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Dear editor,

Markov jump systems (MJSs), as one kind of switched sys-

tems, are a good candidate for modeling physical systems

subject to abrupt variation in their structures or parame-

ters caused by many reasons such as subsystem intercon-

nection change and environmental disturbance [1, 2]. Much

effort has been put to study the robust control and filter

problems for semi-MJSs, where the corresponding sojourn

time between two successive jump modes is allowed to fol-

low more general distributions, such as Weibull distribution

and phase-type distribution [3]. This study is the first at-

tempt of developing a robust adaptive quantized control law

for a class of continuous-time semi-MJSs with parameter un-

certainty, matched uncertain nonlinearity, and disturbance.

Consider the following continuous-time uncertain nonlin-

ear semi-MJS:











ẋ(t) = (Aδt +∆Aδt )x(t) +Bδt [u(t) + f(x(t))]

+ (Cδt +∆Cδt )w(t),

z(t) = Dδtx(t) + Eδtw(t),

(1)

where x(t) ∈ R
nx , u(t) ∈ R

nu , w(t) ∈ R
nw and z(t) ∈ R

nz

are the state, control input, external disturbance belong-

ing to l2[0,+∞) (i.e.,
∫∞
0 ‖w(t)‖22 < ∞), and controlled

output, respectively; f(x(t)) is the matched uncertain non-

linearity subject to ‖f(x(t))‖2 6 α1 + α2‖x(t)‖2, in which

α1 and α2 are unknown; ∆Aδt and ∆Cδt denote param-

eter uncertainty, satisfying ∆Aδt = M1δtF1(t)N1δt and

∆Cδt = M2δtF2(t)N2δt ; Fi(t) is time-varying but unknown,

subject to FT
i (t)Fi(t) 6 I (i = 1, 2); Aδt , Bδt , Cδt , Dδt ,

Eδt , Miδt , and Niδt are given; δt is used to describe a

discrete-state, continuous-time semi-Markov process with

transition rate matrix Π = [θsg(d)], and δt takes a value

in the set G = {1, 2, . . . , G} and satisfies Pr{δt+d = g|δt =

s} =

{

θsg(d)d + o(d), s 6= g,

1 + θss(d)d + o(d), s = g,
where θsg(d) denotes the

time-varying jump rate from mode s at time t to mode

g at time t + d with θsg(d) > 0, s 6= g and θss(d) =

−∑G
g=1,g 6=s θsg(d). Assume that 0 6 θsg < θsg(d) < θsg

for s 6= g, where θsg and θsg are given. Thus, it follows that

−
∑G

g=1,g 6=s θsg < θss(d) < −
∑G

g=1,g 6=s θsg .

Assumption 1. (Aδt , Bδt ) is mean-square stabilizable [4].

Logarithmic quantizers are employed to quantize u(t)

with the following dynamics: (i) when
ωϑ
r

1+σr
6 ur(t) 6

ωϑ
r

1−σr
, Q(ur(t)) = ωϑ

r , (ii) when ur(t) < 0, Q(ur(t)) =

−Q(−ur(t)), and (iii) otherwise Q(ur(t)) = 0. The set

of quantization levels is Ωr = {±ωϑ
r : ωϑ

r = βϑ
r ω

0
r , θ =

±1,±2, . . .} ∪ {0} and r ∈ {1, . . . , nu}, where βϑ
r ω

0
r de-

notes the output of the rth quantizer under the quanti-

zation level ϑ and the initial quantization state ω0
r , βr

is the quantization density, satisfying 0 < βr < 1, and

σr = 1−βr

1+βr
. It follows that σr ∈ (0, 1). By using the

sector bound approach [5], the quantization error is ob-

tained as Q(ur(t)) − ur(t) = µrur(t), µr ∈ [−σr, σr ]. It

further follows that Q(u(t)) = (I + Θ)u(t), where Θ =

diag{µ1, . . . , µnu}. Let σ̄ = max{σ1, . . . , σnu}. Then,

0 < (1 − σ̄)I 6 I +Θ 6 (1 + σ̄)I < 2I.

The objective of this study is to design a robust control

strategy such that (i) when w(t) ≡ 0, system (1) is stochas-

tically stable, and (ii) under the zero initial condition, sys-

tem (1) ensures a noise attenuation level γ in terms of an

H∞ measure:
∫∞

0
E{‖z(t)‖22}dt < γ2

∫∞

0
‖w(t)‖22dt.

The following mode-dependent adaptive control protocol

is proposed:

u(t) = Kδtx(t) + (α̂1 + α̂2‖x(t)‖2)sign(Kδtx(t)),

˙̂α1 = τ1‖Kδtx(t)‖2, ˙̂α2 = τ2‖x(t)‖2‖Kδtx(t)‖2,
(2)
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where Kδt is the controller gain to be designed, and τ1 > 0

and τ2 > 0 are given constants. The 1-norm and 2-norm

of vector x are respectively represented by ‖x‖1 and ‖x‖2.
Function sign(·) satisfies (i) when scalar a > 0, sign(a) = 1,

(ii) when a<0, sign(a)=−1, and (iii) otherwise, sign(a)= 0.

Theorem 1. Under Assumption 1, system (1) is stochas-

tically stable with a given H∞ performance γ > 0 subject to

control law (2) with Ks = −BT
s Q−1

s , if there exist Qs > 0,

ε1 > 0, and ε2 > 0 for all s ∈ G, such that

Υ =















Υ11 Cs Υ13 Υ14

∗ −γ2I Υ23 0

∗ ∗ Υ33 0

∗ ∗ ∗ Υ44















< 0, (3)

where Υ11 = AsQs+QsA
T
s +ε1M1sM

T
1s+ε2M2sM

T
2s−2(1−

σ̄)BsB
T
s −

∑G
g=1,g 6=s θsgQs,Υ13 = [QsD

T
s QsN

T
1s 0], Υ23 =

[ET
s 0 NT

2s], Υ33 = −diag{I, ε1I, ε2I}, Υ14 = [
√

θs1I, . . . ,
√

θss−1I,

√

θss+1I, . . . ,
√

θsGI]Qs,Υ44 = −diag{Q1, . . . ,

Qs−1, Qs+1, . . . , QG}.
Proof. Select the following mode-dependent Lyapunov

function: V (t) = xT(t)Psx(t)+(1−σ)[
(α̂1−β1)

2

τ1
+

(α̂2−β2)
2

τ2
],

where δt = s, β1 >
α1
1−σ

, and β2 >
α2
1−σ

. Along

the trajectory of system (1), one obtains LV (t) =

xT(t)[2Ps(As + ∆As) + P̄s + 2PsBs(I + Θ)Ks]x(t) +

2(α̂1 + α̂2‖x(t)‖2)xT(t)PsBs(I + Θ)sign(Ksx(t)) +

2xT(t)PsBsf(x(t)) + 2xT(t)Ps(Cs + ∆Cs)w(t) + 2(1 −
σ)‖BT

s Psx(t)‖2[α̂1−β1+(α̂2−β2)‖x(t)‖2 ] < xT(t)Λ11x(t)+

2xT(t)PsCsw(t) + 1
ε2

wT(t)NT
2sN2sw(t), where P̄s =

∑G
g=1 θsg(d)Pg , Ks = −BT

s Ps, and Λ11 = PsAs +AT
s Ps +

P̄s − 2(1 − σ̄)PsBsB
T
s Ps + 1

ε1
NT

1sN1s + ε1PsM1sM
T
1sPs +

ε2PsM2sM
T
2sPs. L is the weak infinitesimal operator of the

random process {x(t), δt}. Set Σ = diag{Q−1
s , I, I, I} and

Q−1
s = Ps. With (3), using the Schur complement to in-

equality ΣΥΣT yields Γ = [
Γ11 PsCs + DT

s Es

∗ 1
ε2

NT
2sN2s + ET

s Es − γ2I
] < 0,

where Γ11 = PsAs + AT
s Ps +

∑G
g=1,g 6=s θsgPg −

∑G
g=1,g 6=s θsgPs − 2(1 − σ)PsBsB

T
s Ps + 1

ε1
NT

1sN1s +

ε1PsM1sM
T
1sPs + ε2PsM2sM

T
2sPs + DT

s Ds. Since 0 6

θsg 6 θsg(d) 6 θsg for s 6= g and θss(d) =

−
∑G

g=1,g 6=s θsg(d), one has P̄s =
∑G

g=1,g 6=s θsg(d)Pg +

θss(d)Ps 6
∑G

g=1,g 6=s θsgPg −
∑G

g=1,g 6=s θsgPs. It further

follows that [
Λ11 + DT

s Ds PsCs + DT
s Es

∗ 1
ε2

NT
2sN2s − γ2I + ET

s Es
] < 0. When

w(t) ≡ 0, one obtains LV (t) < xT(t)Λ11x(t) < 0, which im-

plies the stochastic stability of system (1). When w(t) 6≡ 0, it

follows from Λ < 0 that E{‖z(t)‖22−γ2‖w(t)‖22}+LV (t) < 0.

Thus, under the zero initial condition, it is concluded that

H∞ performance
∫∞
0 E{‖z(t)‖22}dt < γ2

∫∞
0 ‖w(t)‖22dt −

E{V (∞)} < γ2
∫∞

0
‖w(t)‖22dt is guaranteed. Then, one

has that if there is a solution to (3), controller gains are

computed as Ks = −BT
s Q−1

s .

The designed control law (2) can also be used to deal with

the robust stabilization problem for nonlinear MJSs subject

to actuator failure, studied in [6], where an adaptive slid-

ing mode control (SMC) technique is applied with a rank

constraint on Bδt . The system studied in [6] is

ẋ(t) = Aδtx(t) +Bδt [ρu(t) + f(x(t)) + κ(t)], (4)

where ρ = diag{ρ1, . . . , ρnu} denotes actuator failure with

upper bound matrix ρ = diag{ρ1, . . . , ρnu
} < I and lower

bound matrix 0 < ρ = diag{ρ
1
, . . . , ρ

nu
}. Moreover,

‖f(x(t))‖2 < α1 + α2‖x(t)‖2, and the external bounded

matched disturbance κ(t) satisfies ‖κ(t)‖2 < κ with α1 > 0,

α2 > 0, and κ > 0 being unknown.

Theorem 2. Under Assumption 1, system (4) is stochasti-

cally stable subject to control law (2) with Ks = −BT
s Q−1

s ,

if there exist Qs > 0, ε1 > 0, and ε2 > 0 for all s ∈ G, such
that

Ψ =

[

Ψ11 Ψ12

∗ Ψ22

]

< 0, (5)

where Ψ11 = AsQs + QsA
T
s − 2ρ′BsB

T
s −

∑G
g=1,g 6=s θsgQs, Ψ12 = [

√
θs1I, . . . ,

√

θss−1I,
√

θss+1I,

. . . ,
√
θsGI]Qs, Ψ22 = −diag{Q1, . . . , Qs−1, Qs+1, . . . , QG},

ρ′ = min{ρ
1
, . . . , ρ

nu
}.

Proof. The Lyapunov function is chosen as V (t) =

xT(t)Psx(t) +
ρ′(α̂1−β1)

2

τ1
+

ρ′(α̂2−β2)
2

τ2
, where δt = s,

β1 >
α1+κ

ρ′
, and β2 >

α2
ρ′

. By a similar analysis as in

Theorem 1, the result is obtained.

Remark 1. In the above proposed control law, only min-

imal low bound ρ′ needs to be known in advance and there

is no rank constraint on Bδt . However, the information of

both lower and upper bounds of actuator failure must be

given with a full column-rank constraint on Bδt in [6]. By

comparison, the proposed control law (2) has fewer require-

ments and is much easier to implement.

Conclusion. The robust H∞ stabilization problem has

been analyzed for uncertain nonlinear semi-MJSs subject

to input quantization and external disturbance. A mode-

dependent adaptive control law has been designed. By using

a mode-dependent Lyapunov function, sufficient conditions

have been developed to ensure the stochastic stability of the

closed-loop systems with a given H∞ performance and to

guarantee the existence of controller gains.

Acknowledgements This work was supported by National

Key R&D Program of China (Grant No. 2018YFB1702802),

Science Fund for Creative Research Groups of the National

Natural Science Foundation of China (Grant No. 61621002),

NSFC-Zhejiang Joint Fund for the Integration of Industrial-

ization and Informatization (Grant No. U1709203), and Zhe-

jiang Provincial Natural Science Foundation of China (Grant

No. LZ19F030002).

References

1 Zong G D, Li Y K, Sun H B. Composite anti-disturbance

resilient control for Markovian jump nonlinear systems with

general uncertain transition rate. Sci China Inf Sci, 2019,

62: 022205

2 Dong S L, Liu M Q, Wu Z G, et al. Observer-based slid-

ing mode control for Markov jump systems with actuator

failures and asynchronous modes. IEEE Trans Circ Syst

II-Express Briefs, 2020. doi: 10.1109/TCSII.2020.3030703

3 Huang J, Shi Y. Stochastic stability and robust stabiliza-

tion of semi-Markov jump linear systems. Int J Robust

Nonlin Control, 2013, 23: 2028–2043

4 Ghaoui L E, Rami M A. Robust state-feedback stabiliza-

tion of jump linear systems via LMIs. Int J Robust Nonlin

Control, 1996, 6: 1015–1022

5 Fu M Y, Xie L H. The sector bound approach to quantized

feedback control. IEEE Trans Automat Contr, 2005, 50:

1698–1711

6 Li H Y, Shi P, Yao D Y. Adaptive sliding-mode control of

markov jump nonlinear systems with actuator faults. IEEE

Trans Automat Contr, 2017, 62: 1933–1939

https://doi.org/10.1007/s11432-017-9448-8
https://doi.org/10.1002/rnc.2862
https://doi.org/10.1109/TAC.2005.858689
https://doi.org/10.1109/TAC.2016.2588885

