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Dear editor,

Linear and nonlinear equations play an important role in

modeling control systems governed by the laws of nature.

However, they are inadequate for logical dynamic systems

such as discrete event systems. A finite state machine (FSM)

is a system in which the state evolution is governed by op-

erational rules designed by humans. In the early 1960s, de-

scriptions of the dynamics of FSMs were based primarily on

the look-up table method, state transition diagram, and dis-

crete function, which are intuitive and easy to understand.

Nevertheless, they are incontinent to analyze and synthe-

size FSMs mathematically. Recently, the problem of state

evolution of FSMs has attracted the attention of scholars in

the control field, and some new results have been achieved

based on a new mathematical tool called STP of matrices

(semi-tensor product of matrices) proposed by Cheng and

colleagues [1]. These results can be roughly classified into

two methods. In the first, deterministic FSMs and nonde-

terministic FSMs are modeled separately [2–5], that is, the

model is not uniformly applicable to both deterministic and

nondeterministic FSMs. In the second, both types of FSMs

are modeled uniformly [6–9]. These two methods share the

same forms and results of the model, but differ in ideas: the

latter defines the state as a vector where the i-th element is

the number of different paths from the initial state to the

i-th state; the former directly uses the original vector form

of a state. Therefore, these two models have different phys-

ical meanings. Another difference between them lies in the

ability to describe dynamics. The latter describes dynamics

in the future 1-time-step, while the former formulates dy-

namics in the future t-time-step. In short, the latter excels

in the uniform of the model, while the former has the ad-

vantage of describing the dynamics. This motivates further

reconsideration of the problem with the aim of combining

the individual advantages of the two models into a single

model. Therefore, this study proposes the establishment of

a model that not only is uniformly suitable for both deter-

ministic and nondeterministic FSMs but also can adequately

describe the dynamics.

Dynamic formulation of FSMs. Consider the FSM

M = (X,Σ, f, x0,XF ), where X = {x1, x2, . . . , xn}, Σ =

{a1, a2, . . . , am}. Identify xi ∈ X with δin and call δin the

vector form of xi, 1 6 i 6 n. Then X can be defined as

X = {δ1n, δ
2
n, . . . , δ

n
n}. Similarly, identifying input symbol

aj ∈ Σ with δ
j
m, δ

j
m is called the vector form of aj , 1 6

j 6 m, and Σ can be represented by Σ = {δ1m, δ2m, . . . , δmm}.

Thus the state transition function f(xi, aj) = xk can be

rewritten as the form of f(δin, δ
j
m) = δkn. These two types of

representations are used as synonyms in this study.

Definition 1 (State packet and reachability). A state

packet of the FSM M is a set of states. A t-step reachable

state packet of input sequence u(t) from state xi, defined

as R(xi, u(t)), is a state packet in which every state can be

reached by u(t) when M reads u(t) at state xi.

Let a t-step reachable state packet of u(t) from state

xi be R(xi, u(t)) = {xi1 , xi2 , . . . , xik}, then f(xi, u(t)) =

xi1 , f(xi, u(t)) = xi2 , . . . , f(xi, u(t)) = xit . The vector form

of state packet R(xi, u(t)) = {xi1 , xi2 , . . . , xik} is defined as

δ
i1,i2,...,ik
n .

Definition 2 (Structure matrix of FSMs). The matrix

F = [F1, . . . , Fk, . . . , Fn] is called the structure matrix of the

FSM M , where Fk (1 6 k 6 n) is the k-th block of F and de-

fined as that the element Fk(i, j) takes 1, if xi ∈ R(xk , aj),

takes 0, otherwise.

The physical meaning of the structure matrix of FSM is

that if the 1-step reachable state packet of input symbol aj
from state xk is R(xk , aj) = {xi1 , xi2 , . . . , xil} if and only

if Colj(Fk) = [0 · · · 0 1 0 · · · 0 1 0 · · · 0 1 0 · · · 0]T1×n,

where the 1s are at the positions of i1, i2 and il. For a de-

terministic FSM, |R(xk, aj )| = 1, the structure matrix is

therefore a logical matrix.

Definition 3 (Column-equal-division of a matrix).

Let A be a matrix of dimension n × m, where

m = rp, the r-column-equal-division of A is A =

[Blkr1(A), . . . ,Blkri (A), . . . ,Blkrr(A)], where Blkri (A) =

[col(i−1)p+1(A), . . . , colip(A)] is called the i-th block of the

r-column-equal-division of A.

Theorem 1 (Unified dynamical model of FSMs). The

state evolution of FSM M reading a sequence u(t) =
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ai1ai2 · · · ait at state xi can be formulated as x(t + 1) =

F t
⋉ xi ⋉ u(t), where ⋉ denotes the STP of matrices (see

Appendix A for further details); x(t+1) is the state packet

at x(t + 1)-time step. See Appendix B.1 for the proof.

Remark 1. The state packet contains the complete evo-

lutions from an initial state xi. Suppose the state packet

is [0, . . . , 0 , nj1 , 0, . . . , 0 , nj2 , 0, . . . , 0 , njr , 0, . . . , 0]
T, then

there are njl different paths of length t from state xi to

state xjl , nj2 different paths from state xi to state xjl , and

so on.

Definition 4 (T-step structure matrix of FSMs). The ma-

trix F t in Theorem 1 is called the t-step structure matrix of

M .

Controllability condition of FSMs. The t-step structure

matrix of FSMs facilitates the investigation of some im-

portant problems, such as conditions of controllability and

reachability of FSMs.

Definition 5 (Controllability of FSMs). Let xi and xj be

two states of FSM M = (X,Σ, f, x0,XF ). State xj is called

a t-controllable state from state xi if there is an input string

u(t) = ai1ai2 · · · ait such that M moves to xj from xi by

u(t). u(t) is called a t-control input.

Theorem 2 (Controllability condition). Consider FSM

M = (X,Σ, f, x0, XF ), where X = {x1, x2, . . . , xn}, Σ =

{a1, a2, . . . , am}. State xj is a t-controllable state from state

xi if and only if
∑m t

k=1 Blkni (F
t)(j, k) 6= 0. See Appendix B.2

for the proof.

Algorithm 1 (Searching controllable sequences). Let F be

the structure matrix of FSM M . The following procedure

produces all the controllable sequences moving M to a target

state xj from a state xi.

Step 1. Compute the t-step structure matrix of M , F t.

Step 2. Divide F t into the form of n-column-equal-

division: F t = [Blkn1 (F
t) · · ·Blkni (F

t) · · ·Blknn(F
t)].

Step 3. Judge whether there is a non-zero element in

Rowj

(

Blkni (F
t)
)

or not. If not, there is no input sequence

that moves M to xj from xi. If yes, construct the set

K = {k| the k-th element of Rowj

(

Blkni (F
t)
)

is non-zero}.

Step 4. For each k in K, find ai(i = 1, 2, . . . , t) by

applying Appendix B.4 to ⋉
t
i=1ai = δ

ks

mt
. The resulting

ai (i = 1, 2, . . . , t) construct a sequence u(t) = a1a2 · · · at.

The u(t) is an input string moving M to the target state xj

from state xi.

Step 5. Repeat Step 4 until all the elements in K are exe-

cuted and all the expected controllable inputs are produced.

Reachability condition between states of an FSM. Using

the t-step structure matrix of an FSM, the investigation of

the state reachability is also facilitated.

Definition 6 (T-reachability between states). Let X =

{x1, x2, . . . , xn} be the state set of an FSM. If there exists

a path of length t from state xi to state xj , state xj is

said to be t-reachable from state xi. Otherwise, state xj is

t-unreachable from state xi.

Remark 2. (i) If state xj is a t-controllable state from

state xi, then state xj is t-reachable from state xi; (ii) if

state xj is t-reachable from state xi, then state xj is a t-

controllable state from state xi. The differences between

them are as follows. (i) if the t-reachability degree of state

xj from state xi is greater than one, it does not mean that

the t-controllability degree of state xj from state xi is also

greater than one, in fact, it may exactly be one; (ii) if the

t-controllability degree of state xj from state xi is one, this

does not imply that the t-reachability degree of state xj from

state xi is also one; in fact it can be greater than one.

Theorem 3 (Reachability condition). Consider FSM

M = (X,Σ, f, x0,XF ), where X = {x1, . . . , xn}, Σ =

{a1, . . . , am}. The t-step reachable state packet of input se-

quence u(t) from state xi is R(xi, u(t)) = {xi1 , xi2 , . . . , xik}

if and only if
∏

s∈{i1,i2,...,ik} Blkni (F
t)(s, l) 6= 0, where

u(t) = ai1ai2 · · · ait = δl
mt . See Appendix B.5 for the proof.

Algorithm 2 (Searching t-step reachable state packets).

Let F be the structure matrix of M . Consider a state xi ∈ X

and an input sequence u(t) = ai1ai2 · · · ait whose vector

form is δl
mt . The following steps procedure all the t-step

reachable state packet of u(t) from state xi.

Step 1. Calculate F t and split it into n-column-

equal-division by Definition 3, defined as F t =

[Blkn1 (F
t) · · ·Blkni (F

t) · · ·Blknn(F
t)].

Step 2. Judge whether Coll(Blkni (F
t)) has non-zero

element or not, if not, the reachable state packet is

R(xi, u(t)) = ∅ and the algorithm terminates. Otherwise,

construct the set S = {h| the h-th element of Coll(Blkni (F
t))

is non-zero}.

Step 3. The t-step reachable state packet of u(t) from

state xi is R(xi, u(t)) = {xh|h ∈ S}.

Remark 3. (i) The presented controllability and reacha-

bility conditions of FSMs show that the proposed dynamic

model of FSMs indeed integrates both advantages of the two

existing models, that is, the proposed model not only is ap-

plicable to both deterministic and nondeterministic FSMs

but also adequately formulates the state evolution of the

two FSMs. (ii) Algorithms 1 and 2 have the time complex-

ity O(n) (See Appendix B.6 for the analysis).
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