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Dear editor,

To achieve millimeter wave (mmWave) beam alignment, a

class of beam scanning and searching schemes have been

extensively studied [1–3]. Recently, to address the prob-

lems of high sample complexity in traditional algorithms,

some adaptive beam scanning approaches employed the hi-

erarchical beamforming codebook to reduce the training

time at the cost of frequent feedback [2]. Then, to elim-

inate the feedback link, a random beam alignment algo-

rithm has been proposed using the pseudo-random spreading

codes [3]. However, the random beam alignment algorithm

needs pseudo-noise sequences with sufficient length to ensure

the good correlation properties of different beams. In addi-

tion to these limitations, most existing algorithms require

either a separate pilot sequence per user or long beam scan-

ning time when considering mmWave multiuser uplinking

systems.

To solve the above problems, we propose a novel class

of beam alignment algorithms based on sparse-graph cod-

ing theory in this study. First, we analyze the uplink

mmWave beam training structure. Based on the analysis,

the mmWave multiuser beam alignment problem is trans-

formed into a sparse-graph design and detection problem.

Second, we propose a beam alignment algorithm framework

based on sparse-graph coding and decoding. Further, we de-

rive a theoretical bound to choose the optimal parameters

when designing the sparse-graph coding matrix. Finally, we

propose two beam alignment algorithms to detect the beam

index in different settings. Simulation results confirmed that

our beam algorithms outperformed the traditional beam-

training methods.

Proposed uplink beam-training scheme. In this study, we

consider a typical uplink mmWave multiuser MIMO system,

where the base station (BS) communicates with K users

(UEs) simultaneously. Suppose that BS is equipped with

NR antennas and NRF radio frequency (RF) chains, and

the k-th UE has MT antennas and MRF RF chains. Then,

the channel associated with the k-th UE is given by [4]

Hk =

Lk∑

l=1

αl,kaBS(θl,k)a
H

UE(ϕl,k), (1)

where (θl,k, ϕl,k, αl,k) denote the AoA, AoD, complex gain

of the l-th path of the k-th UE, respectively. The multipath

complex gain can be modeled as Rice fading given by [5, 6]

αl,k ∼ √
ρl,k

(√
ηl,k

ηl,k + 1
+

√
1

ηl,k + 1
α̃l,k

)
, (2)

where
√
ρl,k is the overall multipath complex gain strength,

ηl,k denotes the ratio between the line of sight (LOS) com-

ponent and the non-line of sight (NLOS) components, and

α̃l,k ∼ CN (0, 1) denotes the complex Gaussian random vari-

able. In addition, the uniform linear array is used by the BS

and the UEs.

In the proposed scheme, the BS can locally customize its

own beamforming codebook, then combining matrix w(t) =

WRF(t)WBB(t) = FBSv(t), where WRF(t)∈ CNR×NRF ,

WBB,k(t)∈ CNRF×NRF , FBS∈ CNR×NR , and v(t) ∈
CNR×1 are the RF precoder matrix, digital precoder ma-

trix, discrete Fourier transform (DFT) matrix, and in-

dex vector of the quantized angle, respectively. Par-

ticularly, the nonzero value in the beam selection vec-

tor v(t) indicates which direction should be formed.

Without loss of generality, we set the nonzero value

to one. On the UE side, the beamforming matrix

is given by fk(t) = FRF,k(t)FBB,k(t) = FMSψψψk(t),

where FRF,k(t)∈ CMT×MRF , FBB,k(t)∈ CMRF×MRF ,

FMS∈ CMT×MT , and ψψψk(t)∈ CMT×1 denote the RF pre-

coder matrix, digital precoder, DFT matrix, and coding

vector, respectively. Notably, the mmWave channel can be

given by a beamspace representation expression. Thus, the
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received signal can be rewritten as follows:

r(t) = wH(t)
K∑

k=1

Hkfk(t) + n(t)

= vH(t)FH

BS

K∑

k=1

FBSĤkF
H

MS
FMSψψψk(t) +n(t)

= vH(t)
K∑

k=1

Ĥkψψψk(t) + n(t), (3)

where Ĥk is the virtual angle domain index. Further, con-

sidering that the BS can separate the received signal and the

nonzero value in the selection vector v(t) is one, the received

signal of the i-th RF chain can be expressed as follows:

ri(t) = ψψψT(t)ĥ + n(t), (4)

where ĥ= [ĥT
1
, ĥT

2
, . . . , ĥT

K
]T∈ CKMT ×1, ĥ

k
denotes the

selected row of Ĥk, and then ψψψT(t) = [ψψψT
1 (t),

ψψψT
2 (t), . . . ,ψψψ

T

K(t)∈ C1×KMT .

In addition, by collecting T received pilot signals at the

BS, we obtain the following:

ri = ψψψĥ+n, (5)

where ψψψ = [ψψψT(1),ψψψT(2), . . . ,ψψψT(T )]∈ CT×KMT . Notably,

the nonzero elements in vector ψψψT

k (t) denote the selected

beam indexes; therefore, ψψψ is the measurement matrix. In

particular, since we process the signals of each receiving link

separately, we denote ri = r for simplicity whenever no am-

biguity arises.

Proposed beam alignment scheme using sparse-graph

codes. For the purposes of later analysis, we first de-

fine T = NM . Then, we divide the measurement ma-

trix ψψψ∈ CNM×KMT into two parts: sparse coding matrix

G∈ CM×MT and bin detection matrix S∈ CN×MT . Conse-

quently, the measurement matrix ψψψ is expressed as follows:

ψψψ = G⊙ S, (6)

where ⊙ denotes the row-tensor operator. Mathematically,

we rewrite the measurement matrix ψψψ as follows:

ψψψ = [G1 ⊗ S1 · · ·GMT
⊗ SMT

], (7)

where Gi and Si denote the i-th column of the matrix G

and the matrix S, respectively, and ⊗ denotes the Kronecker

product.

Inspired by the traditional LDPC coding method [7], we

construct a regular bipartite graph ΓMT (R, b) with MT left

nodes and R right nodes for the sparse coding matrix, where

each left node is connected to b right nodes at random [8].

Here, we divide the observation detections into three cat-

egories: zero-ton, single-ton, and multi-ton. Detailed de-

scriptions can be found in Appendix A.

The function of the matrix S is to effectively distinguish

the types of right nodes. Then, if the receiver gets oracle

information about the types of right nodes, similar to the

message passing algorithm [7], a peeling decoder can be used

to peel off all single-ton in the bipartite graph. In addition,

by iteratively repeating the peeling off process, all edges can

be removed from the graph. Finally, we perform a probabil-

ity analysis of the proposed peeling decoder, over a random

selection from the regular graph ensemble ℜK(F,m). In this

ensemble, the m detections are divided into d stages, with

each left node randomly connected to one right node per

stage. The set F is defined as F = {f1, . . . , fd}, where the

number of right nodes in the i-th stage is fi. In particular,

fi = µK + O(1), for all i and some redundancy parame-

ter µ. Further, using the density evolution analysis in [8],

the proposed peeling decoder can recover K sparse ĥ with

a probability, given by Theorem 1.

Theorem 1. If the proposed peeling decoder over a ran-

dom graph from the ensemble ℜK(F,m) satisfies the stages

of d > 3 and fi = µK+O(1) with the constant µ being cho-

sen from Appendix B, it can successfully recover K nonzero

entries with probability 1− O(1/m).

The proof is given in Appendix C.

Thus, based on the same sparse coding matrix G, we

proposed two beam alignment algorithms by designing dif-

ferent detection matrices S: one for the noiseless case in

Appendix D and the other for the noisy environment in Ap-

pendix E.

Experiment. The experiment results of the proposed al-

gorithms can be seen in Appendix F.

Conclusion. In this study, we propose several beam align-

ment algorithm designs for mmWave multiuser MIMO sys-

tems using sparse-graph codes. Using the peeling off method

and the density evolution analysis method, the proposed al-

gorithm can approach a theoretical bound under a noiseless

setting and obtain the reduction of pilot overhead under a

noise setting.
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