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Dear editor,

The development of robust controllers for systems subject
to uncertainties is always one of the hottest issues in modern
control field [1,2]. When only the output signals are mea-
surable, the design of robust output-feedback controllers is
required, which is more difficult [3]. Recently, the devel-
opment of finite-time exact observer has provided us an al-
ternative way to solve this problem [4,5]. The interest is
to use the finite-time exact observer to estimate the system
states and uncertainties, simultaneously. Then, by replacing
the unmeasurable states with the estimated states as well as
an exact uncertainty compensation, robust output feedback
controllers can be finally implemented.

Note that most of the existing controllers can only achieve
asymptotic or finite-time control whose convergence time de-
pends on the system initial values and will grow as the ini-
tial values grow. To overcome this drawback, the notation
of fixed-time stability is developed [6]. As an extension of
finite-time stability, the settling time of fixed-time stability
is uniformly bounded by a constant independent of the sys-
tem initial conditions. For this remarkable property, many
results about fixed-time control have been developed.

Inspired by the aforementioned studies, we designed a
robust fixed-time output-feedback controller for uncertain
linear systems. Firstly, a composite observer is proposed to
identify the system states and uncertainties, simultaneously.
Then, based on the proposed composite observer, a robust
fixed-time output-feedback controller with exact uncertainty
compensation is proposed. Compared with the existing ro-
bust controllers, the proposed controller is completely con-
tinuous and thus is free of chattering, and can guarantee the
fixed-time convergence of system states to zero independent
of the system initial values.

Problem statement and preliminaries. In this study, we
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consider the following linear system:

{ i(t) = Ax(t) + Bu(t) + $(t,2), W

y(t) = Cx(t),

where z(t) = [z1(t),...,zn(t)]T € R™ and u(t) € R are the
system state vector and input, respectively; y(t) € R is the
output; the function ¥ (¢, z) : Ry X R™ — R™ is the sys-
tem uncertainty; A € R"*" B € R"*1 and C € R1*X™ are
known matrices.

Assumption 1. The pair (A, B) is controllable and the
function (¢, z) fulfills the matched condition with ¢ (¢, z) =
Bep(t, z),|o(t, )| < ¢max, where pmax is a known constant.

Assumption 2.

Remark 1.
for the control of linear systems. Assumption 2 is equivalent
to the statement that the pair (A, C, B) has no invariant ze-
ros or the relative degree of the system output y with respect
to the matched uncertainty ¢ (t, z) is n.

The goal of the study is to develop an observer-based
output-feedback controller for system (1) under Assump-
tions 1 and 2 with exact uncertainty compensation such that
the origin of system (1) is globally fixed-time stable.

Design of composite observer. A composite observer
composed of a Luenberger observer (LO) and a high-order
sliding mode observer (HOSMO) will be constructed to iden-
tify the system states and uncertainties in a fixed time.

(1) Design of LO. The following LO is designed to ap-
proximately estimate the system states:

System (1) is strongly observable.

Assumption 1 is a very classical assumption

(t) = AZ(t) + Bu(t) + L(y(t) — CZ(t)), 2)
where Z(t) = [#1(t),...,%n(t)]T is the state vector of the

LO. Define the observation error e(t) = x(t) — Z(t). Then,
the error system can be obtained from (1) and (2) as

é(t) = Ae(t) + Bo(t, z), ey(t) = Ce(t), (3)
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where A = A — LC is Hurwitz and ey (t) = y(t) — C2(t) =
Ce(t). Note that Assumption 2 implies that we can always
find some matrix L such that A is Hurwitz.

(2) Design of HOSMO. For error system (3), there exists
a coordinate transformation &(t) = [€1, €2, . ..,&n]T = Pe(t)
with @ defined as

0 1 CAn—1
[e%1 CAn—2
q> = El (4)
1oy -+ ap—2 an—1 CAO

such that the following canonical form can be obtained:

é(t) = Ae(t) + By(t,x), &y(t) = C&(t), (5)

where A = ®Ap—1 = [~[on- san—1)T Tnoy |, B =
. —an O1x(n-1)

®B = [0,...,0,CA"~'B]T, C = C®~! = [1,0,...,0], and

ai,az,...,on are coefficients of the characteristic polyno-

mial det(sl — A) =s"+oa1s" L+ -+ an_15+ an. For
system (5), we can construct the following HOSMO:

ntlta
Zr=wvo —ki(L—0())[Z1] "F1 —oaéy(t), (6)
Zi =vi—1 — k(1 —0(t ))Lzl] "*1 70{iéy(t),i=2,...,n,

Zn41 = —kn4+110(t)sign(zn+1 — vn—1)
— knt1 (1= 6() 21",
where vy = —51F"+1 H(t) [Z1] "1 T + 22, vi_1 =
1 n—itl
—r; D F2=70(¢) |2 — vl_g] noitz + ziy1, © = 2,...,m,

2(t) = [21,22,. .., 2n+1] " is the state vector of system (6),
Z1 is defined as Z1 = z1 — €1, 6(¢) is a switching function
defined as 6(t) = w with T > 0 being an arbi-
trarily chosen constant, and the parameters I';a > 0 and
{ki, ki}fill are design constants to be determined later.
(3) State and uncertainty identification. The system
state and uncertainty can be identified as
=%(t) + ¢~ 1T

ety 22,0, 2] T,

((CA" 1B) (éAnle))fl(CA"*B)TZ”H. 1)

Design of output-feedback controller. Because (A, B) is
controllable and the uncertainty (¢, x) satisfies the matched
condition, by the coordinate transformation

S=Vz=][sy,...,sn]T, W=[A""!B,...,AB, B]|~

system (1) can be transformed as a Brunovsky form:

n
JSno1=5n, $n=u+ot,z)+ Y aisi (8)
i=1

$1 = S2,...

Note that the vector S = Wz is unmeasurable. We define
the estimation of S as

S=Wz=[31,...,3,)T, W=[A""!B,...,AB,B]"L. (9)

Then, with the definition of (9), the output-feedback con-
troller can be finally designed for system (8) as

Zgl\sz|p’s1gn ;) Zgz\sz\plmgn ;) 7Zalsl,

(10)

where {0s, 0:, pi, pi }'_, are design constants.
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Theorem 1. Suppose that Assumptions 1 and 2 hold.
The origin of the system (1) under the LO (2), HOSMO
(6) and the controller (9) is globally fixed-time stable when
their parameters are selected as follows: (i) For the LO
(2), the matrix L is selected such that A — LC' is Hur-
witz; (ii) For the HOSMO (6), the parameter I is selected
to satisfy I' > ||CA™ ! B|/¢max, the parameters {ni}?jll
are selected according to the original HOSMO [7], and the
parameters {k; }Z,1 are selected such that the polynomial
sl 4 k™ 4+ oo ks + kp41 is Hurwitz and o > 0 is
chosen small enough; (iii) For the controller (9), the pa-
rameters {o;, 0;}1_; are selected such that the polynomials
"+ 0ps" "1+ +po2s+01 and s"+9ns" T+ 4025+ 01
are Hurwitz, and the parameters {p;, p;}]-; are selected to

. PiPi = PiPi ;
satisfy p;—1 = ﬁvﬂi—l = ﬁv fori=2,...,n,
where pn41 = pny1 = l,pn = po € (1 —e,1) and

pn = po € (1,1 + ¢) with € > 0 being sufficiently small.

Proof. According to [8], the system state z(t) and uncer-
tainty ¢(t,x) can be identified by &, defined in (7) in
a fixed-time T}

max independent of the system initial val-

ues, which implies that §; = s;, ¢« = 1,...,n holds for
Vt > Tl... Therefore, when t > T}, system (7) under

the controller (9) is globally fixed-time stable [9]. Note that
si = 0,4 =1,...,n implies z(t) = 0, which completes the
proof.
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