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Dear editor,

Recently, intelligent reflecting surface (IRS) has emerged as
a promising technology to achieve high spectrum and energy
efficiency for wireless communications. To fully achieve the
potential of the IRS, the joint design of active and passive
beamforming is of great importance, where the alternating
optimization (AO) technique is commonly used to deal with
the non-convexity of the joint optimization problem [1-4].

However, the AO-based method involves high computa-
tional complexity, which would become prohibitive in a mas-
sive IRS setup. Responding to this, in this study, we pro-
pose two low-complexity beamforming algorithms for IRS-
aided communications, which avoid the complex AO pro-
cess. The main contributions of our studies are summarized
as follows. (1) For the single-user case, we obtain closed-
form optimal solutions for both the IRS phase shifts and
the BS beamforming vectors, thereby significantly reducing
the complexity of beamforming design. (2) For the multi-
user case, we propose a simple yet efficient beamforming
scheme, which has a low complexity of O(M?) and avoids
the complex iterative optimization process. (3) Numerical
results show that our proposed beamforming scheme for the
single-user case has a significant advantage over the AO-
based scheme [1]. Also, the proposed beamforming scheme
for the multi-user case achieves comparable performance to
the SDR-based scheme [1] but with much lower complexity.

System model and problem formulation. We consider an
IRS-aided multi-user system, where an IRS with M reflect-
ing elements assists the downlink transmission from the BS
to K single-antenna users. The BS and the IRS are equipped
with an N-element uniform linear array (ULA) deployed
along the y axis and an My X M, uniform rectangular array
(URA) deployed on the y-o-z plane (My x M. = M), respec-
tively. Let G € CM*N| hrrr,k € CY*M and hg,k € CIxXN
denote the channels from the BS to the IRS, from the IRS
to the k-th user, and from the BS to the k-th user, respec-
tively. We express the equivalent baseband signal received
by the k-th user as
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yk = hi > wisi + ng, 1
i=1

where ng ~ CN(0, ag) denotes the additive white Gaussian
noise (AWGN), w; and s;, satisfying E{|s;|?} = 1, are the
beamforming vector and symbol for the i-th user, respec-
tively. In addition, we define A} £ (hIkQG + th’k) as
the effective channel of the k-th user. And ® denotes the
phase shift matrix of the IRS given by ® = diag(&), where
&=l ... .,e/?M]T js the phase shift beam with
Ym € [0,27) being the phase shift of the m-th reflecting el-
ement. Based on (1), we express the achievable rate of the
k-th user as

Rk = 10g2 1+ |h;£'wk|2/

jo
,elvm, ..

K
Do lhtwilP o3| | (2)
itk

We aim to minimize the transmit power subject to the
quality of service (QoS) constraints, by joint design of the
precoding matrix W £ [wi,...,wg] and the phase shift
beam &. Let r and &, denote the target rate and the m-th
element of the phase shift beam &, respectively. We formu-
late the optimization problem as

K
: 12
min Z:nwzn (3a)
=1
st.Ry>r, k=1,..., K, (3b)
‘£m|:17m:17"'7M7 (BC)

where (3b) and (3c) represent the QoS constraint and the
unit-modulus constraint imposed by passive phase shifters,
respectively.

Single-user case. We first consider the single-user case.
To this end, the problem (3) becomes

miIEl f|lw|? (4a)
st. |(KYOG + hD)w|* > (2" — 1)02, (4b)
[€ml =1, m=1,..., M. (4c)
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Theorem 1. The optimal solutions for problem (4) are
&= eﬂ'angle(diag(hr)b(%s@))*jangle(ﬁhld{a(b‘))7 (5)
5 (hTdiag(¢)G + th)H
*|nT diag(€)G + A’

w=4/(2" — 1)o, (6)
where angle(x) denotes a vector with each element being the
phase of the corresponding element in @, b (v, ) and a(f)
denote the array response vectors of the IRS and the BS, re-
spectively. In addition, v/ and 6 are the elevation/azimuth
angle of arrival (AoA) and angle of departure (AoD) for the
BS-IRS link.

Remark 1. For the single-user case, closed-form optimal
solutions can be obtained if both the BS-IRS and IRS-user
channels are known, but cannot be obtained if only the cas-
caded channels are available, which indicates the advantage
of knowing both the BS-IRS and IRS-user channels.

Multi-user case. We consider the multi-user case. To
cancel the inter-user interference, we adopt the zero-forcing

(ZF) precoding matrix [5]

W =/ P/tr(WWH)W, (7)

where W 2 H* (HTH*)™" with H £ Hy + GTOH, ¢
(CNXK, Hd =3 [hd,la ‘e ,hd,K] and H. = [hl‘,la ces 7hr,K]-
In addition, P is the total transmit power. As such, problem
(3) becomes

in P
i @

st. P> (2" —D)odtrWWH) |6, =1,m=1,...,M. (8b)

It can be verified that the optimal P is P = (2" —
1)o2tr(WWH), based on which, problem (8) can be equiv-
alently transformed into

mgin tr((HTH*)™Y), st || =1,m=1,...,M. (9)

The above problem is non-convex, and its objective func-
tion is too complex. Responding to this, we propose to min-
imize the lower bound of the objective function, which is
given by Lemma 1.

Lemma 1. A lower bound of the objective function
—1y : K
tI‘((HTH*) 1) 1S m
To this end, we reformulate problem (9) as

mﬁax tr(HTH*), st.|6m|=1, m=1,...,M, (10)

which can be further expressed as

max NP € + 2Re(fHE) + tr(HIH,) (11a)

st [ém|=1, m=1,..., M, (11b)
where F1 £ Y[ diag(h!!,)G*GTdiag(h, ) and fil £

sz1 hg’kGTdiag(hr,k). For the case where the line-of-
sight (LoS) path of the BS-user link does not exist, the
original optimization problem can be approximated as the
problem of maximizing the first term. For the case where the
LoS path of the BS-user link exists, the original problem can
be approximated as the problem of maximizing the second
term. Hence, we propose to separately maximize the first
term and the second term of the objective function (11a),
and then choose a better solution. We first maximize the
first term €9 Fy £, and formulate the subproblem as follows:

msax EURE, st Em| =1, m=1,..., M. (12)
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To solve problem (12), we perform the eigenvalue decom-

position of Fj and obtain F} = Updiag()\l,...,AM)UIEI,
with its eigenvalues A1, ..., Aps in descending order. Then,
we generate a sequence of ¢;,i =1,..., N1 with the form of

¢ 2 elangle(Upy/diag(A1,-AM)73) | wwhere Ny is the num-
ber of ¢;’s, and r; ~ CN (0, Is) is generated by Gaussian
randomization. As such, we obtain

¢ = arg
¢iyi=1,...,N1

max (' F1¢;. (13)

With a sufficiently large Nj, we can obtain at least %—

approximation of the optimal objective value of the sub-
problem (12) [6].

Then, we maximize the second term 2Re ( f;lg), and for-
mulate the following subproblem:

max Re(f3'€), st.[6ml=1, m=1,....,M,  (14)

the optimal solution of which is given by £&(2) = ejangle(f2)
Finally, we choose a better one from &%),  =1,2,

¢ = arg min tr(HTH*)™Y). (15)
€0 i=1,2

By substituting (15) into (7), we obtain the BS precoder W.

Remark 2. The phase shift beam is designed either to en-
hance the cascaded channel or to align the cascaded channel
with the direct channel.

Remark 3. The proposed algorithm avoids the complex
iterative process and has a low complexity of O(M?).

A slightly higher complexity of O(M?3+TM?2) is achieved
by the majorization-minimization (MM) and complex cir-
cle manifold (CCM) algorithms proposed in [4], where the
number of iterations, i.e., T', increases with the number of
reflecting elements.

The proofs of Theorem 1 and Lemma 1 can be found in
Appendixes A and B, respectively. Numerical results and
discussions are provided in Appendix C.
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