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Abstract This paper investigates a distributed strongly convex constrained optimization problem in the
non-Euclidean sense, where the bit rate of the considered communication between nodes is assumed to be
limited, and the communication topology is represented by a time-varying directed graph. By considering
the limitation of communication capacity, the quantization technique is applied in the process of exchanging
information over the network. Then a distributed quantized mirror descent (DQMD) algorithm, which uses
the Bregman divergence and time-varying quantizers, is developed for the strongly convex optimization under
a convex constraint set. The convergence of the developed algorithm is also analyzed. It is shown that the
nodes’ state errors are bounded by some terms related to the quantization resolutions, and the sublinear
upper-bounds can be guaranteed by choosing appropriate quantization resolutions. Finally, a distributed
ridge regression is provided as an example to verify the validity of the proposed method.
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1 Introduction

Recently, the distributed convex optimization over a multi-agent network has been extensively studied
due to its extensive applications in many fields including sensor networks, power systems, smart grids,
machine learning, and so on [1-6]. In a multi-agent network, each node has a local convex objective
function, and the major purpose of distributed convex optimization is to minimize the sum of these
local objective convex functions by local computation and communication. The approach of distributed
convex optimization can be used to solve large-scale linear matrix equations, for example, in [7]. Tt
should be pointed out that the creative information renovation idea in [8] was used in [7] to obtain
the novel distributed algorithm with a faster convergence rate. Up to now, lots of effective algorithms
have been proposed for distributed convex optimization, many of which are built on the mirror descent
method (see [9-24] and the references therein). The mirror descent method is a generalization of the
projected subgradient method to the non-Euclidean setting, where the Bregman divergence is used in the
projection. It is noted that the Bregman divergence is a more general distance-like measure that includes
many widely-used distance measures as special cases.

In most of the published literature on distributed optimization algorithms, the communication between
nodes is generally supposed to be perfect. In reality, however, the capacity of communication channels may
be limited, and thus the information to be transmitted generally needs to be quantized before it is sent.
In this case, the following two questions arise naturally: (i) How do the errors caused by the information
quantization affect distributed optimization algorithms? (ii) What conditions can make the distributed
optimization algorithms based on quantized communication guarantee convergence? Regarding these
questions, the distributed convex optimization under quantized communication has received increasing
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attention, and a few of algorithms have been developed (see [25-31]). Specifically, the distributed dual
averaging algorithm with quantized communication was considered in [25]. The distributed quantized
subgradient algorithm was studied in [26-28]. The distributed consensus algorithm based on quantized
communication was investigated in [29,30]. On the basis of the inexact proximal-gradient method, two
distributed optimization algorithms with a quantization refinement were developed in [31].

It is worth noting that the aforementioned algorithms are developed for solving the distributed con-
vex optimization problems in the Euclidean sense. For the non-Euclidean case, however, the quantized
communication has not been fully considered in the setting of distributed convex optimization algo-
rithms. Therefore, it is of much interest to design and analyze the distributed quantized mirror descent
(DQMD) algorithm for the distributed optimization problem subject to a convex constraint set. This is
the motivation of our work.

Motivated by [15,25], under the consideration of quantized communication over a time-varying multi-
agent network, we are concerned with the problem of distributed strongly convex constrained optimization
in the non-Euclidean sense. A DQMD algorithm is developed to solve the investigated problem, and the
convergence of the developed algorithm is analyzed. In particular, the contributions are stated as follows.

(1) A DQMD algorithm is designed based on two kinds of time-varying quantizers (i.e., the deterministic
quantizer and the probabilistic quantizer).

(2) The effects of the used time-varying quantizers on the convergence performance of the proposed
DQMD algorithm are discussed. It is shown that the convergence can be guaranteed by choosing the
quantization resolutions properly.

The contents are arranged below: Section 2 describes the investigated problem and the algorithm. The
convergence results of the algorithm are given in Section 3. Section 4 provides a discussion for a special
case. Section 5 provides an illustrative example and the paper is concluded in Section 6.

Notation. R™ denotes the n-dimensional Euclidean space. RV*Y and R stand for the set of N x N
real matrices and the set of real numbers, respectively. [W(t)];; and [u]; represent the (7, )-th entry
of the matrix W (t) and the i-th element of the vector u, respectively. V¢ represents the gradient of
a differentiable function ¢(-). || - ||z stands for the Euclidean norm of vectors. || - ||s represents the
infinite norm of vectors. (a,b) denotes the inner product of vectors. ||ul|. = max,=1(u,v) is called the
dual norm with respect to || - ||. [N] represents the set {1,2,..., N}. E{v} represents the mathematical
expectation of the stochastic variable v. col,{v} is an n-dimensional column vector, where its elements
are all the constant v. |- | is the symbol of absolute value. For the convex function f;(-) : R" — R,
its subgradient at u € R™ is denoted as d;(u) € R", which satisfies f;(v) > fi(u) + (d;(u),v — u) for all
v e R™

2 Problem and algorithm

2.1 Problem formulation

In this paper, we are concerned with a distributed strongly convex constrained optimization over a time-
varying multi-agent network with N nodes. A time-varying directed graph F(t) = (9,£(t), W(t)) is
introduced to represent the communication topology between nodes at time ¢, where ¢ = [N] is the
node set, and £(t) € ¥ x 9 and W (t) € RV*N are the edge set and weighted matrix of nodes at time ¢,
respectively. Moreover, at time ¢, we use N} = {j : (i,7) € £(t)} to denote the set of the neighbors of
node i, where (i,7) € £(t) represents that the information can be transmitted from nodes j to 1.

The considered optimization problem is described as follows:

N
min f(u) = Zfi(u) st.uel, (1)

where u € R™ is the variable; f;(-) : R™ — R is the objective function, which is only known by node ;
U C R" is a convex constraint set known by all the nodes in the time-varying network. Moreover, one
assumes that an optimal solution for problem (1) exists. The optimal point and value are denoted by
u* = argmingep f(u) and f(u*) = mingep f(u), respectively.

2.2 Assumptions and lemmas

For the time-varying directed graph F(t) = (9,£(t), W (t)), the following standard assumption is adopted.
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Assumption 1 ([15,32]). The time-varying directed graph F(t) = (¢, &(t), W (t)) satisfies the following
three conditions for all 7 € ¥ and ¢ > 1.
(i) There exists a scalar 0 < € < 1 such that if j € N}, one has [W(¢)];; > €; otherwise, [W(t)];; = 0;
(ii) The weighted matrix W (¢) is doubly stochastic, i.e., ZZN:JW@)]M =1 and Zjvzl[W(t)]U =1;
(iii) There exists a positive integer H such that the directed graph (4, Ui’; ;2515 (t)) is strongly con-
nected for any p > 0.
Based on Assumption 1, a lemma describing the convergence of the transition matrix W(t,s) =
W)Wt — 1) --- W(s) is provided, where W (¢, s) records the weight history from round s to ¢, and
t>s>1.

Lemma 1 ([15,33]). Under Assumption 1, the following inequality is obtained for i,j € Y and t > s > 1,
[W(t,9))ij — 1/N| < 6,65,

where 0 = (1 — 155)72, 6o = (1 — 155) /4.

Now, we introduce the definitions of strongly convexity and the Bregman divergence as follows.
Definition 1 ([34]). The function ¢(-) : R™ — R is §,-strongly convex w.r.t. | - ||z, if there exists a
constant ¢, > 0, such that the following inequality holds for any u;,us € R",

1)
p(ur) = @(uz) + (Vp(uz), ur — uz) + fl\m — ugll3.

Definition 2 ([35]). For uj,us € R™, the Bregman divergence associated with the function ¢(-) : R" —
R is defined as
By (ur,uz) = ¢(u1) — p(uz) — (Vp(ug), ur — ug).

Remark 1. The Bregman divergence is a difference between the associated function ¢(-) and its linear
approximation. It should be noted that different Bregman divergence can be obtained by choosing dif-
ferent associated function ¢(-). Theoretically, the Bregman divergences are a class of distance-measuring
functions having more general properties. Two common examples for the possible choices of the Bregman

divergence are given below. (i) The Euclidean distance By (u,v) = 3|lu — v[|3 generated by ¢(u) = £|ul[3

on R"; (ii) the Kullback-Leibler divergence By, (u,v) = > [u];In ml generated by p(u) = >0, [u];In [u];
on A, = {u € R"|[u]; > 0,51 [u]; = 1}. Moreover, in the mirror descent algorithm, the adaptive up-
dates can be generated by appropriately choosing the Bregman divergence, such that the geometry of the
underlying constraint set can be better reflected. For instance, the Bregman divergence can be chosen
as the Euclidean distance in the case of a box constraint, while under the unit simplex constraint, we

should choose the Kullback-Leibler divergence as the Bregman divergence.

Remark 2. As in [35,36], two properties of the Bregman divergence commonly used in the convergence
analysis of the mirror descent method are given below. For x,y,z € U,

(i) (Ve(z) = Vo(y), 2 —y) = By(z,y) — By(z,2) + By(y, ©),

(11) ka(za y) 2 B@(I’ HU,LP(y)) + BkP(HU#P(y)a y)a
where Iy, (y) = arg mingey By (x,y).

In what follows, five assumptions are formulated, which are commonly used in the study of the mirror
descent algorithm.

Assumption 2 ([19,21]). The function ¢(-) adopted in this paper is d,-strongly convex w.r.t. || - |2
on the set U, and it has L,-Lipschitz gradient on the set U, i.e., [|[V(ui) — Vo(u2)|l« < Ly|lur — usll2
holds for any w1, us € U.

Assumption 3 ([15]). The function f; (i € [N]) is dp-strongly convex w.r.t. the Bregman divergence,
i.e., there exists a constant 6y > 0 such that the following condition holds for any wuq,us € U,

fi(ur) = fi(u) + (di(u2), u1 — ug) + 05 By(ur, ug).

Assumption 4 ([19]). The Bregman divergence B,(u,v) is convex in v for every fixed u, i.e., the
following inequality holds for Zivzlai =1,a; 20 and u,v; € U,

N N
B, <u,Zaivi> < ZaiB¢(u,vi).
i=1 i=1
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Assumption 5 ([15]). There exists a constant D > 0 such that ||d;(u)||2 < D (i € [N]) holds for any
uel.
Assumption 6 ([16]). There exists a constant M > 0 such that |[|u* — u||2 < M holds for any u € U.

2.3 Quantizers

In this paper, the effects of information quantization are also considered. Two kinds of time-varying
quantizers are adopted. One is deterministic, while the other is probabilistic.

For a given vector v = vy vy - - v, " € R™. Then, at time ¢, the deterministic time-varying quantizer
Q4(+) is defined below:
T
Q4v) = |ah(vr) gh(va) - dfvn)] (2)
with
qa(vi) = lvila, (3)

where |v; ]} represents the operation of rounding down v; to the nearest integer multiples of 1/Al at time
t (Al is the quantization resolution at time ¢). It can be seen that ¢’(-) satisfies the following condition

at time ¢:
1

t
vV; — qd('Ui) < e (4)
7 AZ

At time ¢, the probabilistic time-varying quantizer Q;(~) is defined as

T
Quv) = [a(01) gh(v2) -+ gh(on) (5)
with
& (v:) = Lvij% W%th probab%l%ty ([vil}, — UZ)A%, (©)
[vi];,  with probability (v; — [v;]},)A],

where Lvijfg and ’—Ui-lé are the operation of rounding down and up v; to the nearest integer multiples
of 1/ A; at time ¢ (Af, is the quantization resolution at time t), respectively. Moreover, at time ¢, two

properties of g/, (-) are given below [25]:

Efgp(v) —vi} =0, E(gy(v) = 0)*} < gz (7)

2.4 Distributed quantized mirror descent algorithm

Now, we propose the distributed quantized mirror descent (DQMD) algorithm. Specifically, for i € [N],
t > 1, node 7 updates its state through the following scheme:

Vi(u!) = Vilud) — dt, )
of = argminB, (.11, o)
Q0. Qe e,
" { it Q'(u!) ¢ U, 1o
N
utt =Y W)y, (11)
j=1

where u! is the state of node i at time ¢, and the initial value is set as u}; {7:}:+>1 represents a non-
increasing sequence of positive step sizes; df = d;(u!) is a subgradient of the function f; at u!; By (u, w!)
is the Bregman divergence between u and w! based on the function ¢(-); [W(t)];; is the connection
weight between nodes i and j at time ¢, which satisfies Assumption 1; Q(-) represents the quantizer,
i.e., the deterministic time-varying quantizer Q%(-) and the probabilistic time-varying quantizer Q;(~),
respectively.
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Remark 3. Different from the distributed mirror descent algorithm in [15,16], the quantization step (10)
is applied in the DQMD algorithm, that means in the consensus step (11), the information to be exchanged
comes from the information released by the quantization step (10). Moreover, one assumes that the nodes
can store the real-valued data, and one point we need to make clear is that the quantization process is
carried out in the convex constraint set U, that is, the information released by the quantization step (10)
still belongs to the convex constraint set U.

Remark 4. In the process of utilizing the DQMD method (8)—(11) to solve problem (1), the main
challenge lies in the proof of the basic convergence result (i.e., Lemma 3), that is the quantization error
caused by the quantizer makes it difficult to deal with the corresponding Bregman divergence. For this
challenge, our solution is to make an assumption (i.e., Assumption 2) on the distance-measuring function
©(+), and then use the generalized Cauchy-Schwarz inequality to expand and shrink accordingly.

3 Convergence analysis

Before presenting the main results of the DQMD algorithm, we first give two lemmas. Lemma 2 provides
a bound on the differences among the states of all the nodes in the time-varying multi-agent network.
Lemma 3 provides a basic convergence result for the algorithm.

Lemma 2. Let Assumptions 1, 3 and 5 hold.
(a) The following condition holds for the case with the deterministic time-varying quantizer QY(-):

20,0 201,605N2D 20105 N
>t =< (1 2 ) St GRS BRS  a
Oy t=

t=1:=1

(b) The following condition holds for the case with the probabilistic time-varying quantizer Qfg(-):

T N N T T
20,05 26,65 N2D 0,0, N2/~ 1
E{||ul — ut <N (1 E ! 72 72 —. 1
33 Bl -} < +192)j=1|“3”2+6¢<192>t_1%+ o =5

t=1¢=1

Proof.  For convemence we define the quantization error e!, the Bregman projection error 7! and the
average state @' of all the nodes as

eﬁ = pﬁ - vf, (14)
rt =l —ul, (15)
N

_ 1
i=1

We first compute the upper bound of r{. By utilizing the first-order optimality condition for the update
formula (9) and the property VB, (u1,u2) = Vo(u1) — Vo(usz), the following inequality can be obtained:

(Vp(vl) — Vo(wh), vl —u) <0, Vuel. (17)
Since u! € U, one can gain the following inequality by setting v = u} in the inequality (17):
(Veo(v]) = Vep(w)),v; —u;) < 0. (18)

By combining the update formula (8), the inequality (18) and J,-strongly convexity of the function ¢(-),
we can obtain that

yeldi, ug = vi) = (Ve(v)) = Vip(up), vf — ) > 8, |lvf — uil3, (19)

which yields the following bound of 7! by employing Assumption 5 and Holder’s inequality:

[E(EES (20)

E'Yt-
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Next, it is obtained based on Assumption 1 and (14) and (15) that, for ¢t > 2,

1 N N
= NZZ[W(t* zgpz !

z‘ﬂjﬂ
t—1
- (e k)
Jj=1 =1
1 t—1 t—1 t—1
= NZ(% +ri e )
i=1
1 1
= ’l_l,til + Ner_l + NZGE_I, (21)
i=1 i=1
which can induce an iterative formula as follows:
t—1 N t—1 N
LS Y S ek (22)
k li=1 k=1i=1

Similarly, calculating the recursive relation of u! gives the following iteration for ¢ > 2:

N t—1 N t—1 N
=)W =1L 0)]u) + YOS W= 1)t ) S Wt — 1, k))ijek. (23)
j=1 k=1j=1 k=1j=1

Based on (22) and (23), we get the following inequality for ¢ > 2:

N t—1 N
_ 1
lat — wllls <3|~ 1,1~ |- ||u1||2+22\ (t =1, K))s; = |- 75
j=1 k=1j=1
t—1 N 1
+ 33wt =10l - 5| ekl (24)
k=1j=1

Applying Lemma 1 to the inequality (24), and then using the inequality (20), the following inequality
can be derived under ¢t > 2:

0N D+ —
" — will2 < 6105 IZH uflle + = Zet "+ 01y 05 pr, (25)
j=1 ‘/’ = k=1
where pj, = Zjvzlﬂefﬂg Summing [Juf —u}|[2 over t = 1,2,...,T yields
T T
Dollub = uflle = lluf = ujll+ Y lluf —ufl2
t=1 =2
N T
<D ludllz + (e’ — bz + @t — uf2). (26)
j=1 =2
By combining the inequalities (25) and (26), one has
T N 99 ND T -1 T (-1
Z”U: —uffl2 < <1 + 291Z9t 1) ZH ujll2 + - Zz9t e + 291229
=1 t=2k=1 t=2k=1

20,6 201605 N D 20,6
<(1+1”)Z| ulll + %Zt - Zt, (27)



Xiong M H, et al. Sci China Inf Sci  October 2022 Vol. 65 202202:7

where the last inequality derived based on the following three inequalities:

T
0o
ot—lg—
ZQ 1—0y°

T t-1 T-1 —1 g, T-1 T
S-St o (0t) < 125 X < z
T t-1 - T T:I l g, T T
2292 Pk < Zpt 292 < 1T-0 Z Z
t=2k=1 t=1 1=1 2= =1

The subsequent proofs of parts (a) and (b) are different, which will be discussed separately.
(a) In the case with quantizer QY(-), it follows from the property (4) that

(28)
Then, substituting the inequality (28) into the inequality (27) yields the inequality (12).
(b) In the case with quantizer Q}(-), it follows from the property (7) that
N n N\/ﬁ
Blnd = 3 Bl < 3| Bl < 2. (29)
Jj=1 7j=1 =1 p

Then the inequality (13) can be derived by taking expectation of the inequality (27), and using the
inequality (29).
Lemma 3. Let Assumptions 1-6 hold.

(a) The following condition holds for the case with the deterministic time-varying quantizer Q%(-):

T ) .
D WATEEE ) SLEELELEGR RS o

t=1i=1 t=1i=1 Tt =1

5, o
+ (Lw —~ ?) Nnt; (Ad) > R Y5) N\/_ZAZ = (30)

(b) The following condition holds for the case with the probabilistic time-varying quantizer Q;()

t=1i=1 t=1i=1 Tt
ND2 ML,N
+ 25, t:1% \/_ZAt o (31)
Proof.  Based on the updating formula (8) and recalling Remark 2, we have
(i, ui —u") = - L (Vep(wf) — Viplul), u* — ul)
= ~(B(u ) = Byluud) + Byl w)
< %(B«p(u*wﬁ) = By (u",v}) + By (ug, wj) — By (v, w})). (32)

We scale By, (ul, w!) — B, (vi, wl) as

79

B (ug, wj) — By (vi,w;) = ¢(u;) — (vi) — (Vep(w;), ui — v;)
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1)
<{Vep(ui) = Vep(wp), ug —vi) = o [lui = w3

O

= (e, ut — o) — £ Jut — o}

5
<Dl = villa = <7 lu = vil3

(:D)?
< 33
where the first equation is based on Definition 2; the second inequality is derived from d,-strongly
convexity of the function ¢(-), i.e., Definition 1; the third equation follows from the updating formula
(8); the fourth inequality is based on Hélder’s inequality and Assumption 5; the last inequality follows
from the inequality a;z — as1? < a%/4a2 based on as > 0 for all x € R.

Based on Assumptions 1 and 4, one has

N N N
ZBw(u*,uf"'l) = Zqu u’, Z[W(t)]mpz
i=1 i=1 j=1
N N
<D Y W)y By (u”,ph)
j=li=1
N
= ZBw(u*, vl +eb). (34)
i=1
Moreover, by Definition 2, one has
By (u”, v +€j) = By (u”,vj) — By (v; + €, v7) + (Vo(v)) — V(v + €i),u” —v; —e).  (35)

Because of the different types of the quantizers, the following proof is divided into two parts.
(a) Under the quantizer Q%(-), based on (35), the generalized Cauchy-Schwarz inequality, and Assump-
tions 2 and 6, the following inequality can be gained:

é
B0t +) < Bo(u' o) — 22 el3 + V) ~ Tolof + € Ju” — v — el
* 6 *
< B ) — 2 el + Lolledla(lu — vt + )
y 1)
< B+ (L = 5 ) el + ML el (36)

Combining the inequalities (34) and (36) yields

N N N N
* * J
S Bt < B )+ (Lo = % ) S+ ML It
i=1 i=1 i=1 i=1
al 5
=SB, )+ (Ly = 5 ) ML (37)
i=1
where o = Zf\ilﬂeﬂ\% and pp = Z?;H@Hb By using the inequalities (32), (33) and (37), one has
N N
ND?~, 5 1 B, (u*,ut) — B, (u*,ul™)
&t ul — u*) < L, - 2% MLop; ) — P, U) — Bl Uy )
Sttt ) < St (o= o M) 20D ; 39

Moreover, the following inequality can be derived by using the property (4):

al |2 SN 12 Nn
Ot = E ||@jH2 = E E [ej]i < —(At)g' (39)
j=1 d

j=li=1
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Then, the inequality (30) can be obtained by using the inequalities (28), (38) and (39) and by summing
Zf\;(dﬁ,uﬁ —u*)overt=1,2,...,T.

(b) Under the quantizer QY(-), taking the expectation of (35), and utilizing the generalized Cauchy-
Schwarz inequality, Assumptions 2 and 6, and the property (7), we have

E{B, (v, v; + €;)} = E{ By (u",v))} — E{By (v + €5, vi) } + E{(Vip(v}) — Vop(vj + &), u™ — vj) }
J .
<SE{B, (v, )} = TE{[leil3} + LoE{leillz - [lu” = vill2}
SE{B,(u",vj)} + ML E{]|ej]|2}- (40)

Taking expectation on the inequality (34), and using the inequality (40), we obtain that

S (B ult) }<ZE{B “ o)} + MLE{pr). (41)

By taking the expectation of the inequalities (32) and (33), and utilizing the inequality (41), we have

The inequality (31) can be readily obtained by summing Zi.vzlE{(df, ut—u*)}overt =1,2,...,T, and
utilizing the inequality (29).
Now, we define an average point of node i as follows:

T
1
ol = TZuf, Vi€ [N
t=1

On the basis of Lemmas 2 and 3, we obtain the following theorem showing the convergence of @} to u*.

Theorem 1. Let Assumptions 1-6 hold, and ~; = $ fort =1,2,...,T. Then, for j € [N], T > 3, one
has the following results.
(a) The following condition holds for the case with the deterministic time-varying quantizer Q%(-):

In(T 1
I 3 < OaP) 4 (1) + B3 + ) + B, (43)
where
o (T =g () D B3 (%) N
d = ’ d — Uill2, 4= -
(5]205?0 1-— 92 5f6<,0 1— 92 = J <P t:1

OM L /Miew t 4610:DN\/n
B3 =""2eVINT gl .
d S, ;Ag’ Ea= 510,(1 — 0) ZN

(b) The following condition holds for the case with the probabilistic time-varying quantizer Q;()

In(T)
Per

.1
1 2 3
+(E, + E, + E)) =,

Efjjaf - w8} <O -

(44)

where

T
ML,\/n t 20105 DN \/n
0,=04, El=FE;, E=—"02<Y%N — FE= :
A 5, ZA;’ P 50,(1— 6y) ZN
Proof.  Based on Assumption 3, we have

N N

Z<d£7uz —u > > Z(fi(ug) - fz(“*) + 5fB<P(U*7UJ§))

i=1 i=1
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N N
> f(uf) = () + 85y _Bo(u™,u) = DY _Jluf — uf]|2, (45)
i=1 i=1

where f(u}) = vazlfz(ug), flu*) = Z?]:lfz'(U*), and the last inequality is based on the following
inequality:

filui) = fi(ug) + (di(uf), uj — uf)

>
> fiuj) = [ldi(uf)llz - [Ju; — ]l
> fi(uf) — Dljug — uj]l2.

Then, according to the inequality (45), we obtain that
T T N T N T N
D (fh) = Flu) < YOD (dhul — ) =Y 65y Bo(wul) + DY N luf —ulll. (46)
t=1 t=1i=1 t=1 =1 t=1i=1

The following proof is divided into two parts.
(a) For the quantizer QY(-), the following inequality can be gained by combining with the inequalities
(30) and (46):

T LB, (u, ut) — By (u*,ulth)
() = fur)) <D Y ZafZB u*,ul + Z%

t=1 t=1i=1 Tt
B o1
L,—-2|N ML N —ut
(e ) g+ MY ;;”“ il
ND?

5 ¢ y
In(T L,— 2N E ——— +ML,N E —
5,07 n(T) + ( ¢ ) n(sft:1 (AZ)Q + ® \/ﬁ(sft:1 Ail

T N
+ DY luf — e, (47)

t=1i=1

where the last inequality is derived based on the fact that v = 5 and the following two inequalities:

— By (u*,ulth) L.
ZZ — - Z‘SfZBLP(U

t=1i=1
T o/ 1 N 1 X
=(—-9 B — = -0 B, (u*,ul) — —Y B, (u*,ul !
( f)z 2 (% o f); o (u”, ;) W; ( )
X
=——Y By(u",ul ") <0, (48)
T =1
T T
1 1 1 1 2
Ve = — - < — 1+/ -dt | < —-In(T), VT > 3. 49
t=21 ¢ 6ft=21t Of ( 1t of (T) (49)
Hence, based on the convexity of the function f(-) and the first-order optimality condition, one has that
1 X
72 (F(uf) = F(u") > f(af) — f(u”)
t=1

7]
N&§B, (1] ,u*)

Nésb, . .
T2 |0t — w3 (50)

> (d(u*), ) —u*) + NoypBy(i),u*)
Z
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Combining the inequalities (12), (47) and (50) yields the inequality (43).
(b) For the quantizer Qj(-), taking the expectation of the inequalities (46) and (48), and combining
the inequalities (31) and (49), one has

ZE{f u)y < N gy o MENVIO S L DS SRl - ). ()

)
99 f t=1""P t=1i=1

Then the inequality (44) can be readily derived by taking expectation of the inequality (50), and
combining with the inequalities (13) and (51).
Remark 5. Based on the results in Theorem 1, we can summarize the rules of choosing the quantization
resolutions (A} and Al) as follows. Al and At should be chosen so that (E} + E? + E3 + E%)/T and
(E1 + E2 + E3) /T converge to zero or a fixed constant as time goes to infinity, such that the convergence
of the algorlthm can be guaranteed. Under these circumstances, the convergence rate of the proposed
DQMD algorithm is at least O(In(T)/T).

Based on the results in Theorem 1, one has two following corollaries.

Corollary 1. Let the conditions of Theorem 1 hold, and the quantization resolution is chosen as
Al = Al = at (« is a positive constant). Then for T > 3, one has the following results.
(a) The following condition holds for the case with the deterministic time-varying quantizer Q%(-):

In(T)

JaT — w3 < €3

J

+C3= +Cd,

where

2D? 46,05 N 4n 5 86,05 DN \/n
Ci= <1+ )+ <L—‘P>+7,
45382 1—6, 5,02 Sr0,a(1 — 605)

N
2D 20,0 OML,\/n
2 — 1 1V2 1 3 _ P .
Cd 5f5<p ( + 1792 ZHUJHQ) Cd &Pa
Jj=1

(b) The following condition holds for the case with the probabilistic time-varying quantizer Qfg(-):

T In(7)
E{llaj —u'|3} < Cp

1
2 3
po T +CPT+CP’

where

Cl _ 22DQ 1 49192N 49192DN\/H , 02 _ CCQI, 03 MLw\/_
p 5f5<2ﬂ 1-— 92 5f5¢a(1 — 92) p 5 «

Corollary 2. Let the conditions of Theorem 1 hold, and the quantization resolution is chosen as
Al = A; = at®/?) (a is a positive constant). Then for T > 3, one has the following results.
(a) The following condition holds for the case with the deterministic time-varying quantizer Q%(-):

In(T)
T

1
+ D3 +D2T,

i — w3 < Dd\/—

where

AMLoy/n ., 2D? <1 49192N)

Dj=—2— Dj=
¢ bpa T 6352 1—6,

N
, 2D 20,05 4n 5.\ 120,0:DN/n
D} = 1 et s (L- 5 )+ 55—~
1755, ( Tz 92) ;”“J”Q TS5 ( ) ) T 50,0102

(b) The following condition holds for the case with the probabilistic time-varying quantizer Qfg(-):

. - In 1
B} — "I} < D=+ D) + DI
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where

OML,\/n 2D 2010\ 60,0 DN/
D=2V _ ' pD2_-Dp2 D3= 1 ! LV
p 5900[ ’ P d» P 5f5<p + 1792 j2=2|‘uj|‘2+5f5¢04(1792)

Remark 6. Corollary 1 shows that when Af, = A; = at, the proposed DQMD algorithm achieves a
rate of the convergence at O(In(T')/T') within the error levels C3 and C3, respectively. From Corollary 2,

it can be seen that when Al = A = at®/?) the convergence rate of the algorithm is O(1/v/T). By
comparing Corollaries 1 and 2, we can conclude that the quantization resolutions affect the convergence
rate of the DQMD algorithm, and the larger quantization resolutions lead to better convergence rate.

4 Discussion for a special case

In this part, we consider a closed convex set V' C R™ such that

col,{0} €V, |z]lco <R, VzeV. (52)

We also consider a time-varying quantizer described as follows:

T

Q') = [¢') ¢'(2) -~ ¢'(wn)] , veER, (53)
where
Lf, Atv’i ) if (> 07
qt(vi) = Al L t J : (54)
E’VA ”UZ'—|, if v; <0,

and |-| and [-] are the operation of rounding down and up, respectively. Then, one has that

1
jo: = ' ()] < &7 (55)

For the quantizer adopted above, we make the following assumption.
Assumption 7. For the constant R given in (52), the inequality ﬁ < R holds.

Considering the quantizer (53), we have that Q'(u) € V for any u € V. Then, the corresponding
DQMD method is given as follows:

Vo(w}) = Vo(ub) — vds,

! = argmin,ey By (u, w!), (56)

N
u = 3 W) QN (v)).

j=1

(%

In the consensus step of the algorithm (56), we can see that the information to be exchanged between
nodes is the quantized information, which is different from the algorithms (8)—(11). From this, the
algorithm (56) can be viewed as a special case of the algorithms (8)—(11). For the convex optimization
problem min f(u) = Z?;fz(u) subject to u € V, the desired results based on the algorithm (56) can be
obtained as the same as those in Theorem 1.

5 Simulations

In this section, we apply the DQMD algorithm developed in our paper to study the distributed ridge
regression problem that is formulated as follows [24]:

N
1
min. 1(0) = 3o ) + alul)
st. uweU={ueR" |ulls <1},

(57)
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Figure 3 (Color online) The average state error under three kinds of quantizers.

where ¢; € R™ and d; € R are the data that can only be known by node i. ¢; is generated from the unit
normal distribution, and d; = ¢l 2 +e;, where z € R satisfies []; = 2 for 1 < j < [n/2] and 0 otherwise,
and e; represents the noise which is generated from the unit normal distribution.

For the implementation of the DQMD algorithm, a time-varying ring network with 30 nodes is intro-
duced, such that the links of nodes can be changed with the parity of iteration times. The distance-

generating function adopted here is ¢(u) = %||u||§ To explore the effects of the quantizers on the conver-
gence performance of the proposed algorithm, we define the average state error as %Z;Vﬂ @} —u*||5 and
%Zj\[ﬂ E{||a] —u*[5} under the deterministic and probabilistic time-varying quantizers, respectively.
Moreover, the dimension of the nodes’ state is chosen as n = 3, and we choose o = 0.1.

In order to explore the effects of the quantization resolutions on the convergence of the proposed
DQMD algorithm, two simulation results are given. Under the quantizer in(-), Figure 1 provides the
trajectories of the average state error versus the number of iterations 7' for AL = ¢, Al = t1° and
no-quantization case. For the quantizer Q;('), Figure 2 shows the trajectories of the average state error
versus the number of iterations 7" in the case of A; =1, A; = ¢t1% and without quantized communication.
From the above simulation results, we can see that the larger quantization resolutions (Al and A;)
lead to better convergence performance of the proposed method under two kinds of quantizers, but
the convergence performance is slightly worse than that of the distributed mirror descent algorithm
without quantized communication. However, this is more or less expected, since our algorithms consider
information quantization and the quantization error will deteriorate the convergence performance.

Moreover, by choosing Af, = A; = A! = 15, the trajectories of the average state error under three
kinds of quantizers are plotted in Figure 3. From this result, we can see that in the case of the same
quantization resolution, the convergence performance under the probabilistic quantizer is better than

that under the deterministic quantizer, while the convergence performance under the quantizer (54) is
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slightly better than that under the probabilistic quantizer.

6 Conclusion

In this paper, a DQMD method has been proposed to study the strongly convex constrained optimization
problem. We have analyzed the effects of the deterministic and probabilistic time-varying quantizers
on the convergence rate of the DQMD algorithm, and the obtained results show that for the suitable
quantization resolutions, the DQMD algorithm can converge to the optimal value of the considered
problem as the iterations increase. Finally, a distributed ridge regression example has been provided
to verify the theoretical results. Based on the work in this paper, our future studies will focus on
the distributed mirror descent algorithm combined with other types of quantizers, the event-triggered
distributed mirror descent algorithm and the online DQMD algorithm. Moreover, motivated by [37], the
quantized scheme for distributed optimization with coupled inequality constraints will also be considered
in our future work.
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