectively, f is state transition function, x0 is the initial state, and XF is the set
of accepting states. An accepting state means that an event sequence can be accepted by M if the event
sequence moves M to the accepting state from the initial state x0.

Figure 1(a) is an illustrative example, where the initial state, state set, event set and accepting state
set are x0 = x1, X = {x1, x2, . . . , x9}, E = {e1, e2, e3, v1, v2, v3}, and XF = {x6}, respectively.

Definition 3 (Deterministic FSM). An FSM is called a deterministic one if the state transition function
is defined fromX×E toX ; i.e., there is only one transition with the same event from a state. f(xi, e) = xj

means a transition driven by event e from state xi to state xj . Figure 1(a) is a deterministic FSM (DFSM).

Definition 4 (Nondeterministic FSM). In Definition 2, if f is defined from X × E to 2X , where 2X is
the power set of X , this means that an event can cause multiple transitions from a state. In this case,
the FSM is known as a nondeterministic FSM (NFSM).

The FSM M runs as follows. M begins from x0; when ei occurs, M transfers to f(x0, ei). The process
continues according to how the state transition function f is defined. The dynamics of M excited by the
event e = e1e2 · · · et ∈ E∗ is described by f(e, x) = f(f((· · · f(x, e1), e2) · · · ), et), where E∗ represents the
set of all finite event sequences on E. For more detailed description of FSMs, please refer to [62–65].

Remark 2. If we further consider outputs, an FSM can also be defined as M = (X,E, Y, f, g, x0, XF ),
where X denotes a set of states, E is a set of letters or symbols, and Y is a set of output symbols. g is
the output function defined as g : X × E → 2Y , where 2Y stands for the power set of Y . If the output
function is limited to g : X × E → Y, the FSM is then called a deterministic FSM with outputs.

In the evolution of deterministic FSMs and nondeterministic FSMs, an event either must happen or
must not happen. If we equip the occurrence of events with probabilities, we then get probabilistic FSMs,
which are defined as follows.

Definition 5 (Probabilistic FSM). A probabilistic FSM is captured by a six-tuple Mp = (X,E, P,Γ, f,
x0), where X,E, f and x0 have the same meanings as in the deterministic FSMs and nondetermin-
istic FSMs, with two differences that P and Γ. P is a state transition probability function from
the Cartesian product X × E × X to the probability interval [0, 1], defined for xi, xj ∈ X such that
T :=

∑

xj∈X P (xi, σk, xj) = 1 or T = 0, where σk ∈ E is the conditional probability with the occurrence
of event σk. T = 1 implies that the same event can drive multiple transitions from a state, while T = 0
means P (xi, σk, xj) = 0 for any σk ∈ E and such events can be omitted in probabilistic FSMs. P can also
be the extension probability function over s ∈ E∗ by P sσ

ij =
∑

P s
ijP

σ
jl. Γ is the feasible event function

from X to E defined for xi, xj ∈ X , σk ∈ E as Γ(xi) = {σk|P k
ij > 0}, in which P k

ij = P (xi, σk, xj) is the
probability distribution. More details on probabilistic FSMs are given in [44, 45, 66–69].
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Figure 1 A networked FSM and the component FSMs. (a) A network of FSMs created by composing M1,M2,M3,M4;

(b) component FSM M1; (c) component FSM M2; (d) component FSM M3; (e) component FSM M4.

Definition 6 (Networked FSM). A networked FSM is a set of FSMs which interact through an operation
of composition, called parallel composition, which is defined as follows. Consider two FSMs M1 =
(X1, E1, f1, x01, Xm1) and M2 = (X2, E2, f2, x02, Xm2). The parallel composition of M1 and M2 is the
FSM M1 ‖M2 = (X1 ×X2, E1 ∪ E2, f, (x01, x02) , Xm1 ×Xm2), where

f ((x1, x2) , e) =























(f1 (x1, e) , f2 (x2, e)), if both f1 (x1, e) andf2 (x2, e) are defined,

(f1 (x1, e) , x2), if only f1 (x1, e) is defined,

(x1, f2 (x2, e)), if only f2 (x2, e) is defined,

undefined, otherwise.

(1)

The parallel composition is associative: (M1 ‖M2 ) ‖M3 = M1 ‖(M2 ‖M3 ) . Therefore the parallel compo-
sition of a set of n FSMs can be defined by using associativity as W = M1 ‖ M2 ‖ · · · ‖ Mn = (· · · ((M1 ‖
M2) ‖ M3) ‖ · · ·Mn−1)Mn. Figure 1 is a networked FSM constructed by four FSMs, M1,M2,M3 and
M4, shown in Figures 1(b)–(e), where the states xi (i = 1, 2, . . . , 9) of W are simplified representations
of the states of the network for the sake of readability. Taking x1 for example, it stands for the state
(A, a, I, 1). Refs. [70–72] provided more details of the networked FSMs.

Definition 7 (Controlled FSM). A controlled FSM is an FSM endowed with a control specification and
is formally defined as a five-tuple Mc = (Φ× E,X, fc, x0, XF ), where the objects E,X, x0 and XF have
the same meanings as those of deterministic FSMs, Φ = {0, 1}Ec, and Ec is called controlled event set,
which is defined as follows. Controlled and uncontrolled event sets are subsets of E such that Ec ⊂ E,
Eu ⊂ E, Ec ∪ Eu = E, and Ec ∩ Eu = ∅. A control specification is a Boolean function γ ∈ E satisfying
that for any σ ∈ Σc, γ(σ) = 1 means that control specification γ allows event σ to happen, while γ(σ) = 0
means that γ refuses event σ to happen. fc is the state transition function of the control specification
defined as fc(γ, σ, x) = f(σ, x) if f(σ, x)! and γ(σ) = 1; otherwise it is undefined, where f(σ, x)! means
f(σ, x) is well defined. For more details, please refer to [73, 74].

3 Deterministic finite state machines

In 2012, by introducing ASST into the field of FSMs, Xu et al. [41] proposed an algebraic approach to
investigate the FSMs. They established the algebraic dynamic equation (2) to model FSMs.

x (t+ 1) = Fu (t)x (t) , (2)

where x(t) denotes the state at time t, u(t) is the input sequence from the initial time to time t. F is
referred to as a transition structure matrix defined as F = [F1, . . . , Fm], in which Fi(s,t) = 0 if f(xt, ei) =
xs; Fi(s,t) = 1, otherwise.

And in 2013, the output dynamic of FSMs was also modeled as the following algebraic equation [39]:

y(t) = Hu (t)x (t) , (3)

where y(t) is the output at the time t, H is called the output structure matrix determined by the output
dynamic function g(x, e) as H = [H1, H2, . . . , Hm], in which Hi(s,t) = 1, if g(xt, ei) = xs; Hi(s,t) = 0,
otherwise.
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The combination of (2) and (3) is referred to as a 1-step dynamic model of FSMs, i.e.,

x (t+ 1) = Fu (t)x (t) , y(t) = Hu (t)x (t) , (4)

where F and H are referred to as the 1-step transition matrix and 1-step output matrix, respectively.
Different from (4), Yan et al. [31] proposed a t-step dynamic model of FSMs as shown below:

x(t+ 1) = Gtx0u(t), o(t) = Ktx0u(t), (5)

where x(t) and u(t) are the same as (4), x0 is the initial state, o(t) is the output at the time t, Gt is
called t-step transition matrix and Kt is t-step output matrix.

Remark 3. Eqs. (4) and (5) share similarities in results as well as differences in ideas. In (4) the
state of an FSM is defined as a vector x(t) = (x1(t), x2(t), . . . , xn(t))T, where xi(t) is the number of
different paths by which the FSM can reach state xi with an input string of length t − 1, while in (5)
state xi is simply defined as a vector δin (δin is the column vector corresponding to the i-th column of
the unit matrix In). Eq. (4) can be used to analyze both deterministic FSMs and nondeterministic
FSMs, and to describe their 1-step dynamics, while Eq. (5) is only suitable for deterministic FSMs,
and formulates the t-step dynamics. Thus Eq. (4) excels in the uniform of modeling FSMs and Eq. (5)
has advantages in expressing the dynamics. Based on (5), one can analyze and synthesize FSMs like
studying dynamic systems in the control theory. The idea, such as feedback [23,30], the concepts, such as
controllability, observability, and stabilization [24, 52], and the methods, such as states-feedback control,
corrective control, and fault-tolerant control [25, 54, 75], have been transplanted to FSMs.

As an example, consider the FSM, shown in Figure 2(a), that recognizes the language ending with 000
on E = {0, 1}. Its 1-step transition matrix F and 1-step output matrix H are F = δ4[2, 3, 4, 4, 1, 1, 1, 1]
and H = δ2[2, 1, 2, 2, 1, 2, 1, 2], respectively. While the 6-step transition matrix G6 is

G6 = δ256[4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1,

4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1,

4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1,

4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1,

4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1,

4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1,

4, 1, 2, 1, 3, 1, 2, 1, 4, 1, 2, 1, 3, 1, 2, 1].

Based on the dynamic models (4) and (5), many problems of FSMs have been reconsidered or solved
by borrowing the methods and ideas from control theory. The first problem that attracts the attention
of scholars in the control field is the stabilization of FSMs. Xu et al. [22] introduced the concepts
of cycle stability and equilibrium from control theory and defined the stabilization of FSMs. Several
necessary and sufficient algebraic conditions for the stabilization were proposed. A new way to design state
feedback controllers, just by solving matrix inequalities, was developed. Zhang et al. [23,25] borrowed the
notions of equilibrium and output feedback feasible event (OFFE) from the system theory and defined
the stabilization of Moore-type FSM, a special type of deterministic FSM. Besides, the static output
feedback control (SOFC) was investigated by using the STP, including single and multiple equilibrium-
based SOFC. Han et al. [30] discussed the problems of equilibrium point stability and equilibrium point
stabilization of FSMs by developing a matrix form method. They proposed a matrix-based criterion to
verify the stabilization and designed a polynomial algorithm to characterize all permissible state-feedback
controllers. Han et al. [24] studied the stabilization of FSMs from the point of view of topological
structure. A method of finding limit cycles of different lengths was presented and two new concepts, the
attraction domain of limit cycles and pre-reachability, were proposed. Based on these, several criteria
for the stabilization of limit cycles were developed and the corresponding controllers were also designed.
Besides, other scholars also discussed the stabilization of FSMs from different perspectives [76, 77].

Using ASST, scholars in the control field have done extensive research on FSMs, such as controlla-
bility [29, 31], observability [54], reachability [28], language recognition [27, 32, 34], compatible-invariant
analysis [26], verification analysis [33], the combination of FSMs [78], and space optimization [51].

It is believed that a large number of problems related to FSMs can be further studied or reconsidered
in the framework of the ASST.
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Figure 2 (a) An FSM recognizing the language ending with 000 on alphabet E = {0, 1}; (b) an NFSM recognizing the languages

with the same leading and trailing letters; (c) a model of a probabilistic FSM.

4 Nondeterministic finite state machines

In the evolution of deterministic FSMs, the initial state is only one state, and all transitions are triggered
by an event e and determined by a deterministic function. For the convenience of modeling and analysis,
these three requirements can be relaxed appropriately. First of all, the transition is excited by an event
e at state x to multiple states. Second, an empty event ε is allowed; i.e., the transition between two
different states can be caused by an empty event ε. Finally, the initial state can be relaxed to a set of
states.

The above factors lead to difficulties in describing the dynamic behaviors of nondeterministic FSMs
by models (4) and (5). In 2020, Yue et al. [43] developed a unified model (6) in the ASST framework.

x (t+ 1) = F txiu (t) , (6)

where the difference between (6) and models (4) and (5), especially between (5), lies in the way of defining
the states of an FSM. The state of (5) is defined as a logical vector, thus causing such type of state can
only be applied to represent a single state, while in (6) the state is defined as a “state packet” modeled
by an extended logical vector that has multiple elements 1. Therefore the “state” can represent a set of
states. For the case of DFSM, the extended logical vector reduces to an ordinary one, and the state packet
becomes a single state, and Eq. (6) becomes (5) correspondingly. In other words, Eq. (5) is a special case
of (6). Thus the model (6) is applicable to both DFSMs and NFSMs and possesses the advantages of
both models (4) and (5), i.e., the model unity of (4) and the dynamic description ability of (5), that is,
the ability to formulate the t-step dynamics of FSMs.

Consider the following example of an NFSM, given in Figure 2(b), which recognizes the languages
beginning and ending with the same letter. The 5-column-equal-division of the t-step transition matrix
(taking t = 3 for example) is

Blk51(F
3) =















0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1

1 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 1















,

Blk52(F
3) =















0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0















,

Blk53(F
3) =















0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0















,

Blk54(F
3) =















0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1















,

Blk55(F
3) = δ5[2, 4, 0, 0, 0, 0, 0, 0, 3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 2, 0, 0, 0, 0, 5].

In the 3-step transition matrix, there are columns having multiple 1s, which are extended logical vectors
used to model the state packet representing a set of states. For example, the first column of Blk51(F

3)
has two 1s at positions 2 and 5, respectively, which means that the FSM can move to the second and
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fifth states from the initial state after 3 steps. In addition, there are 0-columns in the 3-step transition
matrix, which shows that there exist states to which the FSM cannot move in 3 steps.

With the t-step transition matrix defined in (6), many problems of NFSMs can be investigated easily,
such as controllability, observability, stabilization, reachability and simplification. Yue et al. [37, 42]
reconsidered the problem of simplifying FSMs. An algebraic criterion checking different states and a
scheme constructing incompatible graphs of FSMs were proposed. Based on them, several sufficient and
necessary conditions for formulating three structures of FSMs were established, including compatible
coverage sets, representative state sets, and minimum representative sets. These results are applicable to
both DFSMs and NFSMs. Li et al. [38] made a comprehensive investigation of reachability, stabilization
and controllability of FSMs by introducing the concept of controllability matrix. Xu et al. [41] pointed out
that this kind of matrix method may provide a useful way to analyze and compute many interesting and
related problems in the area of FSMs. Zhang et al. [35] investigated, under ASST, the control problem
of NFSMs which are partially state observable. By providing some algebraic conditions answering the
question when an NFSM can be equilibrium-based feedback stabilization, they discussed the range of
feasible control events and then designed an algorithm of finding the static feedback matrix. Further,
they expected that the corresponding control problem of networked FSMs could be studied and that
the mass media of multiplex networked FSMs could also be investigated in the ASST framework. Using
ASST, Xu et al. [39] considered the problems of observability and designed an observer of FSMs by viewing
FSMs as discrete-time bilinear systems. A matrix form of observability condition and a constructive way
to design observers were proposed. They also solved simulation and bi-simulation relations of one or two
NFSMs by studying the composition operations of NFSMs and by designing algorithms and criteria for
checking the simulation and bi-simulation relations [40].

These researches show that it is reasonable to believe that more problems of NFSMs can be further
studied based on model (6).

5 Probabilistic finite state machines

Randomness is an important feature of the world because randomness leads to the uncertainty and
unpredictability of the world. Probabilistic FSM (PFSM) is a kind of FSM where there is randomness in
its interior or the environment it works in. The main difference between PFSMs and non-PFSMs is that
the actions of PFSMs are random.

In 2008, to describe the dynamics of PFSMs, Cassandras et al. [66] proposed the concept of probability
transition matrix. The probability transition matrix does not embody the structural information associ-
ated with the event-driven. In 2018, Zhang et al. [52] reconsidered the modeling problem of PFSMs from
the viewpoint of dynamic systems by using ASST as the mathematical tool. Accordingly, a bilinear-like
model was proposed.

Theorem 1. The dynamics of a PFSM Mp excited by a string of length u(t) can be formulated
as E [x (t+ 1)] = Fu (t)E [x (t)], in which E [x (t)] represents the mathematical expectation of x that
can be reached from the initial state with the string, u(t) is the vector form of the string and F =
[F1, F2, . . . , Fm] ∈ Ln×mn is the transition probabilistic structure matrix, in which Fi ∈ Mn×n is associ-
ated with event ek and is defined as follows: Fk(j,i) = P k

ij , if xj ∈ f(xi, ek); Fk(j,i) = 0, otherwise.
The transition probabilistic structure matrix can precisely capture the random information on the

stochastic transition of the states during the evolution of a PFSM. This overcomes the defect of the
probability transition matrix proposed in [66] that cannot reflect the probabilistic distribution of the
event causing a transition.

Consider the PFSM depictured in Figure 2(c). The transition probabilistic structure matrix is

F =































0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0.2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.6

0 0 0 0 0 0.7 0 0 0 0 0.8 0 0 0.5 0 0 0 0

0 0 0 0.5 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0.8 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0

0 0 0 0 0 0 0 0 1 0 0.2 0 0 0.5 0 0 0 0

0 0 0 0.5 0 0 0 0.9 0 0 0 0 0 0 0 0 0 0.4

0 0 0 0 0 0.3 0 0.1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0































. (7)
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We can see clearly from (7) that the probabilistic distribution of each event triggering a transfer at
a state is contained in the transition probabilistic structure matrix. The essential difference between
the transition structure matrix of DFSMs (or NFSMs) and the transition probabilistic structure matrix
of PFSMs is that the nonzero elements in these two matrices represent different physical meanings; the
former suggests which state(s) can be reached from another state, while the latter indicates the probability
that an event raises a state transition.

Based on Theorem 1, many issues of PFSMs were investigated by scholars from the control field. Also,
some concepts, methods, and problems were transplanted to PFSMs, such as reachability, controllability,
and stabilization. In [52], the reachability problem was discussed. An algebraic form of the necessary and
sufficient condition for two types of reachability (ordinary and probabilistic reachability) was reported.
Compared with other forms of results, this algebraic form has more theoretical value.

In 2018, Zhang et al. [56] analyzed the reachability of PFSMs in more depth by introducing the notion
of F -probabilistic reachability. A sufficient and necessary condition for the F -probabilistic reachability
was proposed. In addition, the controllability issue of PFSMs was also discussed in [56]. More precisely,
the concept of F -probabilistic controllability was defined, and an algebraic condition was developed to
check the F -probabilistic controllability. The approach allows us to convert the state evolutions of PFSMs
to discrete-time bilinear systems by which the conditions of probabilistic controllability and probabilistic
reachability can be achieved easily. More importantly, the method provides a theoretical way to other
problems such as stabilization, observability, and modular control.

Stability and stabilization are fundamental issues for FSMs. For a large-scale automatic system, stabi-
lization means designing a controller to make the system transferable to specific states in finite-time steps.
Stabilization and stability of FSMs have been studied extensively from various perspectives [76, 79–82].
Before 2020, there was little report on the stabilization of PFSMs. Zhang et al. [83] addressed the stabi-
lization problem by using ASST and by viewing PFSMs as nondeterministic ones where nondeterministic
state transitions are assigned probabilities. The k-controllability with probability one was defined for
marked states and the corresponding condition for the controllability was proposed.

Definition 8. Let state xm = δmn be a marked state of PFSM Mp. xm is said to be k-controllable from
the initial state x0 = δpn with probability one if there is an input s of length k such that P s

pm = 1. Mp is
said to be k-controllable from the initial state x0 = δpn with probability one if for any state xj there is an
input s of length k such that P s

pj = 1.

Theorem 2. For a PFSM with dynamic equation described in Theorem 1, a marked state xm = δmn is
k-controllable from the initial state x0 = δpn with probability one iff δmn ∈ Θ(⌊Dk⌋), where D = FW[n,q],
F is the transition probabilistic structure matrix, and W[n,q] is the swap matrix.

The k-controllability of the whole system of PFSMs can be obtained by extending the controllability
condition of marked states.

Theorem 3. For the PFSM described in Theorem 2, the system of the PFSM is k-controllable from
the initial x0 = δpn with probability one iff ∆n ⊆ Θ(⌊Dk⌋), where D is given in Theorem 2.

On the stabilization of PFSMs, Ref. [83] presented a necessary condition for stabilization and a sufficient
condition for stabilization of a closed-loop system.

Definition 9. Probabilistic FSM Mp is called stabilizable to a marked state, taking the state xm = δmn
for instance, with probability one if there is an input s such that P s

im = 1 for any state xi.

Theorem 4. If the PFSM descried in Theorem 2 is feedback stable to a marked state, taking the state
xm = δmn for example, with probability one, then there is a k (k 6 n− 1) such that Ωk(m) = ∆n, where
Ωk(m) = Θ(Rowm(Dk))T.

Theorem 5. Assuming that a PFSM satisfies the condition of Theorem 4, there is then a feedback
logical matrix such that the closed-loop system constructed by the PFSM can be stabilized to xm = δmn
with probability one.

In addition, the authors [46] uniformly discussed the problems of reachability, controllability, and
stabilization of PFSMs by defining a new type of controllability matrix for PFSMs. The presented
approach provides a unified idea for the three problems.
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6 Networked finite state machines

Networked FSMs are a useful model to describe cyber-physical systems, discrete event systems, com-
munication systems, smart cities, etc. [84–87]. A networked FSM is built by combining two or more
FSMs according to some pre-defined operations on individual FSMs. There are usually two types of
operations on FSMs to form a networked FSM. One is the product of FSMs, denoted by ×; the other is
the parallel composition, denoted by ‖ . The two networked FSMs describe two kinds of shared dynamics
of a group of FSMs running at the same time. The critical difference between them is how to handle
the private events belonging to component FSMs. Take a networked FSM consisting of two FSMs M1 =
(X1, E1, f1, x01, Xm1) and M2 = (X2, E2, f2, x02, Xm2) for example. The parallel version of networked
FSM is defined in (1). The product version, denoted by M1×M2 =(X1×X2, E1∪E2, f, (x01, x02), Xm1×
Xm2), is defined as

f ((x1, x2) , e) =

{

(f1 (x1, e) , f2 (x2, e)), if both f1 (x1, e) andf2 (x2, e) are defined,

undefined, otherwise.
(8)

The model (8) suggests that in the product networked FSM, the transitions of M1 and M2 must always
occur synchronously on common event e ∈ E1 ∪ E2. Thus M1 ×M2 describes the clock-synchronization
interconnection of M1 and M2. In other words, M1 × M2 triggers an event iff M1 and M2 trigger the
event simultaneously. While in the parallel networked FSM, as shown in (1), a common event e ∈ E1∪E2

is handled only if the common event is executed by M1 and M2 simultaneously. Thus the two FSMs
M1 and M2 are “synchronized” on the common event set E1 ∪ E2. The private events, i.e., those in
E1\E2 ∪ E2\E1, are not subject to such restraints and be allowed to be handled whenever possible.

Comparing (8) with (1), we find that the product networked FSM is restrictive for the fact that it
only allows transitions stimulated by shared inputs. However, in practice, when formulating a system
that is composed of interacting FSMs, there are usually private events and common events in the event
set of each component FSM, where the private events pertain to its own behaviors, the common events
are common to other FSMs and capture the couplings among the individual FSMs. Thus a standard
networked FSM is built by parallel composition.

Remark 4. From the definitions of networked FSMs, (8) and (1), or the forms of networked FSMs:
M1×M2 =(X1 ×X2, E1 ∪ E2, f, (x01, x02) , Xm1 ×Xm2) and M1 ‖M2 = (X1×X2, E1∪E2, f, (x01, x02) ,
Xm1×Xm2), one can see that a networked FSM is in essence an FSM, specifically an NFSM (just viewing
M1||M2 as M , X1 × X2 as X , E1 ∪ E2 as E, (x01, x02) as x, and Xm1 × Xm2 as Xm, respectively).
Therefore, we will use the notation of NFSM to express a networked FSM in the sequel of this section.

In advanced manufacturing systems, it is necessary to transfer information using a communication
network. The communication network inevitably leads to communication delays or even loss between
controllers and plants, which presents a new challenge to manufacturing systems for efficiency and security.
Control of networked FSMs has become a very interesting research objective in recent years. Compared
with ordinary FSMs, networked FSMs have higher requirements for the communication network, because
there is a greater possibility of information loss caused by the more distant communication distance
between controllers and plants.

In the past few decades, most studies on networked FSMs have been carried out under the assumption
that there is no communication delay or loss. Consequently, how to model, analyze and control networked
FSMs with communication delays or loss becomes more and more important. In order to formulate the
state evolution of networked FSMs with communication delay or loss, Zhang et al. [49] considered the
influence of arbitrary communication loss on the control of networked FSMs from a switched viewpoint.
Then a switched model was proposed to describe the dynamics of networked FSMs with communication
loss.

Theorem 6. The algebraic form of switched behavior of a networked FSM can be formulated by

x (t+ 1) = Fθ (t)u (t)x (t) , (9)

where x(t) denotes the state at time t, F is the switched transition structure matrix, θ ∈ ∆2 is the
switching signal, u(t) is the input string.

In order to reduce the computational complexity, a Boolean operation is introduced to (9), thus the
algebraic form of switched behavior of a networked FSM can be rewritten as a simpler algebraic equation:

x (t+ 1) = FθB (t)uB (t)xB (t) . (10)
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Based on (10), Zhang et al. [49] further investigated the reachability of networked FSMs with arbitrary
communication loss. A set of reachability conditions was presented.

Definition 10. (i) State xj is k-reachable from initial state x0 under any communication loss if there is
an input s such that xj ∈ f(x0, s) under any switching signals. (ii) The k-reachable set from initial state
x0, Rk(x0), is the set of k-reachable states from initial state x0 under arbitrary communication loss. Let
R(x0) denote the set of states reachable from x0 under arbitrary communication loss. (iii) A networked
FSM is called reachable under arbitrary communication loss from initial state x0 if R(x0) = ∆n.

Theorem 7. Consider the networked FSM defined in (1) with communication loss. (i) State xj is

k-reachable from state xi under any communication loss iff L
(k)
(j,i) = 1, where L

(k)
(j,i) is the element at the

position (j, i) of matrix L(k) = ∨mk

α=1(D
1
α ∧ D2

α ∧ · · · ∧ D2k

α ), Dl
α (l = 1, . . . , 2k) is 2k square blocks that

are obtained by splitting the right hand of (10), i.e., FθB (t)uB (t)xB (t). (ii) State xj is reachable from

state xi under arbitrary communication loss iff there is an integer k such that ∨k
d=1L

(d)
(j,i) = 1. (iii) A

networked FSM is reachable from state xi under any communication loss iff there is an integer k such
that ∨k

d=1ColiL
(d) = 1n.

Finding all the loops and locks of a network of FSMs is a tough and challenging problem. In [51],
the problem of how to find loops and lock structures of a networked FSM is investigated by treating
a networked FSM as a special kind of NFSM where the states are viewed as “state packets” which
corresponds to the state of a networked FSM.

It is convinced that the approach presented to describe the dynamics of networked FSMs may be
enlightening to model discrete state systems, such as discrete event systems [88–91], networked games [6,
92, 93], finite-valued systems [75], and Boolean networks [94–96].

7 Controlled and combined finite state machines

Compared with ordinary FSMs, the structure and dynamics of controlled FSMs are more complex,
because they allow control specifications to forcibly intervene in the evolution of the systems. Controlled
FSMs are one of the four basic modeling and analysis methods for discrete event dynamic systems, and
the other three are logic, algebraic, and statistical performance. Therefore, it is of great significance and
challenge to study the modeling and analysis of controlled FSMs.

Yan et al. [97] proposed an algebraic form of the model for controlled FSMs based on the algebraic
model of ordinary FSMs established in the framework of STP.

Theorem 8. The state evolution of control specification of a controlled FSMMc = (Φ×E,X, fc, x0, XF )
can be described as

δc (f (qj) , σi, qj) = ∆
(

Fδjmδinf (qj) (σi)
)

, (11)

δc (f (qj) , σi, qj) = ∆
(

F̃ δinδ
j
mf (qj) (σi)

)

, (12)

where f(qj) denotes the control specification developed from the state qj , F = [F1, . . . , Fm] is defined as

follows. Fi(s,t) = 1, if δsn ∈ f(δtn, δ
i
m); Fi(s,t) = 0, otherwise. F̃ = FW[n,m].

Theorem 9. The state evolution of controlled FSM Mc = (Φ×E,X, fc, x0, XF ) reading an input string
σ = σ1σ2 · · ·σt can be formulated by

Xj = ∆

(

F̃ tδinu(t)
∏t−1

j=0
rj

)

, (13)

where Xj is the reached state set; E = {σ1, σ2, . . . , σm}; X = {x1, x2, . . . , xn}; F̃ , δin, and δjm have

the same meaning as in Theorem 8; u(t) = ⋉
t
j=1δ

j
m = δ1m · · · δtm; rj = f(F̃ jδinu(j))(σj+1), where f ∈

Φ, u(j) = ⋉
j
k=1δ

k
m; F̃ 0 and u(0) are defined as In.

The reachability of controlled FSMs is similar to that of ordinary FSMs, as defined in the following.

Definition 11. For a controlled FSM Mc = (Φ × E,X, fc, x0, XF ), a target state x∗ is said to be
reachable from the initial state x0 if there exist a control specification γ ∈ Φ and an input sequence
σ such that Mc can move to the target state x∗ at least once from the initial state x0 with the input
sequence σ and under the control specification γ. Mc is accessible if every state is reachable from the
initial state x0.
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Based on Theorem 9, the reachability problem of controlled FSMs was investigated in [97], and also a
reachability condition was presented.

Theorem 10. For the controlled FSM in Theorem 9, a target state x∗ = δqn can be reached from an
initial state x0 = δpn by a string (the length is t) iff there is η ∈ col(Rx0(t)) such that δqn ∈ ∆(η), where

Rx0(t) = F̃ tδin
∏t−1

j=0 rj .

With this reachability theorem, many useful conclusions were obtained. For example, the number of
paths of a specified length, taking t for instance, between any two states x1 and x2 is n(x1, x2, t), where
n(x1, x2, t) is the number of occurrences of δqn in Ω(Rx1(t)), δ

q
n is the vector form of the state x2. Another

example, if (Rx0(t)) = X , a controlled FSM Mc = (Φ× E,X, fc, x0, XF ) is accessible and vice versa. In
addition, the algorithm for finding all the inputs of a specified length that can move a controlled FSM to
an expected state was designed (see Algorithm 1).

Algorithm 1 Find inputs moving a controlled FSM to x∗ from x0

1: Check if π =
∏t−1

j=0 rj is 1. If not, x∗ cannot be reached from x0, and the algorithm ends.

2: If π = 1, compute Rx0(t) = F̃ tδpnπ =
∏t−1

j=0 rj .

3: Check if there is an integer 1 6 i 6 mt satisfying δqn ∈ ∆(coli(Rx0 (t))). If not, x∗ is unreachable from x0, and the algorithm

ends. Otherwise, set the set K = {i|δqn = coli(M),M ∈ M ′(x0, t)}.

4: For each l ∈ K, let St
i,m = Ed

m−1W[2i,2m−i], i = 1, 2, . . . ,m and compute σj := δjm = St
j,mδl

mt , j = 1, 2, . . . , t. An input

σ = σ1σ · · ·σt, corresponding to l, is found. All the expected inputs are {σl|l ∈ K}.

Note: M ∈ M ′(x0, t) is a matrix defined as follows. If coli(M(x0, t)) ∈ ∆n, (1 6 i 6 mt), then coli(M) = coli(M(x0, t)).

Otherwise, coli(M) adopts all the elements of ∆(coli(M(x0, t))) in a composition order.

A combined FSM is a system of two or more FSMs combined in certain ways to build an integral whole
with more powerful functions that a single component FSM cannot achieve. As Gécseg said in [98], in
FSM theory, combined FSMs have very important theoretical value and application potential for two
reasons: first, for practical applications that can be modeled by FSMs, FSMs are usually composed of
different types of FSMs; second, lots of properties of combined FSMs can be deduced from the properties
of their component FSMs.

There are three ways of combination: parallel, series, and feedback [62, 99]. Take a combined FSM
constructed by two FSMs for example. As shown in Figure 3(a), a combined FSM built in a parallel way
is realized by taking its input as the input of each component FSM, and by taking a map of the outputs
of each component FSMs as the output of the parallel combined FSM. A serial combined FSM made by
FSMs M1 and M2, shown in Figure 3(b), means that the input of the combined FSM is the same as the
input of M1. The output of M2 serves as the output of the combined FSM, wherein the output of M1

is used as the input of M2. For a combined FSM constructed by FSMs M1 and M2 in feedback mode,
shown in Figure 3(c), its input and the output of M2 are converted by a converter, and the result is
used for the input of M1; the output of M1 feedbacks to M2 and is used for the output of the feedback
combined FSM.

Compared with regular FSMs, the structure and dynamic behavior of combined FSMs are more com-
plex, as the autonomous operations of each component FSMs are allowed. Therefore, modeling and
controlling combined FSMs are significant research subjects. Yan et al. [100] proposed new models for
these three kinds of combined FSMs.

Theorem 11. (I) The parallel combined FSM M = (X,E,W, f, λ) constructed by M1 = (X1, E,W1, f1,

λ1) and M2 = (X2, E,W2, f2, λ2) can be described from the following three aspects. (i) X = ∆n1×n2, E =

∆m,W = ∆l. (ii) f : X × E → X is computed by δ (xi, ej) = Gxi (ej)
2, where G is referred to as the

state transition matrix of M . (iii) λ : X × E → W is computed by λ (xi, ej) = Hxi (ej)
2
, where H

is referred to as the output structure matrix (OSM) of M . For the parallel combined FSM M , the
state transition is x = Gsx0e1

2e2
2 · · · et2, and the output dynamics is w∗ = Hsx0e1

2e2
2 · · · et2, where

Gs = Gt, Hs = HGt−1.

(II) The serial combined FSM M = (X,E,W, f, λ) constructed by M1 = (X1, E,W1, f1, λ1) and M2 =
(X2, E,W2, f2, λ2) can be described as follows. (i) X = ∆n1×n2, E = ∆m,W = ∆l. (ii) f : X × E → X

is calculated by f(xi, ej) = G(xi)
2(ej)

2, where G is referred to as the state transition matrix of M .
(iii) λ : X × E → W is computed by λ (xi, ej) = Hxiej , where H is referred to as the OSM of M .

(III) The feedback combined FSM M = (X,E,W, f, λ) constructed by M1 = (X1, E1,W, f1, λ1) and
M2 = (X2, E,E2, f2, λ2) can be described by the following. (i) X = ∆n1×n2, E = ∆m,W = ∆l. (ii) f :
X×

∑

→ X is calculated by f(xi, ej) = G(xi)
3(ej)

2, where G is referred to as the state transition matrix
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Figure 3 (a) Parallel combination; (b) serial combination; (c) feedback combination; (d) three levels of logical relationships

among FSMs, Boolean networks, game theory, logic theory, graph theory, and STP.

of M . (iii) λ : X × E → W is computed by λ (xi, ej) = Hxiej , where H is referred to as the output
structure matrix of M .

Remark 5. The above conclusion has the following advantages. (i) The construction and control
problems of combined FSMs can be accurately formulated as matrix form, which is quite different from
the existing results. (ii) To construct or control these three kinds of combined FSMs, we only need to
perform a series of operations of STP, and then the combined FSMs to be constructed or the desired
control inputs can be easily obtained. It should be noted that although this method has the advantages
of concise mathematical expression and accurate decisions, it cannot reduce computational complexity.

Based on Theorem 11, Chen et al. [101] investigated the observability analysis of the kinds of combined
FSMs, constructed in the manners of parallel, serial, and feedback. Compared with the commonly used
formal language method, the advantage of the presented method lies in problem description and solving.
In order to solve the problem of the inconsistent framework of these combined FSMs, the structure
matrices of these combined FSMs should be optimized first. In addition, to reduce the storage space
occupied by a large number of zero elements in the logical matrix, a simplified incidence matrix was
constructed by the labeling method. On these bases, the observability analysis of combined FSMs can
be conducted with matrix polynomials. In addition, two algorithms were designed for judging the initial
and current state observabilities of combined FSMs.

8 Other applications

In addition to the above applications, in the framework of STP, FSM theory and methods have been
applied in other fields, such as Boolean networks and Boolean control networks (BCNs). And, in the
framework of STP, other theories, such as graph theory, have been successfully applied to the FSM field.
This section briefly surveys these research progresses.

8.1 Applications of FSMs to BCNs

Boolean networks provide a discrete dynamic process to formulate gene regulatory networks. Ref. [102]
stated that “one of the main research objectives of system biology is to develop a set of control theories
for complex biological systems”. Therefore, it is of great theoretical and practical significance to study
the control of the Boolean network (or Boolean control network). The observability of Boolean control
networks is not only a basic problem but an important problem in control theory.

Before 2014, there were four different kinds of definitions for the observability of Boolean control
networks [103–110], which were defined from different perspectives or from different emphases and each
of them has its own inherent defects. There is no unified way to deal with it, nor is there an answer to
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the question “Are there unified methods or algorithms to judge whether a Boolean control network is
observable with respect to these different notations of observability?”

In 2015, Zhang et al. [111] discussed the observability of Boolean control networks in a general way by
using FSM theory under ASST. They made a breakthrough and gave the answer to the aforementioned
question. Specifically, the authors proposed a unified method to design algorithms to determine whether
a given Boolean control network is observable. To this end, the concept of a weighted pair graph of
Boolean control networks was proposed; by using the weighted pair graph, the FSM theory, and the
formal language theory, several equivalent criteria for checking multiple types of observabilities were
established, and an algorithm was designed to judge whether a Boolean control network is observable
with respect to the observabilities. In addition, the implication relationships among the observabilities
were also revealed.

A Boolean control network is modeled by a finite number of coupled logical functions:











x1 (t+ 1) = f1 (u1 (t) , . . . , um (t) , x1 (t) , . . . , xn (t)) ,

· · ·

xn (t+ 1) = fn (u1 (t) , . . . , um (t) , x1 (t) , . . . , xn (t)) ,

yj (t) = hj (x1 (t) , . . . , xn (t)) , j = 1, . . . , q,

(14)

where u1, . . . , um denote the m inputs of the network, x1, . . . , xn are the n states, y1, . . . , yq represent the
q inputs, fi is a Boolean mapping from Dn+m to D, and hj is also a Boolean mapping from Dn to D.

By identifying 1 ∼ δ12 , 0 ∼ δ22 and using the STP, Cheng et al. [112] developed an algebraic model of
the Boolean control network:

x (t+ 1) = Lu (t)x (t) , y (t) = Hx (t) , (15)

where u, x and y belong to ∆m, ∆n and ∆q, respectively.
The observability of Boolean control networks has been defined in four different ways [103–110].

Definition 12. Boolean control network (15) is said to be observable, if there is an input such that the
initial state x0 ∈ ∆n can be determined by outputs.

Definition 13. Boolean control network (15) is observable, if there exists an input u ∈ (∆m)p such
that (HL)px0

u 6= (HL)px̄0
u for any different states x0, x̄0 ∈ ∆n.

Definition 14. Boolean control network (15) is an observable network if there exists an input u ∈ (∆m)n

such that the initial state x0 ∈ ∆n can be determined by the output (HL)nx0
u.

Definition 15. Boolean control network (15) is observable, if Hx0 = Hx̄0, indicating (HL)nx0
u 6=

(HL)px̄0
u holds for any different states x0, x̄0 ∈ ∆n and any input u ∈ (∆m)n.

For the four observability definitions of Boolean control networks, Ref. [111] reported the corresponding
observability theorems and their implication relationships.

Theorem 12. (i) Boolean control network (15) is unobservable under Definition 12 iff there exists
a state δin being not a diagonal vertex in the weighted pair graph (WPG) of Boolean control network
(15) such that the FSM corresponding to the WPG generates the language (∆m)∗. (ii) Boolean control
network (15) is unobservable under Definition 13 iff there exists a non-diagonal vertex (δin, δ

j
n) in the WPG

of Boolean control network (15) such that the FSM corresponding to the WPG generates the language
(∆m)∗. (iii) Boolean control network (15) is unobservable under Definition 14 iff the FSM corresponding
to the WPG of Boolean control network (15) generates the language (∆m)∗.

The WPG of Boolean control network (15) is a weighted digraph G = (V,E,W ), where V is the vertex
set, E ⊂ V × V is the edge set, and W is the weight function V = {(x, x′)|x, x′ ∈ ∆n, Hx = Hx′},
((x1, x

′
1), (x2, x

′
2)) ∈ E iff there is a u1 ∈ ∆m such that Lu1x1 = x2 and Lu1x

′
1 = x′

2, W (e) = {u1 ∈
∆m|Lu1x1 = x2, Lu1x

′
1 = x′

2}.

Remark 6. Determining each type of observability of BCNs is NP-hard. The time complexity of the
algorithms designed using Theorem 12 is exponential in time. It is challenging and urgent to reduce com-
putational complexity. The challenge can be expressed as “Is it NP-hard to determine the observability of
Boolean control networks?” As for the space complexity, Ref. [113] gave a deep discussion: determining
the existence of fixed points of Boolean control networks is NP-complete.

The theory of FSM was also applied to studying the observability of switched BCNs in the framework of
STP [114], where the authors proposed the concept of the weighted pair graph of switched Boolean control
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networks. Based on this concept, switched Boolean control networks were converted into deterministic
FSMs. Then the FSM theory was used to investigate the observability of switched Boolean control
networks by checking whether the corresponding FSMs are complete or not. Sufficient or necessary
conditions for the observability were established, and algorithms for checking the observability were
developed. However, the algorithms have a drawback in that the computational space complexity is
exponential in the size of the Boolean control network.

8.2 Applications of graph theory to FSMs

In addition to directly using ASST to study the issues of FSMs, as presented in Sections 3–7, there are
also indirect applications of ASST in the field of FSMs. For example, ASST was applied to solving some
problems in graph theory, and the research results were then applied back to FSMs.

Using ASST as an analysis tool, many issues in the field of graph theory have also been solved more
perfectly, such as vertex coloring and the maximum weight stable set [115], robust graph coloring and
its application to examination timetabling [116], conflict-free coloring and its application to frequency
assignment of communication systems [117], fuzzy graph coloring [118], externally stable sets and cores
of graphs [119], hypergraph stable sets and coloring to apply to the storing problem [120], k-internally
stable sets of graphs and their application to the k-track assignment problem [121].

Graphs and FSMs also have connections in essence. In fact, an FSM can be represented by its state
transition structure diagram, which is a graph. This connection provides a way to study FSM using
graph theory. In particular, the results of k-internally stable sets of graphs obtained by using ASST
[121] provide support for the construction of incompatible graphs of FSMs.

Definition 16. Given an FSM M , two states xi, xj ∈ X are called k-different states if there exist inputs
(or exists an input) of length k making M produce distinct reactions or outputs when M is excited by
these inputs at xi and xj , respectively; otherwise xi, xj ∈ X are k-identical. A pair of states xi, xj ∈ X

is said to be incompatible if they are k-different for all integers k > 1; otherwise, xi, xj ∈ X are said to
be a compatible pair. The incompatible graph of M is a graph G = (X,E), where X is the state set of
M , (xi, xj) ∈ E iff xi and xj are an incompatible pair.

In [122], the authors presented a criterion of k-identical states and algorithms of constructing the
incompatible graph of FSMs.

Theorem 13. Supposing that states xi, xj ∈ X of FSM M are k-identical, then they are (k+1)-different
iff there exists an input e ∈ E such that f(e, xi) and f(e, xj) are k-different.

Theorem 13 and Algorithms 2 and 3 lay the foundation for the optimization of FSMs in the context
of STP. The optimization of FSMs is an important problem in the theory of FSMs and has important
value in engineering applications as the storage space of the hardware is exponential in the number of
the states of an FSM. Optimizing an FSM means minimizing the states without changing its function.
The optimization problem has been widely studied from various perspectives and aspects, including the
use of different methods to optimize the same type of FSMs [123–125], the same or similar methods to
optimize different types of FSMs [126–128], and specific methods to solve specific problems [129,130], etc.

Algorithm 2 Check of r-different of states xi and xj for an FSM

1: Set r = 1.

2: Set t = r + 1.

3: Compute Hr
i j = {k|Colk(K

r
i ) 6= δ0l and Colk(K

r
j ) 6= δ0l }, where Kr

i := Gtδin, Kr
j := Gtδjn, Gt is given in (5), and l is the

number of outputs of the FSM.

4: Check whether there is a k ∈ Hr
i j such that Colk(K

r
i ) 6= Colk(K

r
j ). If yes or H r

i j = ∅, xi and xj are r-different, then they are

t-different and Algorithm 2 terminates; otherwise go to the next step.

5: Let r = r + 1. Go to Step 2.

Algorithm 3 Construction of the incompatibility graph of FSMs

1: Build the set S0 = {(xi, xj) |i, j = 1, . . . , n, i < j}, Sm = ∅.

2: Let r = 1.

3: Use Algorithm 2 to obtain all r-different states from S0 and build: Sr = {(xi, xj)|(xi, xj) ∈ S0, xi and xj are r-different},
Sm = Sm ∪ Sr, S0 = S0 − Sm.

4: If Sr 6= ∅, let r = r+1 and go to the next step; otherwise, Sm includes all the incompatible state pairs and go to the next step.

5: G = (S,Sm) is the incompatibility graph.
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The authors in [37,122] studied the simplification of FSMs by using the construction method of incom-
patibility graph of FSMs. Several necessary and sufficient conditions for simplifying FSMs and procedures
for reducing FSMs were proposed. In [51], the optimization of FSMs was investigated from a control the-
ory viewpoint by borrowing the concepts of equilibrium point and system convergence, where FSMs were
viewed as logical dynamic systems. Two methods for reducing the state space of FSMs were presented.

Remark 7. FSMs and Boolean networks are logical dynamic systems in essence, and their dynamic
evolutions are governed by some logical rules. And ASST especially excels in the formulation of logical be-
havior of systems. These make it possible to study Boolean networks by using FSMs. In fact, as presented
above, FSMs possess some inherent advantages in dealing with some problems of Boolean networks. One
such advantage is its ability to uniformly consider problems defined from different perspectives. Taking
the observability of Boolean networks for instance, before introducing ASST to Boolean networks, there
are four types of definitions for the issue, and each has its own inherent shortcomings; there is neither
a unified way to handle it nor a solution to judge these observabilities in a uniform manner. FSMs
provide a method to study the four kinds of observabilities, and a universal judgment criterion of these
observabilities and a unified algorithm to determine them are obtained (see [111] for details).

In the area of graph theory, the advantage of the method is, as Wang et al. [115] pointed out, that some
structures of the graph can be expressed in an explicit algebraic form. With the algebraic formulation,
the problem of finding all the structures is converted into the problem of computing the STP of a series of
matrices. This overcomes the disadvantage of using computer algorithms to find a structure of a graph:
only one or more such structures can be found, no guarantee of all these structures.

The disadvantage of the FSM method to investigate problems of Boolean networks and graphs is the
computation complexity. The required computer memory space grows exponentially with the number of
nodes of a Boolean network or a graph. For an ordinary laptop computer, the method can cope with
Boolean networks or graphs with no more than 12 nodes. Fortunately, the drawback may be alleviated
with the rapid development of the storage and computing power of computers.

9 Concluding remarks

This study reviews applications of ASST, which suggest that many issues can be considered constructively
by using ASST as a mathematical analysis tool from the perspective of mathematics. Although there are
still some flaws in these results, we believe, in the wake of developments in science and technology, that
more and wider problems in the field of FSMs can be considered or reconsidered by the ASST method
in the future.

According to the literature review presented in this survey, especially to the algebraic model of FSMs
developed by using the ASST method, we are confident that in the FSM field the ASST method can be
used to further study many topics related to FSMs, such as state space refinement, design of observer
FSM, determination of equivalent FSMs, safety and blocking, event diagnosis, formal verification, and
model checking of discrete event dynamic systems.

A common challenge for the above subjects is to establish the algebraic formulations of logical evolutions
involved in the above problems. Specifically, for the state space refinement of FSMs, the difficult tasks
are how to find all the equivalent states, how to express the logical connections between these equivalent
states, and how to optimize the logical connections which are expected to be expressed as algebraic
expressions. Fortunately, the solutions to deal with deterministic FSMs and nondeterministic FSMs,
presented in Sections 3 and 4, can be used as a reference scheme.

For the design of observer FSM, the difficulty lies in the way to introduce the empty transition to the
nondeterministic FSMs that are served as the observer FSMs. One possible solution is to develop a testing
method to compare DFSMs and nondeterministic FSMs in terms of the power of language recognition.
Again, the modeling frameworks presented in Sections 3 and 4 may have reference values.

A simulation challenge occurs when judging the equivalence between FSMs because NFSMs can capture
the dynamic evolutions of the systems beyond the language recognized by DFSMs. Thus we must study
the bi-simulation relationship and isomorphic between DFSMs and nondeterministic FSMs by establishing
the bilinear algebraic equations of these two relationships.

To further study the safety and blocking of FSMs in the framework of STP, we are faced with the
difficulty that the partially-observed observer of FSMs must be built in advance, where we will confront
again the challenges of designing a full-observed observer described above. The idea and method of
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studying the controlled and combined FSMs, presented in Section 7, may be helpful for the situation of
constructing a partially-observed observer.

In the research of event diagnosis of FSMs, a major difficulty may emerge in formulating whether an
unobservable event has happened or must have happened when the system executes a string of events.
A possible suggestion is to use the special properties of STP to explore the representability of partial
variables in the algebraic expression of a logic function, that is, use the semi-tensor product of all variables
of the logic function to represent some of their variables that correspond to the unobservable events.

The core task of formal verification is to find, according to a specification, all errors or bugs by exploring
all the possible behaviors. Model checking (MC) is a significant method applied to formal verification. MC
is applicable to the discrete event dynamic systems (DEDSs) modeled by FSMs and specifications that are
expressed by temporal logic propositions. The propositions are used to describe the blocking, safety and
diagnosability. Thus the challenges here include all the difficulties encountered in the blocking, safety
and diagnosability, which are discussed immediately above. Of course, the corresponding suggestions
may also be helpful for the problems. Besides, using a binary decision graph to represent the transition
structure of FSM is another feasible method, where the structure of the graph can be modeled by STP.

In addition, some ideas and methods from other fields, such as the ideas of disturbance decoupling,
noise sensitivity and model construction of Boolean control networks, and the ideas of localization and
the method of identification technique of finite game systems, can be borrowed to investigate FSMs with
the help of ASST method.

Concerning further applications of the methods, approaches and results of FSMs obtained by the STP,
they can be applied to many fields, for example, discrete event systems. Moreover, since graph theory
is essentially related to both FSMs and multi-agent systems, the use of FSMs to solve some problems in
agent networks may be a future research direction, such as networked robot manipulators.

One challenge we face with discrete event systems is the establishment of the connection between
finite state machines and regular languages and the connection between regular languages and discrete
event systems. The first difficulty that must be solved is to create the algebraic expressions of regular
languages and their operations, such as concatenation, prefix-closure, post-language, and projection.
With this preparation, we can then use the relevant conclusions of FSMs to study discrete event systems.
In addition, for large-scale discrete event systems, the computational complexity caused by state space
explosion is also a challenge in this direction.

For the networked robot manipulators governed by fuzzy rules, the difficulty to overcome is the con-
version of fuzzy control rules presented by fuzzy logic to algebraic equations in the framework of STP. A
possible research idea is to discretize the field of fuzzy logic into one of finite-valued logic, for example,
0, 0.1, 0.2, . . . , 1. Then use the method that expresses multivalued logic functions and mixed-value logic
functions as algebraic forms of matrices to model the fuzzy logic as algebraic expressions.

Moreover, the cross-integration of FSMs, Boolean networks, game theory, logic theory, graph theory,
and STP is also a feasible research direction due to the following facts, as shown in Figure 3. (a)
Both FSMs and Boolean networks are logically dynamic systems. They have similar essence: the system
behavior is logical dynamics. (b) Dynamic evolutions of both FSMs and Boolean networks can be modeled
by STP, and the two models are very similar in mathematical expressions. (c) FSMs and Boolean networks
are graphs. Naturally, graph theory connects them. (d) The structure of a graph can also be modeled by
STP, where the advantage is that all cases of a special structure contained in a graph can be obtained by
executing a series of STP operations.

Finally, it is worthwhile pointing out that great effort should be made to reduce the computational
complexity of using the ASST method to solve the problems of FSMs, as well as the problems of Boolean
networks, games, and graphs, etc.
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