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Dear editor,

In practical scenarios, many engineering systems possess

switching features. When the factors incurring the switch

phenomenon occur with a certain probability, semi-Markov

chains can be adopted to describe them [1, 2]. Besides, dy-

namics in real systems generally present multiple time scales

which can induce serious numerical problems. These prob-

lems, however, can be tackled effectively by introducing a

singularly perturbed model [3]. Therefore, it is fascinating

to analyze the l2-l∞ performance issue for the singularly per-

turbed semi-Markov jump systems (SPSMJSs). Meanwhile,

limited communication resources pose a major problem in

digital communication scheduling. A widely recognized way

for saving limited resources is to adopt specific communi-

cation protocols, such as event-triggering, round-robin and

try-once-discard protocols (TODP) [4, 5]. Inspired by their

mechanisms, one will naturally wonder whether we can de-

velop a novel transmission protocol that can transmit a spe-

cific part of the required data at a certain time point. When

the current piece of data is similar to the previous one, the

transmission is suspended. To explore the possibilities of an

effective protocol design, this study is devoted to conduct-

ing an improvement on the conventional weighted TODP

(WTODP).

This study investigates the observer-based l2-l∞ con-

troller design issue for SPSMJSs with measurement quan-

tization under the improved WTODP. The main contribu-

tions can be synthesized as below: (1) A new analytical

approach based on [1] is proposed, under which utilizing

the iteration of x(k) between km and km+1 based on state

space expression is avoided. (2) Inspired by [5], an improved

WTODP, which can further increase the utilization ratio of

the limited bandwidth, is proposed. Different from the tra-

ditional WTODP, the transmission between the sensor and

observer is suspended when the error between the current

and previous piece of data of the nodes is zero. Then, two

novel constraints revealing this communication feature are

constructed by virtue of the Kronecker sign function. (3) An

observer-based controller is designed with the aid of several

contract matrices.

Notations. See Appendix A.

Problem formulation. Consider a discrete-time SPSMJS:

x(k + 1) = Aσ(k)Eǫx(k) +Bσ(k)u(k) +Dσ(k)ω(k) , (1)

where x(k) , [ xT
s (k) xT

f
(k) ]T ∈ R

nx with xs(k) ∈ R
n1 and

xf (k) ∈ R
n2 being the slow and fast states, respectively;

ω(k) is the exogenous disturbance; Eǫ , diag{In1 , ǫIn2}

with ǫ > 0 being the singularly perturbation parameter.

y(k) = Cσ(k)Eǫx(k) ∈ R
Nn and z(k) = Gσ(k)Eǫx(k) de-

note the measurement and practical outputs, respectively.

Taking values in the set M̄ , {1, 2, . . . ,M}, {σ(k)}k∈Z>0

represents a semi-Markov chain.

Based on [6], the quantized outputs are written as

ỹ(k) , G(y(k)) = [g1(y11(k)), g1(y12(k)), . . . , gN (yNn(k))]
T.

(2)

Quantization error is ỹ(k) − y(k) , ∆(k)y(k) with ∆(k) ,

diag{δ1(k), . . . , δNn(k)}. y(k) , [yT1 (k), . . . , yTN (k)]T.

For ∀i ∈ N̄ , {1, 2, . . . , N}, let Φ(i) , diag{ϑ(i−1), ϑ(i−

2), . . . , ϑ(i−N)}⊗In, where ϑ(i) is Kronecker sign function.

Then, the node obtaining transmission permission at time k

under the improved WTODP is determined by

ξ(k) ,







arg max
16i6N

‖y(k) − ȳ(k − 1)‖2
Q̂Φ(i)

, εy(k) > 0,

0, εy(k) = 0,

(3)

where ȳ(k − 1) represents the previously transmitted data;

εy(k) , ‖y(k) − ȳ(k − 1)‖2
Q̂
; Q̂ , diag{Q1, Q2, . . . , QN} de-

notes weight matrix; ȳ(k) , [ȳT1 (k), . . . , ȳT
N
(k)]T. Then, the
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data received by the observer are given as follows:

ȳ(k) = Φ(ξ(k))ỹ(k) + (INn − Φ(ξ(k)))ȳ(k − 1). (4)

For σ(k) = a ∈ M̄ , the observer-based controller can be

designed as














x̂(k + 1) = AaEǫx̂(k) +Bau(k) +Haξ(k)(ȳ(k)− ŷ(k)),

ŷ(k) = CaEǫx̂(k),

u(k) = Kaξ(k)Eǫx̂(k),

(5)

where Haξ(k) and Kaξ(k) are matrices to be designed.

Then, the closed-loop system (CLS) can be given as

{

η̄(k + 1) = Ēǫ[Āaξ(k)η̄(k) + D̄aω(k)],

z(k) = Ḡaη̄(k),
(6)

where η(k) , [ ȳT(k − 1) xT(k)Eǫ eT(k)Eǫ ]
T, e(k) ,

x(k) − x̂(k), η̄(k) = EI34η(k), EI34 , diag{INn+n1
, Ī12},

and other specific forms of the matrices involved are given

in Appendix A.

The following Lyapunov functions are constructed:

Vξ(k)(η̄(k), σ(k), τ) , y̌(k)TQ̌ξ(k)y̌(k) + η̄T(k)Pσ(k)(τ)η̄(k),

(7)

where Q̌ξ(k) , Q̂ − Q̂Φ(ξ(k)), y̌(k) , y(k) − ȳ(k − 1),

Pσ(k)(τ) > 0 with k ∈ Z[km,km+1)
, σ(k) ∈ M̄ , τ = k−km ∈

Z[0,d̄σ(k) ]
and ξ(k) ∈ Ñ , {0, 1, 2, . . . , N}.

Theorem 1. For given scalars γ ∈ (0,∞), d̄σ(k) ∈ Z>0,

if the constructed Lyapunov functions Vξ(k)(η̄(k), σ(k), τ)

(k ∈ Z[km,km+1)
) satisfy the following condition for ∀σ(k) ∈

M̄ , ξ(k) ∈ Ñ , τ ∈ Z[0,d̄σ(k))
, Tm ∈ Z[1,d̄σ(k)]

:

Vξ(k+1)(η̄(k + 1), σ(km), τ + 1)

6 Vξ(k)(η̄(k), σ(k), τ) + ωT(k)ω(k), (8)

E
{

Vξ(km+1)
(η̄(km+1), σ(km+1), 0)

}

|η̄(km),σ(km)

6 E
{

Vξ(km+1)
(η̄(km+1), σ(km), Tm)

}

|η̄(km),σ(km),(9)

0 > E
{

zT(k)z(k)− γ2Vξ(k)(η̄(k), σ(k), τ)
}

|η̄(k0),σ(k0),(10)

then, the CLS (6) is δ-error mean-square stability (δ-EMSS)

with a prescribed l2-l∞ performance level γ.

Proof. See Appendix D.

Remark 1. For the improved WTODP, the following con-

straint conditions are critical for obtaining Theorem 2.

(i) For ∀λξ̄j > 0 satisfying
∑N

j=1 λξ̄j = 1, ξ̄ ∈ N̄ ,

y̌T(k+1)Q̌ξ(k+1)y̌(k+1) 6 y̌T(k+1)
∑N

j=1 λξ̄jQ̌j y̌(k+1).

(ii) For ∀l̄j (j ∈ N̄),
∑N

j=1ϑ(ξ(k) − 0)y̌T(k)l̄jQ̂Φ(j)y̌(k)

= 0.

Theorem 2. For given scalars γ, ǭ ∈ (0,∞), d̄a ∈ Z>0,

if there exist scalars l̄j (j ∈ N̄), ̺a > 0, positive scalars

λξ̄j with ξ̄ ∈ N̄ , j ∈ {1, 2, . . . , N − 1}, positive matrices

Ωξ(k)a(τ) (ξ(k) ∈ N̄, τ ∈ Z[1,d̄a]) and symmetric positive

definite matrices Pa(τ) (τ ∈ Z[0,d̄a]) satisfying the following

conditions for ∀a ∈ M̄ , ξ(k) ∈ Ñ , τ ∈ Z[0,d̄a), d ∈ Z[1,d̄a]:















φ1
ξ(k)a

(τ) 0 φ2
ξ(k)a

0

∗ −I D̄T
a 0

∗ ∗ −Ωξ(k)a(τ) EI34Haξ(k)

∗ ∗ ∗ −̺aI















< 0, (11)

ĒhP̄aξ(k)(τ)Ē
h − 2I +Ωξ(k)a(τ) < 0, h = 1, 2, (12)

0 6 λ̄ξ̄j 6 1, 0 6 λξ̄j 6 1, j ∈ {1, 2, . . . , N − 1}, (13)

P̂a(d) ,
∑

b∈M̄

θ̄ab(d)

ςa
(Pb(0) − Pa(d)) < 0, (14)

ḠT
a Ḡa − γ2(Pa(τ) + C̄T

a Q̌ξ(k)C̄a) < 0, (15)

where Aaξ(k) , Ãaξ(k) − Haξ(k)∆(k)Ca, λ̄ξ̄j , 1 −
∑N−1

j=1 λξ̄j , ςa ,
∑d̄a

d=1

∑

b∈M̄ θ̄ab(d) and

φ1
ξ(k)a

(τ) ,
∑N

j=1
l̄jϑ(ξ(k)− 0)C̄T

a Q̂Φ(j)C̄a − Pa(τ)

−C̄T
a Q̌ξ(k)C̄a + ̺aE

T
I34C

T
a ΥTΥaCaEI43,

P̄aξ(k)(τ) , Pa(τ + 1) +
∑N−1

j=1
λξ̄j C̄

T
a Q̌jC̄a

+λ̄ξ̄j C̄
T
a Q̌N C̄a,

φ2
ξ(k)a

, EI34A
T
aξ(k)EI43, Ē

1 , diag{InN+2n1
, 02n2},

Ca ,
[

0 Ca 0
]

, Ē2 , diag{InN+2n1
, ǭI2n1},

Haξ(k) ,
[

ΦT(ξ(k)) 0 −ΦT(ξ(k))HT
aξ(k)

]T
,

then, the CLS (6) is δ-EMSS with a prescribed l2-l∞ per-

formance level γ for ∀ǫ ∈ (0, ǭ].

Proof. See Appendix E.

Conclusion. The observer-based l2-l∞ controller de-

sign issue has been discussed for networked SPSMJSs sub-

jected to the logarithmic quantization effects and improved

try-once-discard scheduling protocol. By introducing two

constraint conditions related to the improved transmission

scheme and constructing a novel Lyapunov function, an

observer-based controller, which can ensure the δ-EMSS and

enhance the l2-l∞ performance of the investigated system,

has been designed. Simulation results have been provided

in Appendix F, validating the effectiveness of the devised

strategy. Future research will entail the extension of our

work to the situation of the sliding mode control.
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