
SCIENCE CHINA
Information Sciences

April 2022, Vol. 65 149204:1–149204:2

https://doi.org/10.1007/s11432-020-3256-x

c⃝ Science China Press and Springer-Verlag GmbH Germany, part of Springer Nature 2021 info.scichina.com link.springer.com

. LETTER .

Achieving geometric convergence for distributed
optimization with Barzilai-Borwein step sizes

Juan GAO1, Xin-Wei LIU2*, Yu-Hong DAI3,4, Yakui HUANG2 & Peng YANG1

1School of Artificial Intelligence, Hebei University of Technology, Tianjin 300401, China;
2Institute of Mathematics, Hebei University of Technology, Tianjin 300401, China;

3LSEC, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190, China;
4School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

Received 25 November 2020/Revised 8 February 2021/Accepted 1 April 2021/Published online 9 December 2021

Citation Gao J, Liu X-W, Dai Y-H, et al. Achieving geometric convergence for distributed optimization with

Barzilai-Borwein step sizes. Sci China Inf Sci, 2022, 65(4): 149204, https://doi.org/10.1007/s11432-020-3256-x

Dear editor,

We consider distributed optimization, which can be formu-

lated to minimize the average of all local objective functions:

min
x∈Rp

f(x) =
1

n

n∑
i=1

fi(x), (1)

where each local function fi : Rp → R is Li-smooth and µi-

strongly convex and known only by agent i. All agents com-

municate over a time-invariant undirected graph G = (V, E),
where V is the set of agents, E is the collection of pairs

(i, j)(i, j ∈ V) such that agents i and j can exchange infor-

mation with each other. Problem (1) has been extensively

studied in machine learning and smart grids, e.g., [1, 2].

Distributed gradient methods have been a great success

in solving the problem (1), primarily because of their low

computational cost and easy implementation. To ensure

convergence to the exact solution, distributed gradient de-

scent (DGD) [3] should use a diminishing step size, which

may result in a slow convergence rate. With a constant

step size, DGD can be fast; however, it only converges to

a neighborhood of the exact solution. Recently, distributed

gradient methods have achieved significant improvements,

which provide us new variants that geometrically converge

to the exact solution for smooth and strongly convex func-

tions [4–7]. Ref. [4] proposed an improved DGD, called

EXTRA, which exploits the difference of two consecutive

DGD iterates with different weight matrices to cancel the

steady-state error. A variant of DGD [5], named NEAR-

DGD+, employs a multi-consensus inner loop strategy to

DGD. NEAR-DGD+ requires that the number of consen-

sus steps is increasing at an appropriate rate, which leads

to additional communications. Moreover, another variant of

DGD [6, 7] is based on the dynamic average consensus ap-

proach, which replaces local gradients in DGD with track-

ing gradients. Using an adapt-then-combine strategy, these

methods in [6,7] are capable of using uncoordinated constant

step sizes. Note that the aforementioned methods neither

address how to design an appropriate step size for each agent

using its local information nor do they consider automati-

cally computing the step sizes.

The centralized Barzilai-Borwein (BB) method is a sim-

ple and effective technique for selecting the step size and

requires fewer storages and inexpensive computations [8,9].

Moreover, the BB step size is automatically computed using

gradient information. Recent years have witnessed the suc-

cessful applications of the centralized BB method in image

processing and machine learning [9].

Inspired by wonderful features and successful applica-

tions of the centralized BB method, we propose a distributed

gradient method with Barzilai-Borwein step sizes (DGM-

BB-C), which combines an adapt-then-combine variation of

the dynamic average consensus approach [6, 7] with multi-

consensus inner loops [5]. The primary contributions of our

work are highlighted below. (i) Each agent can automat-

ically compute the step size using its local gradient infor-

mation. The step sizes of DGM-BB-C are not less than 1
Li

,

which provides a selection for a larger step size than previous

studies. For example, Refs. [5–7] required that the step sizes

are not greater than 1
L

with L = max{Li}. (ii) By simulta-

neously using the dynamic average consensus approach and

multi-consensus inner loops, DGM-BB-C can seek the exact

optimum when the number of consensus steps stays con-

stant, which results in fewer communications than NEAR-

DGD+ [5]. (iii) In contrast with existing methods [5–7],

DGM-BB-C uses the Barzilai-Borwein step sizes and finite

consensus steps, which leads to faster convergence. Under

suitable conditions, we confirm that DGM-BB-C has geo-

metric convergence to the optimal solution. We numerically

show the superiority of DGM-BB-C compared with certain

advanced methods and validate our theoretical discoveries.

Distributed Barzilai-Borwein step sizes. We now apply

the centralized BB method [8] (described in Appendix A) to

the distributed optimization. Note that the step size cannot

be straightly computed using the centralized BB method be-

cause distributed optimization methods never compute the

*Corresponding author (email: mathlxw@hebut.edu.cn)



Gao J, et al. Sci China Inf Sci April 2022 Vol. 65 149204:2

average gradient ∇f(xk). Therefore, we should implement

the centralized BB method in a distributed manner. Let xi
k

be the agent i’s variable at iteration k and ∇fi(x
i
k) be the

gradient of fi at xi
k. The distributed BB step sizes are then

described as follows:

αi
k = min

{
(αi

k)
BB, tik

}
, (2)

where tik is a local safeguarding parameter adopted by agent

i, (αi
k)

BB = (αi
k)

BB1 or (αi
k)

BB2, depending on the follow-

ing formulae:

(αi
k)

BB1 =
(sik)

Tsik
(sik)

Tzik
or (αi

k)
BB2 =

(sik)
Tzik

(zik)
Tzik

, (3)

where sik = xi
k − xi

k−1 and zik = ∇fi(x
i
k) − ∇fi(x

i
k−1) for

k > 1.

DGM-BB-C algorithm. Now, we introduce the dis-

tributed BB step sizes into distributed optimization and

propose a DGM-BB-C method in Algorithm 1. In our al-

gorithm, each agent performs two steps: one is the local

optimization step, and the other is the dynamic average con-

sensus step. We use the adapt-then-combine strategy for the

two steps because the BB step sizes are a type of uncoor-

dinated constant step sizes. Thus, the adapt-then-combine

scheme requires two rounds of communication; however, the

other methods, such as DGD and EXTRA, require only one.

Nevertheless, because the deviation of the two gradient esti-

mates makes the algorithm not work well, we conduct multi-

consensus inner loops to ensure estimated gradients ∇fi(x
i
k)

and yik are as close to the average gradient 1
n

∑n
i=1 ∇fi(x

i
k)

as possible. In particular, we use a multi-consensus inner

loop strategy for the local optimization step and the dy-

namic average consensus step, respectively. Let R be a pos-

itive integer, which is the number of inner consensus iter-

ations, and W = [wij ] ∈ Rn×n be a weight matrix. Our

algorithm DGM-BB-C is then described as Algorithm 1.

Algorithm 1 DGM-BB-C for undirected connected graphs

1: Initialization: for i ∈ V, xi
0 ∈ Rp, yi

0 = ∇fi(x
i
0), α

i
0 > 0.

2: Local optimization: for i ∈ V, compute

x
i
k+1(0) = x

i
k − α

i
ky

i
k,

x
i
k+1(r) =

n∑
j=1

wijx
j
k+1(r − 1), r = 1, 2, . . . , R,

where αi
k is computed by (2), and set xi

k+1 = xi
k+1(R).

3: Dynamic average consensus: for i ∈ V, compute

y
i
k+1(0) = y

i
k + ∇fi(x

i
k+1) − ∇fi(x

i
k),

y
i
k+1(r) =

n∑
j=1

wijy
j
k+1(r − 1), r = 1, 2, . . . , R,

and set yi
k+1 = yi

k+1(R).

4: Set k → k + 1 and go to Step 2.

When R = 1 and αi
k = αi (αi is a constant with dif-

ferent values for different agent i), DGM-BB-C reduces to

Aug-DGM [6]/ATC-DIGing [7].

Theorem 1. Under suitable assumptions, the sequence

generated by DGM-BB-C exactly converges to the unique

optimal solution at a geometric rate.

With the help of lemmas in Appendix B, the proof of

Theorem 1 is derived in Appendix C.

Numerical experiments. We observe the behavior of dis-

tributed BB step sizes. The effects of initial step sizes and

different values of R on DGM-BB-C are studied. We then

compare the performance of DGM-BB-C with certain ad-

vanced methods, which shows that DGM-BB-C achieves

better performance. Appendix D shows the experimental

results and performance analysis.

Conclusion. By combining the adapt-then-combine vari-

ation of the dynamic average consensus approach and

multi-consensus inner loops, we propose a DGM-BB-C

method. Unlike the existing distributed gradient methods,

our method automatically computes the step sizes for each

agent. For smooth and strongly convex objective func-

tions, we confirmed that DGM-BB-C geometrically con-

verges to the optimal solution under appropriate assump-

tions. Numerical experiments demonstrated that DGM-BB-

C achieves both the optimal computation and communica-

tion cost for distributed optimization. It has been numeri-

cally shown that the step sizes of DGM-BB-C are larger than

those in previous studies. DGM-BB-C can then seek the

exact solution both theoretically and empirically when the

number of consensus steps stays constant. The connectivity

of networks and the number of inner consensus iterations are

inversely proportional to each other. Certain possible topics

in the future are to extend our results to directed graphs

and time-varying networks, respectively.
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