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Abstract This study addresses the practical tracking problem for a class of multi-input multi-output
(MIMO) uncertain stochastic systems driven by colored noises via the active disturbance rejection control
approach. The extended state observer is designed to estimate in real time the unmeasurable states and the
stochastic total disturbance of each subsystem, including unknown coupling system dynamics between sub-
systems, colored noises, and uncertainty caused by partly unknown control parameters. Active disturbance
rejection controllers based on the timely estimation of the extended state observer and compensation are
then designed, guaranteeing the mean square practical convergence of the tracking errors. Some numerical
simulations are performed to validate the effectiveness of the proposed control strategy.
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1 Introduction

Coping with disturbances and uncertainties is a distinct paradigm in control theory since the emergence of
the modern control theory in the later years of the 1950s, as cited in the study of [1], who stated that the
control operation “must not be influenced by internal and external disturbances” [1, p.228]. Many control
approaches have been developed since the 1970s to deal with disturbances and uncertainties. Among
many others, stochastic control [2-4] and robust control [5-7] are two important disturbance attenuation
methods. The former is often made available for attenuating stochastic noises with known statistical
characteristics, while the latter can be applied in attenuating more general disturbances assumed to be
energy bounded. However, note that most of the robust control approaches are in view of the worst-case
scenario that makes the control design comparatively conservative.

Inspired by the powerful proportional-integral-derivative (PID) error-driven thought rather than the
model-based thought, an almost model-free anti-disturbance control technology known as active distur-
bance rejection control (ADRC), was proposed by Han [8] in the later 1980s. Compared with disturbance
attenuation methods like stochastic control and robust control, ADRC is an active anti-disturbance con-
trol, albeit not a passive one, which addresses disturbance rejection for systems with disturbances and
uncertainties. This innovative ideology arises from the estimation/cancelation strategy of ADRC by using
an extended state observer (ESO), which is its key part. In the ADRC framework, internal unmodeled
system dynamics and unknown external disturbances that affect system performance are lumped together
to be a time signal, called total disturbance. Using the measurement output of a plant, the ESO is de-
signed for the real-time estimation of the unmeasurable states and the total disturbance. Once the total
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disturbance is estimated in real time, the ADRC controller is designed based on the timely estimation
of the ESO and compensation to acquire the desired performance of closed-loop systems. This estima-
tion/compensation characteristic of ADRC makes it capable of eliminating the total disturbance in real
time. The control energy can then be substantially saved in engineering applications [9].

On the one hand, the past two decades have seen the effectiveness and the practicality of ADRC in many
engineering applications, such as the energy storage system [10], permanent magnet synchronous motor
[11], gasoline engines [12], power plant [13], and raceway photobioreactor [14], among others. On the other
hand, the past decade has observed many studies on the theoretical foundation of ADRC for stabilization,
tracking, performance analysis of uncertain systems, and so on (see, for example, [15-25]). However, the
disturbances considered in these studies all had no random characteristic. Disturbances in the form of
stochastic noises are inescapable in both nature and man-made systems and often have negative effects on
the system performance. Therefore, an interesting and important problem naturally arises. What kinds
of stochastic noises can be estimated and rejected by ADRC? This topic is quite different from those
discussed in most of the available studies on the disturbance attenuation for stochastic systems driven by
white noise like [2,3,7,26-28], where the white noise is the generalized derivative of the Brownian motion
(see, for example, [29, p.51, Theorem 3.14]), and the plant is modeled by It6-type stochastic systems.
The Brownian motion is unbounded in the sense of almost everywhere or moment; thus, the estimation
and cancelation strategy of ADRC leaves out the widely considered white noise in control theory. In
view of the abovementioned consideration, ADRC has been applied in the output-feedback stabilization
of single-input single-output and multi-input multi-output (MIMO) uncertain stochastic systems driven
by bounded stochastic noises in [30,31], where the noises are regarded as part of the stochastic total
disturbances to be estimated and canceled by ADRC.

As mentioned, stochastic disturbances in the control theory are often modeled by white noise that is
a stationary stochastic process with zero mean and constant spectral density. Nevertheless, white noise
does not always describe well the stochastic disturbances in practice because its d-function correlation
is an idealization of the correlations of real processes which often have finite, or even long, correlation
time [32]. A more practical characterization could be given by an exponentially correlated process, known
as the colored noise or Ornstein-Uhlenbeck process [32,33]. We develop herein ADRC for a class of MIMO
uncertain stochastic systems with the estimation and cancelation of realistic colored noises.

The main contributions and the novelty of this study are summed up as follows: (a) disturbances
in the form of colored noises are first coped with in terms of estimation and disturbance rejection by
ADRC; (b) the stochastic uncertainties are in a large scale, including unknown coupling system dynamics
between subsystems, colored noises, and uncertainty caused by partly unknown control parameters; and
(c) the designed ADRC controllers of a very simple structure guarantee a satisfactory practical tracking
performance and an approximate decoupling of MIMO uncertain stochastic systems driven by colored
noises.

We proceed as follows: Section 2 formulates the problem, Section 3 presents the main framework of the
ADRC controller design and the main result, Section 4 provides the proof of the main result, Section 5
discusses the numerical simulations, and Section 6 concludes the paper.

The following notations are used all throughout the paper. R™: n-dimensional Euclidean space; EX:
mathematical expectation of a random variable X; XT: transpose for vector or matrix X; | X|: absolute
value of a scalar X; || X|: 2-norm (or Euclidean norm) of a vector X or induced 2-norm of a matrix
X; I,: n-dimensional identity matrix; Apmin(X) and Apax(X): minimum and maximum eigenvalues of a
positive definite matrix X, respectively.

2 Problem formation

The plant considered in this paper is the partial exact feedback linearizable MIMO system [34] with
unknown coupling system dynamics and colored noises as follows:

dai(t) = An,2i(t)dt + By, | filt,2(8) + > pijw;(t) + > qiju;(t) | dt,
j=1 j=1

yl(t) = Cnixi(t), 1= 1,2, e,y
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where = (21,...,28)T € R® with 2; € R™ and n = ny + -+ + ny, u = (ug,...,up)’ € R™,
and y = (y1,...,ym)T € R™ are the state, control input, and output of the system, respectively; the
functions f;(+) : [0,00) x R™ — R satisfying the following Assumption 1 are unknown; the constants
¢ij (1,7 =1,2,...,m) are the control coefficients which are not completely known with nominal values

q;; adequately close to g;;. The system matrices in (1) are specified as

0 L1
A, = (0 ”O ) , Bn,=(0,...,0,1)} 1, Cn, =(1,0,...,0)1xp,. (2)
n; Xn;
pij (i, = 1,2,...,m) are parameters that could be unknown, and w;(t) (j = 1,2,...,m) are colored

noises whose mathematical descriptions are specified in (3).

Let (Q,F,F, P) be a complete filtered probability space with a filtration F = {F;}+>0 on which m
mutually independent one-dimensional standard Wiener processes W;(t) (j = 1,2,...,m) are defined.
Mathematically, the colored noises w;(t) (j = 1,2,...,m) are the solutions to the Ité-type stochastic
differential equations (see, for example, [32, p.426], [35, p.101]):

dw;(t) = —ajw; (£)dt + aj+/28;dW; (1), (3)

where a; > 0 and 3; > 0 are constants representing the correlation time and the noise intensity, re-
spectively, and the initial values w;(0) € L*(Q;R) are independent of W;(¢). From the point of physic
meaning, the parameters «; represent the bandwidth of the noise, 5; are their spectral height, and the
correlation functions of the processes w; (¢) are the more realistic exponential functions but not the d-ones
(see, for example, [32]). It should be noted that a;,; could be unknown parameters throughout this
paper.

It follows from It6 isometry that

sup Bl (0 < Elw; (0)f° + a;6; £ ;. (4)

The boundedness of the colored noises in the second moment is a key reason why the colored noises can
be estimated and rejected by the ADRC approach.

Let v;(t) (i = 1,2,...,m) be given reference signals which are supposed to be (n;+1)-order continuously
differentiable. The control objective in this paper is to design ADRC controllers such that for any initial
states, the output y;(t) of each subsystem tracks v;(t) in practically mean square sense, and at the same
time x;;(t) tracks ’U(] )(t) in practically mean square sense for all j = 2,...,n;.

3 ADRC controller design and the main result

The unknown system dynamics and external disturbances affecting performance of each subsystem are
regarded as the stochastic total disturbance or extended state from the “time scale” to be estimated by
ESO, no matter what the mathematical expressions of the system dynamics and external disturbances
are. For each 1 < i < m, the stochastic total disturbance (extended state) of i-subsystem is as follows:

m
x’L(n,,Jrl)( ) f’L t x + sz]w] Z q’L] qz] U’] t) (5)

which contains unknown coupling system dynamics between subsystems, colored noises, and uncertainty
caused by the deviation of control parameters from their nominal values. So it can be seen that the
stochastic total disturbance is with stochastic uncertainty in large scale.

In order to estimate in real time the unmeasurable states and stochastic total disturbance of each
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subsystem, a set of ESOs are designed by using the inputs and outputs of system (1) as follows:

di‘il (t) = [32‘12 (t) + ailr(yi (t) — i‘il (t))]dt,
daia(t) = [Zis(t) + asr®(yi(t) — a1 (t))]dt,

m
Atin, (1) = | Zi(n,11) (8) + @in, 7™ (i) — 22 (1) + Y qyu(t)| dt,
j=1

AZi(n, +1)(t) = Gign,+1)r™ T Y1) — T (1))dE, 1< i < m,

where Z;5(t) (j = 1,2,...,n;) are the estimates of the states x;;(t), Zi(n,+1)(t) is the estimate of the
stochastic total disturbance x;(,,41)(t) of i-subsystem, r > 0 is the gain parameter to be tuned, and
a;j (j =1,2,...,n; + 1) are designed parameters such that the following matrices are Hurwitz:
—ai 1 0 --- 0
Ei = : (7)

~®i(nit1) 0 00 (ni+1)x(n;+1)
Compared with the traditional state observer design, an augmented state variable Z;(,,11)(t) is added

in each ESO for real-time estimation of the stochastic total disturbance x;,,1)(t) of i-subsystem.
For 1 <i < m, set

(0a (1), via (1), i1 (D) = (W), 0a(0), 0™ V(D)) (8)
After ESOs (6) are designed, the ESO-based controllers are designed as follows:

ny

m
wit) =5 4D ki (@5 () — v (1) = Eygni1) () + vy (8) o5 1 <i<m, (9)
=1

j=1

where ¢}, are defined in (14) and the feedback gain parameters k; (I =1,2,...,m,j = 1,2,...,n;) are
chosen such that the following matrices are Hurwitz:

F; = . . (10)
0 0 0 U |

ki kia o Kin,—1) Kin, s
The —&;(y,,4+1)(t) is a compensation term designed for real-time cancelation of the stochastic total distur-
bance.

In order to obtain the mean square practical convergence of the resulting closed-loop system composed
of (1), (6) and (9), the following Assumptions are required.

The following Assumption 1 is about the unknown functions f;(-) (i = 1,2,...,m).

Assumption 1. The unknown functions f; : [0,00) x R* — R (i = 1,...,m) are continuously differen-
tiable with respect to their arguments. There exist known constants D;; > 0 (j = 1,2,3) such that for
all t > 0, x € R™, it holds that

} ofi(t,z)
ot

0 i t,:L'
< Dj1 + Djs|z]|, H%

’gDm i=1,2,...,m. (11)

Remark 1. Since the coupling system dynamic of each i-subsystem is regarded as the part of the
stochastic total disturbance to be estimated by ESO, it is reasonable to assume by (11) that its partial
derivatives (or “variations”) with respect to ¢ and x are linear growth and bounded, respectively.
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The following Assumption 2 is about the reference signals and their derivatives.

Assumption 2. Suppose that there exist known positive constants N; (i = 1,2,...,m) such that
sup |vi ()] < Niy  Vi=1,2,...,n;+ 2. (12)
20

Remark 2. In Assumptions 1 and 2, the upper bounds D;; (¢ = 1,2,...,m,j = 1,2,3) and N; (i =
1,2,...,m) are assumed to be known, which is theoretically for the purpose of guaranteeing that the
lower bound r* of the tuning gain parameter r specified in the following (31) is known. It should be
noted that these bounds can be relaxed to be unknown in practical applications by some experience in
tuning gain parameter.

Let matrices U; and Q; be the unique positive definite matrix solutions of the Lyapunov equations:
UiEi + EjU; = =L, 1 and QiF; + F; Q; = — I, (13)

respectively.

The following Assumption 3 is mainly about the deviation level of nominal values qf; from the unknown
control coefficients g;;, which should be not so large as assumed in (15).
Assumption 3. The matrix with the nominal values g; (i,j = 1,2,...,m) as entries is invertible
whose inverse matrix is given by

—1

a1 412 Aim i iz Qim
: = , (14)
Gm1 Gm2 * " Qmm Gm1 G2 “ dmm
and the deviations of nominal values ¢;; from the unknown control coefficients g;; satisty
m
¢ £1- Z 2)‘maX(Ui)|(qij - Q;Fj)‘j;lal(m+1)| >0, (15)
i,j,l=1

where ¢ is known and U; are specified in (13).

The main result on mean square practical convergence of the resulting closed-loop system composed
of (1), (6) and (9) is summarized in the succeeding Theorem 1, which includes the mean square practical
convergence of the estimation errors of unmeasurable states and stochastic total disturbance of each
subsystem and mean square practical convergence of the tracking errors.

Theorem 1. Suppose that Assumptions 1-3 hold. Then, the closed-loop of system (1) under ESOs (6)
based controllers (9) has the unique global solutions and the mean square practical convergence in the
sense that there are a known constant 7* > 0 (specified in (31)) and a constant ¢, = 2r¢ + 1 with any
r > r* and any given g > 0, such that for any initial values z(0) € R™, £(0) € R**™ and for all ¢ > t,,
it holds that

. T . .
T . .
Bl (t) —vi () < —, 1<i<m, 1<j<n;, (17)

where T > 0 is a constant independent of the gain constant r and specified in (50).

Remark 3. It should be pointed out that the mean square practical convergence of the output tracking
errors is included as

Elyi(t) —v(®)? < —, 1<i<m, (18)

1=

and the stabilization problem at the origin in practically mean square sense is a special case by letting
vi(t)=0forallt >0andi=1,2,...,m. By adjusting the gain parameter r, the estimation errors (16)
and tracking errors (17) could be arbitrarily small for sufficiently large ¢t > ¢, where the convergence
practicality is embodied by the fact that the estimation and tracking accuracy and t, are dependent on
the tuning gain parameter r.
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Remark 4. The stochastic total disturbance x;,, 1(t) of each i-subsystem is estimated in real time by
ESOs (6) and is approximatively canceled by the compensation term of the ADRC controllers (9). In what
follows, it can be seen that the w;-subsystem of the equivalent closed-loop system (25) is approximately
decoupled, which reveals a natural decoupling function of ADRC.

4 Proof of the main result

Proof of Theorem 1. For 1 < i < m, set
mij(8) = T g () — 2 ()], 1<j <+ 1,
@i () = @i (t) —viz(t), 1< j<ng,

ni = (Mits - ,ﬂi(n7,+1))T7 @i = (@i, - - - 7wmi)T

0; = Ti2y -5 Ti(n;—1)s Z k’t] x’t] Uz] + Ti(n;+1) — z(n +1) + Vi(n;+1) )

o=(],...,eMT

We choose r > 1. Find the derivative with respect to the time variable ¢ along the closed-loop of
system (1) under ESOs (6) based controllers (9). It is obtained that

(T, x (T, T i\l, T ! A

By Assumptions 1 and 2, it can be easily concluded that there exist known positive constants d;1, d;2, d;3
independent of r such that

|21 (0)] < 0 + ia||n(@)|| + disl|wm ()], ¥t = 0. (21)

In addition,

(i — aij)u;(t)

e

1

<
I

m ny
Z Qij — 4i;)050 {Z Fis(Z1s(t) — vis(t)) — Ty(n,41) (t) + ’Ul(nlJrl)(t)}
i l=1 s=1

Q—-|Q_,

'MS

I
—

(@5 — 4;;)d { Z is[Ty(s1) (t) + arsr® (i (t) — 2a () — Uz(s+1)(t)]}

gl
m
+ Z qij — qz] qjl {klm (fz(mﬂ)(t) + ap, ™" (i (t) — 211 (t)) + Zqzéus - Ul(m-l—l)(t))}
jil=1
m
2 (g -

Jil=

GG { =™ W) — 20 (1) + i (D} £ Aia(?). (22)

=

By Assumption 2, a direct computation shows that there exist known positive constants §;4, d;5, di6
independent of r such that

|Aiz(t)] < bia + 0islIn(®)]| + disl|w (D) + rAdlln(®)]l, Vi >0, (23)

where

Z sz qm q]lal(m+1)| (24)
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After making some direct deductions, it can be obtained further that the closed-loop system composed
of system (1), ESOs (6), controllers (9) and the reference signals is equivalent to the one as follows:

s

ks
dw;(t) = Ap,wi(t)dt + By, Z kijmi; (t) Z mﬁw( )+ Migns+1) (8) | AL,

azlnzl
dn;(t) = rAn, 1 (t)dt — r dt + Bp,+1 | Ain(t) + Asa(t Zp”ozjwj (t) | dt

Ai(n;+1) 7711

+Bnl+12p”a]\/2ﬁjdw , 1<

(25)

where the w;-subsystem and 7;-subsystem represent the dynamic model of the tracking error and the
estimation error, respectively.

For 1 < i < m, we define the Lyapunov functions Vi1 : R" — R by Vi1 (w;) = w} Qiw; for w; € R™
and Vo : R"T1 — R by Via(n;) = nfUin; for p; € R™+1. Define the positive definite function V :
R2n1+~~+2nm+m SR by

m

V(w,n) =Vi(@i,.. ., @m) + Vol mm) = > [Vir (@) + Vo (). (26)

i=1

Next, the proof is proceeded in three steps as follows.

Step 1. The existence of the unique global solutions w(t), n(t) to system (25) and their mean square
practical boundedness are proved.

By (3), w;(t) (j = 1,2,...,m) can be regarded as augmented state variables of (25). It follows
directly from the existence-and-unique theorem for Ito-type stochastic systems (see, for example, [35,
p.58,Theorem 3.6]) that there exist unique global solutions w(t), n(t), w;(t) (j = 1,2,...,m) to the
equivalent closed-loop system (25).

Apply Itd’s formula to V(w(t),n(t)) with respect to ¢ along system (25) to obtain that

(t),n(t))
{E%memdﬁm o {Z’“”“” )3 )

v (w
=2

Win,;

1=1 Jj=1 j=1
OViz(ni(t)) OViz(ni(t))
+nz(n1+1)(t)}dt + ’I"{ ]z; 8’17” [772(]+1)( ) azjnzl(t)] 5771(n1+1) Gz(ni+1)7711(t) dt

61@(77,( ) ?Via (ni(t))
——— LA () + Ay Dii QLW dt + ——222N 202 6;dt
anz(nl+1) 2 Z Y ] anz(n +1) =1 ] o

a‘/tﬂ 771 -
V2B;d 27
anz(n ) Jz; J ( )} ( )

It follows from (21), (23), (25), (27) and Young’s inequality that

av (=(0) (1) 2

Z{ [l (117 + —I\wz-(t)l\QJr /\?mx Q) [ D kis | @I + pillwa(t)]?
j=1

1

A2 i
+ max (Q
Apq

+8ia + Bis ()| + Sis e (@)l| +rAilln(®)] + Y Ipijeyw (t)l} + 2Amax (Us) Zp?jaﬁﬂj}dt
j=1

j=1

17011 = rllm: (D1 + 2Ama(Ua) 173 ()] - § Gi + Szl ()] + isllew (t)]]
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Z OV (mi(t Z Pijy /_25de

i—1 8771n+1) i=1

G 1
< Z{ —llws®I* + ~llews®)||* + — A?nax (Z ’%) s )17 + il (2) |
i=1

)‘?nax(Qi) ) 2 ) 2 ) 2 2 52 Y 2
A= @O = rln O + 10O + Mpax (Ui)diz + 2Amax (Ui)diz [0 (?) |

Apt;
)‘Enax ( )6

il (®)]|* + Elna (O + I I + Ay (U1) s + 2Amax(Ui)dis | n(6)]*

7

2
2 )‘Enax(Ui)gzzﬁ 2 2 2 2 -
+pill@@” + T 9 (8)117 + 2r Aunax (U) Al ()11 + 19 (8)1| + Ay U D Ipigejow; (0)]

Al me ﬂg}mz% 1) S s /3B (1), (28)

Zlanszrl j=1

where p; (i =1,2,...,m) are some positive constants to be specified in (29).
Choose p; >0 (i = 1,2,...,m) and sufficiently large 1 > 0 to guarantee that

1
bp2t1-——— <1r<nza>§nuz+22uz> > 0,

1

grl 1 )‘?nax(Qi)
7‘{_“&( (1) <2k> ) <t (T "

2 52 2 52
Zg)\max )(8i2 + 0i5) + max Anax (Ui)075 + max <M> } >0, (29)

1<i<m i 1<i<m 1

where ¢ is specified in (15). Set

m
Z )‘max 5121 + Z )‘m'}x 5124 + Z 2)\max 1) Z pz2] a?ﬂja

=1 Jj=1 (30)
0 = b
2 maxi<i<m )\max(Qi).
Let
290 ma.X1<i<m()\max(U')) }
r>r* 2 max<{1,r, — ' o1
{ ! Emaxlgigm(Amax(Qi)) ( )

It follows that
2
m
dV(w(t),n(t)) < *Gol\W(t)IIth* ||77 ||2dt+ZAmaX i) (Z Ipijajwj(tﬂ) dt
j=1

a‘/ﬂ 772
0,dt E E i/ 208;dW; (t
+01 +Z 7 anz(nl+1) = Pijay /8]
2

92‘/( dt + Z )‘max ) Z |pijozjwj (t)| dt + Hldt

Zavﬂ mi(t Z /2B, (1) (32)

i—1 Mi(ni+1) =1

and then

V(w(t),n(t) <e 2tV (aw( +mZAm i) max [pisayl’ / B ”Dw )|2ds
0
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t
[ [ e S B S
0 0

i—1 677'L(n1+1) J=1

A direct computation shows that

V(w(0),7(0)) =

-

Il
—

[Vil(wz( )) + Vz2 771 Z max ||w1( )”2 + )‘maX(Ui)”ni(O)HQ]

n;+1

Amax (Qi Zliﬂw =035 (0)* + Amax (U ZTQ""” i (0) = 245(0)[?| - (34)

K2

\

'MS

1=1

Choose a ¢ > 0 and define

m g

T, = sup e_BQTQ Z )\maX(Qi) Z |I’ij (O) — Vij (O)|2
relr*,00) i— J=1
+
Amax ( Z 2R 25(0) — 245 (0)]? - (35)
Hence for any r > r* and all ¢ > r?
e~V (w(0),7(0)) < e="""V(w(0),7(0)) < Y1 (36)

As mentioned above, w;(t) (j = 1,2,...,m) can be considered as augmented state variables of
system (25). Thus, it can be seen that the drift and the diffusion terms of system (25) satisfy lin-
ear growth condition. So, it can be easily concluded (see, for example, [35, p.51, Lemma 3.2]) that

Efot —O2(t=s) S~ OViz(ni(s)) doity aj/2B4)?ds < oo for any ¢ > 0. That is,

1 6771(71 +1)

/ —02(t—s) Z OViz(ni(s Z o \/ﬁdW

i—1 a7’1(717-',-1) =1

is a martingale for any ¢ > 0, not just a local martingale. Then, by taking mathematical expectation on
both sides of (33), it is obtained that for any r > r*,

0
EV (w(t),n(t)) T1+—ZAmX i) max |pijosf? S+ g, =2 V> (37)
j=1

This completes the proof of Step 1.

Step 2. The existence of the unique global solutions z(t), Z(t) to the closed-loop system composed of
(1), (6) and (9) and the mean square practical convergence of ESOs (6) are proved.

The existence of the unique global solutions z(t), Z(t) to the closed-loop system composed of (1), (6)
and (9) follows directly from the one of w(t), () to the equivalent system (25) concluded in Step 1.

Similar to (28), by (29) and Young’s inequality, we apply Itd’s formula again to Va(n(t)) with respect
to t along 7;-subsystem of (25) to obtain that

dVa(n Z { — [0 ()I* 4 2Amax(Us) I (£) ] - [61-1 + Sia| (8] + Gisl|w@ ()| + bia

+0isIn@®)] + disllw®)] + rAiIn@®)ll + > Ipijogw; (t)|] + 2Amax(Ui) Zp?jaiﬁj}dt
j=1

j=1
Z OVea it Z @ \/%dWJ

8771n+1 j=1

< { =l + I O + Afax (V)51 + 2Amasx(U)diz|In()[1* + pill = (2|2

i=1
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)‘I2nax 51
#Hm DI 4 O + Moo (U + 2 (U)is O + it}

i 17511 + 2r Amax (V) Aalln (@)1 + m (N + Aax (U, Z [pijajw; (t)

Amax ( Zp” ?ﬁj }dt + Z Vi (i (t Z \/ﬁdW

i—1 6771(n1+1) J=1

57“ 2 )2
— Vo(n(t))dt A U, dt + 6,dt
2 mMaxi<i<m )\max(Ui) 2(77( )) +m Zzl Inax( ) 1ma’X |p1]a]| ]Zl |w.] | + 01

8%2 771 "

+2Zuz||w Fa -+ 3 Pt 5 DS 0y /aBaw; o), (38)
i—1 Ni(n;4+1) J=1

where 6, is specified in (30).
Set
0 — ¢ (39)

2maxigi<m )\max(Ui) .

Thus, it follows from (38) that

Va(n(t)) < e = (p(re)) +mZAm ) max oy / QS”SZI% )[2ds

re

t
+/ e—937'(t—s)91d8+/ —0O3r(t— 5)221‘1”@ | ds
re re
o—0ar(t—s) Vi (mi(s
+ 8 Z Z N/ 2B;dW(s), Yt > re. (40)
re

i=1 Mi(ni+1) =1

Similar to the deduction in Step 1, it is easy to conclude that

/ —03r(t—s) Z 8V12 771 Z \/ﬁdW

re i—1 anz(n +1) =1

is a martingale for any ¢ > r¢. Therefore, by taking mathematical expectation on both sides of (40), it
follows from (37) that

EVYQ (n(t)) _937 EV Z )‘max ’i max |pl.] Oé] | Z ,7]
91 2 Z =1 NzTQ
— YVt > r? + 1. 41
+7"93 + 7’93 m1n1<z<m )\mln (Q’L) ' T ( )
Let
T3 = sup re %", (42)
refr*,00)

Therefore, by (37), for any r > r* and all t > r? + 1, we have

EV; (n(t)) Z )‘max i max |p’L] aj | Z Vi

1<j<m
0 25 Y LT
b 22 tiTe s —4, (43)
rfs 703 mini<i<m Amin (@) r
and thus EVa(n()) -
n
E lm(8)[* < Elln#)]I* < ’ < ; (44)

minlgigm{Amin(Ui)} = Tminlgigm{Amin(Ui)}.
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Forall 1 <i<m, 1 <j<n;+1,it follows from (44) that

1

. Ty T
Elzi;(t) — 245(1)]* = mE i (1)) <

— < -,
it =20 ming m {Amin (Vi) } 723727

(45)

Ty
7 mini<i<m { Amin (Ui

Step 3. The mean square practical convergence of the tracking errors is proved.

Similar to (28), by (29) and Young’s inequality, find the derivative of V;(w(t)) with respect to ¢ along
w;-subsystem of (25) to obtain that

dVi(w(t))
<Z{‘”wf‘“'”%”wﬂﬂ”z R (Zk) I OI + (0] + 222 z<>||2}dt

< - o Vi(w(t))dt + max ( 2 Qi) (Z@) +A?m( )>| n()|?dt.  (46)

where T >

T is specified in (50). This completes the proof of Step 2.

maxi<i<m )\max(Qi) 1Iism

Then, it follows from (37) and (44) that for all ¢ > ¢, = 2r¢ + 1, we have

) —re—1)

EV;(w(t)) <&W“ "RV (w(r? + 1))
2

A2 a (Q ) t 9—0
Zmax\ %t/ maxy i <m Amax(Q4 ) 2
e g ka s o) [ “B|(s) ds
<e maxlgq,g—::))\max(Qq,)(t_r _1)T2 + % _ %, (47)
where
2
1 S (Qi) | Tamaxi<i<m Amax(Qi)
9 é 2 X kz max T <t<m \max 7 48
4= max Dok | e | S s e (48)
and
%% e
’I‘5 L sup e maxy ;< m Amax(Q4) T2 +94 (49)
re[r*,00)
Set
T4 T5 }
T = max " , - 50
{mlmgigm{)\min(Ui)} ming <i<m Amin (Qi) (50)

Therefore, for any r > r*, there exists an r-dependent constant ¢, = 272 + 1, such that for all ¢ > ¢, and
1<i<m, 1<5< m—i—l we have

Ts
Elzi;(t) — vi; ()] < E|lw(®)|? < <
|25 () — vij (t)] [ (@) i i A (O))

1=

(51)

This completes the proof of Step 3 and also Theorem 1.

5 Numerical simulations

In this section, some numerical simulations are performed to illustrate the effectiveness of the proposed
ADRC approach. Consider the following MIMO uncertain stochastic system driven by colored noises
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with unmodeled dynamics as follows:

dIH (t) = $12(t)dt,

da1(t) = +§}m% ) 4 up () +ua(t) | dt
dIQl (t) = .ﬁ_gg (t)dt, : (52)
dags(t) = +§:mﬂh )+ u(t) — ua(t) | dt,

y1(t) = w11(t), ya(t) = 121(15)-
It can be seen that system (52) is a special case of system (1), where m =2,ny =ny =2,n=n3 +ng =
4,11 = q12 = g21 = 1,q22 = —1, fi(:) (i = 1,2) are unknown functions satisfying Assumption 1, and

pij (1,7 = 1,2) are uncertain parameters. The reference signals are specified as v1(t) = sin(2t + 3) and
va(t) = 2cos(t + 2). The stochastic total disturbance (extended state) of each subsystem is defined as

z13(t) = fu(t, o(t +Zplng , Ta3(t) = fo(t, x(t +Zp2ywy (53)

Motivated from (6), we can design ESOs (54) for system (52) as follows:

A (t) = [212(2) +3 - 100 - (y2(t) — 212 (¢))]dt,
dz12(t) = [Z13(¢) +3-100% - (y1(t) — &11(£)) + ui () + ua(t)]dt,
daz(t) = 100 - (y1(t) — 211 (8))dt, (54)
diz1(t) = [222(t) + 3 - 100 - (ya(t) — 221 (¢)))dt,
g (t) = [B23(t) +3-100% - (y2(t) — Z21 (1)) + ua () — ua(t)]dt,
dis(t) = 100° - (y2(t) — &21(t))dt,
where the corresponding matrices in (7) are
-310
Ey=F,=|-301|, (55)
-100
with eigenvalues identical to —1 and then are Hurwitz, and the gain is chosen as r = 100.
The ADRC controllers are designed as
1
uy(t) = 5[—2(5011(75) —sin(2¢ + 3)) — 3(Z12(t) — 2cos(2t + 3)) — T13(t) — 4sin(2t + 3)]
1
+ 5[—3(5021(75) —2cos(t + 2)) — 4(&22(t) + 2sin(t + 2)) — @o3(t) — 2 cos(t + 2)],
56)
1 (
us(t) = 5[72(:7911(15) —sin(2t + 3)) — 3(Z12(t) — 2 cos(2t + 3)) — Z13(t) — 4sin(2t + 3)]
1
- 5[73(:7921(15) —2cos(t 4 2)) — 4(Fa2(t) + 2sin(t + 2)) — Fo3(t) — 2 cos(t + 2)],
where in this case the ¢} (i,/ = 1,2) in (9) is specified as ¢}, = §{, = ¢3; = 3,d3, = —3, and the matrices

n (10)

<o 1) <o 1)
= - (57)
—2 -3 —3 -4

are Hurwitz. In Figures 1 and 2, the initial values are chosen as

w1(0) =0, wy(0)=0 (58)
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Figure 1 (Color online) The estimation and tracking effects with uncertain parameters given in (60) and (61).
3.0 5 — 50
25 —*u 4 Y2 20 —
~ 20 X o 3 X1 )?13
* s - sin(243) & - 2cos(2i+3 30
Q x 2 < 4
G Z 4 -~ 20
2 3 1 <3
= (\; 0 s 10
“i <>§ 1 = 0
) 5 ol -10
-3 -20
0 2 4 6 8 10 0 2 4 6 8 10
Time Time Time
5 6
4 o a 3 — 2 28 —
Q 3 Xo1 % g‘ X2 40 )223
£ -~ 2c08(1+2) E 5 - =2sin(1+2) 30
g 2 - - " S20
S Lo & 10
S0 A =0
% ) -10
= "3 -20
-4 -30
-5 -40
0 2 4 6 8 10 0 2 4 6 8 10
Time Time Time

Figure 2 (Color online) The estimation and tracking effects with uncertain parameters given in (62) and (63).

and

(59)

In Figure 1, the unknown system functions and uncertain parameters about colored noises are specified
as

2e " 4 211 () + 221 (t) + cos(x12(t) + w22(t)),

fa(t,2(t)) = et + 211 (t) + 2w21 (t) + 3x90(t) + sin(w12(t) + 221 (1)), (60)

and

ar=01=2, ax=02=3, puu=pi2=1 pa =pa =2, (61)
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respectively.

It can be observed from Figure 1 that for the first subsystem of (52) the output y; (¢) tracks the reference
signal vy (t) = sin(2¢+3), the state x12(t) tracks the derivative of the reference signal vy (t) = 2 cos(2t+3),
and the state of ESO #1,(¢) (j = 1,2, 3) estimates x1,(t) (j = 1,2, 3) very effectively. It can be also seen
from Figure 1 that for the second subsystem of (52) the tracking effects of the output y2(t) to the reference
signal vy (t) = 2 cos(t + 2), the state xa2(¢) to the derivative of the reference signal 0o (t) = —2sin(t + 2)
and the estimation effects of the state of ESO &9;(t) (j = 1,2,3) to x9;(t) (j = 1,2,3) are all very
satisfactory. In Figure 2, the unknown system functions and uncertain parameters about colored noises
are specified as

f1 (t, $(t)) =3t + 2$11(t) + 3$21(t) + 2 COS(Ilg (t) + xgg(t)),

~ . (62)
fg(t, $(t)) =2e "+ 2$11(t) + 3$21(t) + 4I22(t) + 3sm(x12(t) + x21(t))

and

a1 = 2; Qg = 37 ﬂl = ﬂ2 = 4; P11 = 2ap12 = 3ap21 =p22 = 4; (63)

respectively. Although the relevant parameters concerning the intensity of the stochastic total distur-
bance (53) are increased from (60) and (61) to (62) and (63), in Figure 2 the corresponding estimation
and tracking effects maintain very effective. This partly reflects the robust performance of the ADRC
controllers (56).

6 Concluding remarks

The ADRC approach was applied herein to the practical tracking problem for a class of MIMO uncertain
stochastic systems driven by colored noises. A set of extended state observers were designed for a
real-time estimation of the stochastic total disturbance of each subsystem, including unknown coupling
system dynamics, colored noises, and deviation uncertainty of control parameters from their nominal
values. ADRC controllers based on the estimation and compensation by using extended state observers
were then designed. The mean square practical convergence of the closed-loop, including the mean square
practical convergence of the output tracking errors, was obtained with a rigorous theoretical analysis.
Finally, some numerical simulations were performed to demonstrate the practicality of the proposed active
anti-disturbance control design strategy.
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