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Dear editor,

Congestion games, firstly proposed in [1], have been widely
applied in many practical problems such as electric vehicles
charging, road pricing, and wireless spectrum sharing. It
was proved in [1] that a congestion game admits at least
one pure Nash equilibrium (NE).

In reality, players may own different loads, which gives
In addition, players
may also generate extra utilities by themselves, which brings
more challenge to analyze the game. We call this model as
the weighted congestion game with player-specific utilities
(WCGPSU).

In contrast to existing studies on the existence and seek-
ing of NEs of WCGPSU |[2], this study focuses on the dy-
namic behaviors of evolutionary WCGPSU via semi-tensor
product (STP) of matrices [3]. STP provides a convenient
platform for the analysis and control of finite-valued dy-
namic systems, such as Boolean networks [4] and finite
games [5].

rise to weighted congestion games.

In this study, the intermittent control of evolutionary
WCGPSU is investigated, in which some players act as con-
This kind
of control can reduce both the control time and the cost.
It should be pointed out that the intermittent control is
similar to the event-triggered control in [6,7], where Ref. [6]
considered the networked evolutionary games using external

trollers only when some special profiles occur.

controllers and Ref. [7] focused on Boolean networks.

The main contribution of this study is as follows: (1) Us-
ing STP, the algebraic expression of the dynamic equation
for the evolutionary WCGPSU is established and the prop-
erty on NEs is presented. (2) By designing open-loop in-
termittent control and state feedback intermittent control,
respectively, two necessary and sufficient conditions are ob-
tained to stabilize the evolutionary WCGPSU to the NE. In
fact, using our method, the game can be globally stabilized
to any profile we want.

Notations. For a matrix A, Col(A) denotes the set
of columns of A and Col;(A) is the ith column of A.
8, = Coli(Iy) and Ap = {6 | i = 1,2,....,k}. L =
[0, s - -

resented as L = dm[i1, 2, ..

.,5im"] is a logical matrix and can be briefly rep-
yin]. Lmxn denotes the set of
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m X n logical matrices. |S| denotes the cardinality of the
set S.

Throughout this article, STP is the default matrix prod-
uct, and thus the STP symbol ‘X’ is mostly omitted if no
confusion arises. A brief introduction on STP is listed in
Appendix A.

Problem formulation. A WCGPSU is defined as a tuple
G = (N,M,S;,Ej,w;i,r;,C), where N = {1,2,...,n} is the
set of players and M = {1,2,...,m} is the set of facilities.
The player ¢ chooses k; facilities to achieve his/her purpose
and the number of strategies that player i can choose is
K; = Cﬁf. Let s; denote player i’s strategy and S; C 2M
is player ¢’s strategy set. ., 8n) and
S = [I;—, Si represent the profile and the profile set, re-
spectively. E; : R — R is the utility function of facility
j € M which only depends on the number of players choos-
ing j and generally a non-decreasing function. w; is the
weight of player ¢ which can influence player i’s utility. r; is
the specific utility function of player i. C = (c1,c2,...,¢n),
where ¢; is the whole utility function of player i.

Let nj(s) := |{i | j € s;}| be the number of players
choosing facility j in profile s, and then ¢; is defined as

ci(s) ==ri(si) +wi Y Zi(ny(s)), i=1,2,...,n. (1)

JEs;

Then s = (s1,Ss2,..

Next, using STP, we express (1) into matrix form. Let
Z;(k) := &/ denote the congestion utility of facility j which
is chosen by k players. The vector expression of Z; is
Ej=1€],6},...,8)], j € M.

Stacking all Z; together, one has E = [E1,Z2,...,Em].

Construct a matrix D(s) = diag(di(s), d2(s),...,dm(s)),

where ()
dl(s) _ {571, s nl(s) 7& 0,

0, otherwise .

Set E = [E',E?,..., EXi] where E% = [E1(s;), Ea(si),
.oy Em(s:)]T, and Ej(s;) is a characteristic function.
Put all player-specific utilities of player ¢ together and
get R; = [ri(s}),ri(s?),... ,ri(sf{7')}.
Hence, the algebraic expression of ¢; is
ci(s) = Risi + w;ED(s)Es;, 1=1,2,...,n, (2)
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where s; € Ag,.

Remark 1. As Ref. [2] pointed out that the WCGPSU
is a weighted potential game with the weighted potential
function:

m 1j(s)
1 2 -
P(s)=— 3 Risi+ > > Row;(Ed),
Y ieEN j=1 k=1

then the WCGPSU has at least one pure NE.

Algebraic expression of evolutionary WCGPSU. Let z;(t)
denote the player i’s strategy at time ¢, and then the dynam-
ics of the evolutionary WCGPSU G can be described as

zi(t+1) = fi(z1(t),z2(¢), ..., zn(t), i=1,2,...,n. (3)

In this study, the strategy updating rule (SUR) is chosen
as the determined parallel myopic best response adjustment:

zi(t), z;(t) € O;(t),
where O;(t) = argming,egs, ci(zi(t),x_;(t)) is the best-

response strategy set and x—; € [, .; S;.
Using STP, the dynamic equation (3) is converted to

pi(t 1) = { 0

zi(t+1) = Liz(t), i=1,2,...,n, (5)

where z(t) = x7_24(t) € Ag, K =[];—; K;, and L; is the
structure matrix of f;.
Multiplying all dynamic equations (5), one has

z(t+ 1) = Lz(t), (6)

where L = %', L; € L x i and * is the Khari-Rao product.
In fact, the structure matrix L characterizes the NEs of
the game.

Theorem 1. Considering the WCGPSU (6) with the
SUR (4), then a profile 6% is an NE if and only if (L)qq = 1.

Stabilization of evolutionary WCGPSU. Though the
WCGPSU possesses at least one NE, the dynamic system (6)
may not surely evolve to the NE under the SUR (4). Next
we try to stabilize the game to the NE by designing intermit-
tent control, where some players act as controllers only when
some special events occur and the game evolves according
to the SUR (4), otherwise.

Let © denote the state set which can trigger the con-
trollers and can be determined later. For the sake of state-
ment, we look on the first [ players as controllers when
z(t) € Q. Let 2°(t) = x!_jz;(t), u(t) = x!_ju;(t) and
x¥e(t) = i, wi(t). Then, one has

u(t),

wrl)= {le(t),

Ut + 1) = L2z(t),
where L1 = *é:]Lia L2 = *?:l+1Li'
The whole system can be expressed as

L*z(t)u(t),
La(t),

x(t) € Q,
z(t) € Q,
where L = (It @ L?)Wipe gty € Lyex ety KN =TTioy K-

Divide L into K parts, that is L = [I~,1, Lo, ..., EK}. Let
61( denote the NE of system (6), and construct

z(t+1) = { (7)

SO ={5l. |3ke [0,K—1] s.t. LF&I =65}

as the profile set that can reach the NE freely.
Let S? = SO, and S = S U S!.,i > 1, where

Si= {8 € A\ U 5| 571 0 Col(Ly) # 0},
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Sie = {8) € AR\(UL LGS U Sy 37 e [1,K —1]
s.t. L78) € Si}.

The relationship of the above sets is depicted in Figure 1.

g 5

Figure 1 The relationship of S;, S,

uc

and S*.

Then one gets the control set Q = U SE.

First, we consider the open-loop intermittent control.
Let u(t1),u(t2),...,u(ty) denote the free control sequence,
where t1,t2,...,tp, p < K are the control instants.

Theorem 2. The system (7) can be globally stabilized to

the NE 5%; from any initial state 2(0) if and only if there ex-
ists a free control sequence wu(t1),u(t2),...,u(ty) such that

Coly(LLte~to—171 ... LLt2~1~ [ Lt12(0)) € S,

for some j € {1,2,..., K(K')r}.
Next, we design the state feedback intermittent control:
u(t) = Ha(t), t=tg, (8)
where H € Ly, is the designable gain matrix (see the
design algorithm in Appendix D) and ¢ is the control in-
stant.

Theorem 3. The system (7) can be globally stabilized to

the NE 6%; from any initial state (0) under the state feed-
back control (8) if and only if there exists a positive integer
T € [1, K — 1] such that UL 5" = Ag.
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