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Dear editor,

For micromechanical (MEMS) gyroscopes, the control per-

formance is significantly reduced by the parameter uncer-

tainties and the external disturbances. In view of the pa-

rameter perturbations, the adaptive algorithm [1] is first ap-

plied to gyroscope control. Then neural networks [2] and

fuzzy logic systems [3] are utilized to relax the requirement

of precise mathematical models. For the external distur-

bances, the active disturbance rejection control forces the

drive axis to resonate with a fixed amplitude. More stud-

ies [4] focus on the disturbance observer (DOB) to achieve

better tracking performance. In recent years, the extended

state observer (ESO) [5] is integrated with DOB to obtain

better performance. Owing to the insensitivity of environ-

mental changes and external disturbances, the sliding mode

control (SMC) [2,6] is employed to improve the robustness of

MEMS gyroscopes. However, most DOB-based controllers

focus on the system stability while ignoring the specific char-

acteristics of the disturbances.

For the external disturbances with harmonic character-

istics, the harmonic disturbance observer (HDOB)-based

SMC is proposed in this study to control the dynamics of

MEMS gyroscopes. By fully using the frequency information

of harmonic disturbances, higher tracking accuracy is ob-

tained. Furthermore, the global fast terminal (GFT) SMC,

known as GFTSMC, is integrated with HDOB to achieve

finite-time convergence.

MEMS gyroscope dynamics. From [7], considering the

parameter perturbations and the external disturbances, the

dimensionless dynamics of MEMS gyroscopes is presented

as follows:

ϑ̈ = K0
1 ϑ̇+K0

2ϑ+ µ+K3ϑ
3 +KdD +U , (1)

where

K0
1 =

 −
c011
mωo

2Ω∗
z

ωo
−

c012
mωo

−
2Ω∗

z

ωo
−

c021
mωo

−
c022
mωo

 ,

K0
2 =


Ω∗2

z

ω2
o

−
k011
mω2

o

−
k012
mω2

o

−
k021
mω2

o

Ω∗2
z

ω2
o

−
k022
mω2

o

 , ϑ =


ϑ∗
1

ϑ0

ϑ∗
2

ϑ0

 ,

µ = ∆K1ϑ̇+∆K2ϑ,

K3 =


−
k13ϑ2

o

mω2
o

0

0 −
k23ϑ2

o

mω2
o

 , Kd =

[
kd1 0

0 kd2

]
,

D =

 −
d∗1(t

∗)

mω2
oϑo

−
d∗2(t

∗)

mω2
oϑo

 , U =


u∗
1

mω2
oϑo

u∗
2

mω2
oϑo

 ,

with the mass m, the position ϑ∗
i , the speed ϑ̇∗

i , and the

acceleration ϑ̈∗
i of proof mass, the input angular rate Ω∗

z ,

the external disturbance d∗i (t
∗), the damping term c0ii, the

spring term k0ii, the damping coupling term c0ij(i ̸= j), the

spring coupling term k0ij(i ̸= j), the nonlinear spring term

k0i3, the control input u∗
i , the positive constant kdi, the

unknown parameter variations ∆K1 ∈ R2×2 and ∆K2 ∈
R2×2, the dimensionless time t = ωot∗, the reference fre-

quency ωo, the reference length ϑo, and i = 1, 2, j = 1, 2.

The external disturbance can be presented as D =

Dc + Dh, where Dc is the constant vibration and Dh

is the harmonic signal. Define the lumped uncertainty as

R(ϑ, ϑ̇, t) = K−1
d

(
µ+K3ϑ3

)
+ Dc. The dynamics (1)

can be rewritten as

ϑ̈ = K0
1 ϑ̇+K0

2ϑ+KdR+KdD
h +U . (2)

HDOB-based SMC design for MEMS gyrosocpes. The

harmonic disturbance is set as Dh = [Λ̄1 sin(ϖ1t + ϕ̄1),

Λ̄2 sin(ϖ2t+ ϕ̄2)]T with known frequencies ϖ1, ϖ2, un-

known amplitudes Λ̄1, Λ̄2, and phases ϕ̄1, ϕ̄2. Considering
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the harmonic characteristic of Dh, define z1 = ϑ, z2 = ϑ̇,

z3 = Dh, z4 = [Λ̄1 cos(ϖ1t+ ϕ̄1), Λ̄2 cos(ϖ2t+ ϕ̄2)]T, and

z5 = R. The ESO of the dynamics (2) can be presented as



ż1 = z2,

ż2 = K0
1z2 +K0

2z1 +U +Kdz3 +Kdz5,

ż3 = Wz4,

ż4 = −Wz3,

ż5 = H,

(3)

where W = diag(ϖ1, ϖ2) and H = Ṙ.

Furthermore, the HDOB is designed as



˙̂z1 = ẑ2 +α1(z1 − ẑ1),

˙̂z2 = F +U +Kdẑ3 +Kdẑ5 +α2(z1 − ẑ1),

˙̂z3 = Wẑ4 +α3(z1 − ẑ1),

˙̂z4 = −Wẑ3 +α4(z1 − ẑ1),

˙̂z5 = α5(z1 − ẑ1),

(4)

where F = K0
1 ẑ2 +K0

2 ẑ1, ẑτ ∈ R2×1 (τ = 1, 2, . . . , 5) is

the estimation of zτ , and ατ ∈ R2×2 is the positive definite

observer gain.

Subtracting (4) from (3), it is obtained that

˙̃z = Az̃ z̃ +Bz̃H, (5)

where z̃ = [z̃T
1 , z̃T

2 , z̃T
3 , z̃T

4 , z̃T
5 ]T ∈ R10×1, z̃τ = zτ − ẑτ ,

Az̃ =
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K0
2 −α2 K0

1 Kd 0 Kd

−α3 0 0 W 0

−α4 0 −W 0 0
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,

and Bz̃ = [0,0,0,0, I]T. ατ is designed to force Az̃ to

satisfy Hurwitz condition.

The tracking error is defined as

e(t) = ϑ− ϑm, (6)

where ϑm is the reference signal.

The sliding mode manifold is designed as

s = Kse(t) + ė(t), (7)

where Ks ∈ R2×2 satisfies Hurwitz condition.

Using the results of HDOB (4), the SMC is designed as

U= ϑ̈m−K0
1 ϑ̇−K0

2ϑ−KdR̂−KdD̂
h−Ksė(t)−Ks, (8)

where K ∈ R2×2 is a positive definite matrix, D̂h = ẑ3,

R̂ = ẑ5.

Theorem 1. Considering the dynamics described by (2),

if the HDOB (4) and the controller (8) are designed, the

tracking errors are bounded.

Remark 1. The proof of Theorem 1 can be obtained ac-

cording to the analysis in [2]. The main difference is that

in this paper, the HDOB is included and the related error

dynamics analysis can be found in [5]. Thus the conclusion

of the boundedness of the tracking errors can be guaranteed.

Remark 2. Define µ0(ϑ, ϑ̇, t) = µ + K3ϑ3. It is calcu-

lated that µ̇0 = ∂µ0
∂ϑ

ϑ̇+ ∂µ0

∂ϑ̇
ϑ̈+ ∂µ0

∂t
. From [5], the partial

derivative of time, and the partial differential polynomial of

ϑ, ϑ̇ are bounded. Thus there are positive constants µ̄1, µ̄2,

such that ∥µ0∥ 6 µ̄1 and ∥µ̇0∥ 6 µ̄2. For R = K−1
d µ0+Dc

and H = Ṙ = K−1
d µ̇0, it is inferred that ∥R∥ 6 µ̄1

λmind
+D̄c

and ∥H∥ 6 µ̄2
λmind

, where λmind is the minimal eigenvalue

of Kd and D̄c = ∥Dc∥.
Remark 3. To avoid impact damages, in practical ap-

plications, the external disturbances of MEMS gyroscopes

are required to be bounded. Therefore, there are positive

constants D̄1 and D̄2, such that ∥D∥ 6 D̄1 and ∥Ḋ∥ 6 D̄2

exist.

HDOB-based GFTSMC design for MEMS gyrosocpes.

The GFT sliding mode manifold [8] is defined as

s = ė(t) +Ks1e(t) +Ks2e
q
p (t), (9)

where Ks1 ∈ R2×2 and Ks2 ∈ R2×2 satisfy Hurwitz condi-

tion, q and p are positive odd constants with q < p.

Using the results of HDOB (4), the GFTSMC is designed

as follows:

U = ϑ̈m −K0
1 ϑ̇−K0

2ϑ−KdR̂−KdD̂
h − F1s

− F2s
q
p −

[
Ks1 +

qKs2

p
e

q
p
−1

(t)

]
ė(t), (10)

where F1 ∈ R2×2 and F2 ∈ R2×2 are positive definite ma-

trices, D̂h = ẑ3, R̂ = ẑ5.

Theorem 2. Considering the dynamics described by (2),

if the HDOB (4) and the controller (10) are designed, the

tracking errors are bounded and s converges to the bounded

region in finite-time.

Remark 4. Different from Theorem 1, the finite-time con-

vergence is guaranteed under the controller (10). The sta-

bility can be proved via the approach in [8].

Simulation. Mark the HDOB-based SMC as “HDOB-

SMC”, the HDOB-based GFTSMC as “HDOB-GFTSMC”,

and the DOB-based SMC as “DOB-SMC” with the con-

troller U = ϑ̈m −K0
1 ϑ̇−K0

2ϑ−KdΥ̂−Ksė(t)−Ks and

the DOB Υ̂ = L(ϑ̇−Ψ), Ψ̇ = K0
1 ϑ̇+K0

2ϑ+KdΥ̂+U .

The parameters of the MEMS gyroscope in [7] are used

for simulation test. The dimensionless reference trajectory

is set as ϑm = [6.2 sin(4.71t+ π
3
), 5 cos(5.11t− π

6
)]T. The

control parameters are set as Kd = diag(480, 600) and K =

diag(60, 66). For “DOB-SMC”, Ks = diag(60, 66), L =

(0.4, 0.5). For “HDOB-SMC”, ατ = diag(2000, 3000). For

“HDOB-GFTSMC”, q = 15, p = 17, Ks1 = diag(60, 66),

Ks2 = diag(120, 110), F1 = diag(60, 66) and F2 =

diag(100, 110). The harmonic disturbance is set as Dh =

[sin(5.6t), sin(8t)]T. The lumped uncertainty is set as R =

[1 + 30 sin(4.71t+ 7π
9
), 1 + 35 cos(5.11t+ π

3
)]T.

The simulation results are addressed in Figure 1. From

the tracking errors shown in Figure 1(a), it is demon-

strated that higher tracking accuracy is achieved under

“HDOB-SMC” and “HDOB-GFTSMC”. That is because,

for multiple disturbance Υ = R + Dh, higher estimation

accuracy is obtained under “HDOB-SMC” and “HDOB-

GFTSMC” in Figure 1(b). Comparing the convergent rate

of tracking errors, faster convergence is achieved under

“HDOB-GFTSMC”. In addition, due to the influence of

−qKs2e
q
p
−1

(t)ė(t)/p and −F2s
q
p in the controller (10), it is

observed from Figure 1(a) that better tracking performance

is obtained under “HDOB-GFTSMC”. The control inputs
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Figure 1 (Color online) Simulation results. (a) Tracking errors; (b) disturbances estimation errors; (c) control inputs.

are presented in Figure 1(c). Thus the above simulations

confirm our expectation.

Conclusion. The HDOB-based SMC of MEMS gyro-

scopes is proposed in this study to deal with multiple distur-

bances, including the lumped uncertainty and the harmonic

disturbance. Because the frequency information of harmonic

disturbance is fully utilized by HDOB and GFTSMC is

used, higher tracking accuracy and faster convergence are

obtained under the proposed control scheme.
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