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Abstract This paper investigates the unknown-input-observer-based fault estimation problem for a class
of discrete-time-delay Markovian jump systems under the dynamic event-triggered transmission scheme. The
dynamic event-triggered mechanism is used to decide whether the current information should be transmitted
to the estimator or not to save the limited communication resources. This study aims to design an event-based
fault estimator such that the estimation error is exponentially ultimately bounded in the mean square sense.
By adopting the Lyapunov-Krasovskii functional approach, sufficient conditions are obtained to guarantee
the existence of the desired estimator to achieve the prescribed performance requirement. The estimator
gains are derived based on the convex optimization technique. A numerical example is provided to illustrate
the effectiveness of the developed estimator design scheme.
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1 Introduction

Recent industrial systems are becoming more expensive and complex, leading to increasing demand for
reliability and safety. The so-called faults, generated when the characteristic attribute or parameter
of the system deviates from the standard condition, would potentially lead to a severe threat to the
industrial systems’ reliability and safety. Thus, it gives rise to fault diagnosis requirements issues (e.g.,
fault detection, fault estimation, and fault isolation). As an advanced fault diagnosis technique, the main
idea of fault estimation is to estimate the size and type of the encountered fault signal. Such a technique
is of great importance for online fault-tolerant control and real-time decision-making. In recent decades,
the problem of fault estimation has attracted significant attention, and many studies have been reported
in the literature, e.g., [1-8].

Model-based fault estimation is one of the most investigated fault estimation techniques developed
based on various observer techniques, such as the adaptive observer technique [9], sliding mode observer
technique [10-12], and other observer-based techniques [13,14]. Among these techniques, the unknown-
input-observer-based (UIO-based) fault estimation is an effective scheme aiming to generate the desired
estimates by decoupling the undesired disturbances/uncertainties from the estimation process, thereby,
reducing/eliminating the effects of such disturbances/uncertainties on the estimation performance. So
far, the UIO-based fault estimation method has received research on systems subject to an unknown
input (e.g., disturbances or uncertainties) [15,16].

In practical applications, the dynamical behaviors of certain systems may suffer from switching changes,
whose properties are often modeled by Markov processes. Markovian jump systems (MJSs) are usually
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used to model these systems. The corresponding research results have been widely applied in different
engineering fields, such as power systems, communication systems, and aircraft control, e.g., [17-22].
Compared with other systems without switching features, the fault estimation for MJSs is more challeng-
ing since the estimation performance depends on the switching behavior. It should be mentioned that
most of the existing results about MJSs consider the control and filtering problems, while the fault esti-
mation issues of MJSs have gained little attention, due mainly to the difficulties in performance analysis
on the fault estimation. Thus, the motivation of this study is to shorten such a gap.

Most existing fault estimation schemes are typically designed as the time-triggered ones, where the
signal transmissions between the system and estimator are triggered once the measurements are generated
by sensors, thereby, leading to a heavy communication load. An attractive alternative way is to design
the fault estimation scheme based on an event-triggered nature, where the signals are only transmitted
when necessary to achieve better resource utilization efficiency. Such kind of signal transmission scheme
is called event-triggered transmission. It is an on-demand non-periodic signal transmission method to
reduce the transmissions over the network while ensuring satisfactory system performance. The core
idea of the event-triggered strategy is to design a reasonable event generator to determine whether the
current signal sampled by sensors should be transmitted or not. Thus, the event-triggered transmission
scheme is undoubtedly an effective solution to reduce energy consumption and has been widely used in the
analysis/design of various systems. Recently, event-based fault diagnosis issues have attracted significant
attention [23-30]. Among them, the event-triggered fault detection issues for nonlinear network systems
with time-delay have been studied [23]. In [24], an event-triggered mechanism has been introduced to
save resources in dealing with the problems of fault detection and fault isolation for discrete-time linear
systems. In [25], an event-triggered mechanism has been comprehensively investigated on multi-target
fault detection, isolation, and control.

It is worth noting that the static event-triggered mechanisms are widely used, where the triggering
thresholds (or threshold parameters) are constant values. The static event-triggered mechanism could
lead to unnecessary data transmissions. Recently, the so-called dynamic event-triggered mechanism has
attracted significant attention [31-36]. Among them, the dynamic event-triggered mechanism has been
introduced and studied for continuous-time nonlinear systems [33]. It was shown in [34,35] that the fault
detection problems for network systems have been investigated. In [37], the triggering frequency under
dynamic event-triggered mechanisms was significantly reduced compared with the static event-triggered
cases. Thus, energy utilization is efficient. The dynamic event-triggered mechanisms further reduce the
system’s triggering times and improve the energy utilization efficiency compared with the static event-
triggered cases. Therefore, it is a natural idea to introduce the dynamic event-triggered mechanism into
a broader application prospect. However, as far as we know, the dynamic event-triggered mechanism has
not received enough attention to fault estimation issues.

Motivated by the above studies, we aim to address the UIO-based fault estimation problem for discrete-
time MJSs with time-delay under dynamic event-triggered schemes. The main contributions of this paper
are highlighted as follows:

(1) The fault estimation problem is, for the first time, investigated for discrete-time MJSs with time-
varying delays under dynamic event-triggered schemes.

(2) A novel UIO-based fault estimator is designed to ensure satisfactory fault estimation performance
subject to the unknown fault signal.

(3) Sufficient conditions are obtained to guarantee the existence of the desired estimator.

(4) The required estimator parameters are derived by solving a convex optimization problem.

2 Problem statement

Consider the following class of discrete-time-delay Markovian jump systems:

g1 = Agxk + Aro,Th—r, + Bo,wi + Eo, fr,
yr = Co,xp + Do, Vg, (1)
Tr = Pk, ke [*7_',0],

where z;, € R™ is the system state, y; € R™ denotes the measurement output, wy € R™ and v, € R™
represent the process and measurement noises, respectively, fr € R™f stands for the fault to be estimated,
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7 denotes the time-varying delay, and ¢y, is the initial condition in [—7, 0], where T is a positive integer.
It is assumed that the process noise wy and the measurement noise v, are norm bounded. {6} is a
discrete-time homogeneous Markov chain taking values in a finite state space S = {1,2,..., N} with a
transition probability matrix II = [m;;], for 0 =i, Ox+1 = j, and one has

7Tij = Pr{9k+1 = ]|9k = Z},
where m;; > 0, V4,5 € S and Z;VZI m; = 1. We define the matrices associated with 0, =17 € S as
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where A;, A, B;, E;, C;, D; are all known real constant matrices with appropriate dimensions.
Assumption 1. |jwglleo < di1, ||[Vk]|oo < d2, where dy and da are known positive constants.
Assumption 2. rank(E;) = rank(C;E;), rank(ELX CF, I) = rank(EX CF).

Assumption 3. 75 is time-varying and satisfies 0 < = < 7, < 7, where 7 and T are constant positive
scalars representing the upper and lower bounds, respectively.

Remark 1. As is widely known, the phenomenon of time delays happens in many real systems, and
in the past few decades, a great number of results have been reported in the literature concerning the
research on time-delay systems, e.g., [38—46]. In this work, in order to make our research more general,
we consider the fault estimation problem for time-delay systems. Note that the results of our work can
be easily extended to the delay-free systems by setting 7 = 7 = 0.

In this paper, the signal transmissions between the fault estimator and the plant are implemented via
a communication network with limited network bandwidth. In order to avoid unnecessary signal trans-
missions and reduce the communication burden, in this work, the signal transmissions are implemented
according to an event-triggered manner. A so-called dynamic event-triggered mechanism is put forward
to cope with the problem, which would determine whether the current measurement signal should be
transmitted or not. The triggering instants are determined by the following triggering condition:

1
tsi1 min{k|k>t5,§nk+osgsk go}, (2)

where k is the sampling instant, £k =0,1,...,00, ts and ts4; are the triggering instants with s =
{0,1,2,...} denoting the triggering period and the initial triggering instant ty = 0, o and 6 are given
event parameters, which are positive scalars, ¢, is defined as e; 2 yj — vz,, which represents the error
between the current sampled data and the latest triggered sensor data, and y; and y:, represent the
current sampled data and the latest triggered data, respectively. Once the event-triggering condition
(2) is satisfied, the event generator releases y to the communication channel and stores yp as v, ,;
otherwise, the corresponding sampled data packet is discarded purposely. 7y is an internal dynamical
variable satisfying

Nes1 = A\ + 0 — €} €k, (3)

where A € (0,1) is a given constant and 7y > 0 stands for the initial condition.

Remark 2. We are aware that the triggering thresholds of the static event-triggered mechanisms are
preset constant values, which probably cause unnecessary data processing. However, the thresholds of
the dynamic event-triggered mechanisms can be dynamically adjusted according to the system. In this
case, the triggering times can be further decreased on the basis of the static type so as to save more
system resources. From (2), it is obvious that when the parameter 6 tends to infinity, the triggering
condition (3) becomes the static one.

Remark 3. According to the triggering schemes (2) and (3), we have $m, + 0 — efer = 0, qrg1 >
(A=3)mk = -+ = (A= 5)*ng. Obviously, the internal dynamic variable 1, > 0 for all k > 0 if 79 > 0,
A0 > 1, which guarantees o — sgsk > 0. Therefore, the triggering times are reduced and the energy can
be saved potentially.
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Based on the transmission of the event-triggered mechanisms, the signal receiver can be modelled as
follows:

Yk éytm ke [tsa t8+1)7 (4)

where 7y, is the latest available observation of fault estimator at time step k, ts denotes the event-triggered
transmission instant, and [ts, ts11) is the holding interval.
Based on this, a UIO-based fault estimator is constructed as follows:

21 = Fizg + Frizg—r, + Kiyr + Kriljk—r,,,
Tht1 = 2k+1 + Hillk, (5)
fro = My(Grs1 — CiAiin — CiAridn—r,),
where zj, € R"= is the filter state, g, € R"? denotes the received signal, T, € R"= is the estimation of zy,
and fi stands for the fault estimation. The matrices F;, F,;, K;, K;, H;, M; are the filter parameters

with appropriate dimensions to be designed later.
Let e, = x, — . It follows from (1) and (5) that

€kl =Tyl — iyt
=1 — (Fize + Frizp—r, + K + Krife—7,,) — Hilk1
=xpy1 — Fi(@r — Hige) — Fri(@h—r, — Hi—r,,) — Kik — Krillh—7, — Hiljrya
=41 — Fi(or —ex) + FiHigr + FriHiGp—r, — Fri(Tp—r, — ex—7,) — Kil
— K-, — Hilpg1
=Tpt1 — Fiwg + Fiex + FiHiyp — FriZgp—r, + Frick—r, + FrilHigp—r, — KU
— B riYk—7, — 1iYk+1, (6)
where 75 can be rewritten as
Uk = Yk — k- (7)
Let
Ki=Kj+ K, Kyi=Krn+ Krio. (8)
Substituting (7) and (8) into (6) yields

ekl =Tpr1 — Fixy + Fiew + FHiyp — Frivp—r, + Friep—r, + FrilHiGi—r, — (K1 + K;2)
X U — (Krin + Kri2) Kriil—r,, — Hik41
=Fiex + Friep—r, + o1 — Fivg — Frivp—r, — Kk — Kritg—7, + (FiH; — K;2)
X G + (FrilH; — Kri2)Jk—7, — Hiljkq1
=Fiep + Friep—r, + g1 — Fixp — Friwp—r, — Kit(yx — k) — Krit (Y—71, — €k—1)
+ (FiH; — Ki2)yge + (FrilH; — Kri0)Uk—r, — Hi(Yry1 — €xr1)- 9)

Observing (1), we can rewrite (9) as

err1 =Fiex + Friep—r, + 21 — Fizy — Frixp—r, — K (Cizp + Divy — ) — Krin
X (Cip—ry, + DiVh—ry, — €k—r,,) + (FsH; — Kio)p + (FrilH; — Kri2) k-7,
— Hi(Cixpy1 + Divgyr — €p41)
=Fiex + Friep—r, + (I — H;C;)(Asjzr, + Ariti—r, + Biwy, + E; fr) — Fiag
— Frxy—r, — KnCizy — KnDivy + Kijer, — KrinCixg—r, — Krin Divi— o,
+ Krinep—r, + (FiHy — Kio)J + (Fril; — Krio)Uk—r,, — HiDivpy1 + Higg
=Fier + Friep—r, + (I = HiC))A; — K C; — Fy)xp + ((I — H;C;)Ari — K- C;
= Fri)ap—r, + (I — H;C;)Biwy, + (I — H;C)E; fi, + (FiH; — Ki2)y + (FriH;
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— K;i9)Up—r, — KitDiviy — K-t Divig—r,, — HiDivie1 + Kiiep + Krijiep—n,
+ Hiepq1. (10)

Noting H,C; E; = E;, we further have

ert1 = Fiex + Frieg 7, + (I — HiCi)Ai — KinCi — Fy)xy + (I — HiCi)Ari — K- C;
— Fri)ah—r, + (I — H;C;)Biwy, + (F;H; — Kig)y + (FriH; — Kri2)Yk—r, — Kit
X Divi, — Kripn Divg—7, — Hi D1 + Kijeg + Krjieg—ry, + Higgr1. (11)

Thus, the state estimation error ey 1 is fully decoupled from fault fj, which implies that the attenuation
of disturbance v and wy, plays an important role in guaranteeing the estimation performance.

It is noted that, since H;C;E; = E;, Eq. (10) can be solved when rank(C;E;) = rank(FE;), and the
matrix H; can be calculated by

H; = Ei[(CiE;) ™ (CiE)]H(C:E)™. (12)

In view of (1), (5) and (11), we have

T = M;i(yry1 — epy1 — CiAizy — CiAriZy_r,)
— Mi(Citpsr + Diviess — i — CiAsiip — CiArsipr,)
=M;(Ci(Aizk + AriTh—r, + Biwg + B fx) + Diviey1 — €pq1 — Cididn — CiAri®i—r, )
=M;(C; Aser, + CiArien—r, + CiBiwi + CiE; fr, + Divi41 — €kt1)- (13)

In the case of M;C;E; = I, we rewrite fk as
fr = MiC; Aser, + MiCiArier, + M;CiBiwi + fr + MiDivyy1 — Mick 1. (14)
Let fk = fk — fr. We have
fr = M;CiAser, + M;Ci Ariep—r, + M;CiBiwy, + M;Divgy1 — Migjis. (15)

It is easy to find from our developed filter (5) that the estimation error on the fault signal is inde-
pendent on fi by setting M;C;E; = I. The rationality of such a setting is to guarantee that the fault
estimation performance is completely unimpeded by the fault signal (which might be unbounded). Note
that the condition M;C,;E; = I holds if and only if rank(EXCT, I) = rank(E;'Cl). As such, according
to Assumption 1, the value of the matrix M; can be calculated by

= [(C:E)T (CiE)] (CiEy)". (16)

Moreover, the interpretation of the exponentially ultimate bound is introduced in the following defini-
tion.
Definition 1. The solution of the system (10) is said to be exponentially ultimately bounded in the
mean square sense if there exist constants a > 0, 0 < 8 < 1 and [ > 0 such that

E{llex||*} < aB® + 1, and lim I = 1. (17)

k—4o00

It is obvious that, with Assumption 1, the fault estimation error fk is bounded if and only if ey is
bounded. At this regard, the main objective of this paper is to design a fault estimator in the form of (5)
such that the estimation error is exponentially ultimately bounded in the sense of Definition 1.

3 Main results

In this section, sufficient conditions are established to guarantee the stability and exponentially ultimately
bounded constraints on the estimation error of state and fault. Before proceeding further, the following
parameters are introduced.
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Consider the estimator (5) for the system (1) with fault and event-triggered measurements. If Eq. (8)
and the following relationships hold:

E; = H;C;E;,

T, =1—- H;C;,

F; = A; — H;,C; A; — K;1Cy,

Frin = Ari — HiCi Az — K7 Gy,
K> = F;H;,

Krio = FriH;,

(18)

then the state error estimation (11) reduces to

ext1 = Iiep + Friep—r, + T Biwy — Ky Dvg — KrjnDivg— 7, — HiDivg 1 + Kjieg,
+ Krit€h—r, + Hicl1, (19)

where F;, Fr;, T;, K;1, K-1, H; are parameters to be designed.

Theorem 1. Consider the system (1) with the given parameters A, 6 of the dynamical event-triggered
mechanism (2) and (3) and the gains K; (i = 1,2,...,N). The estimation error system (15) is expo-
nentially ultimately bounded if there exist positive scalars p, ¢, positive definite matrices P; € R"»*"»
(t=1,2,...,N), Q € R™*" and positive scalars x; (j =1,2,...,5) satisfying

DIFE¥
i 2 'l <0, i=1,2,...,N, (20)
* _Pi
where
P+ (14+741)Q 0 0 0 0 |
* -@Q 0 O 0
Ei = * * A11 0 0 5
* * % ANog 0
* * % % %I
1 A A—1 1+7—
Ay 2 diag{m[,/igf, ks, fn4I,fp—;K5I, 5. HSI}, Agy 2 HATP( )9+( tToDay
®; £ [y Ot ®a 2 [PF, PF,; BT;B; —P,KyD; —P,K,D; —P,H; D],
B N
Py £ [-P Ky —PK.» PH; 00], P, = ijPj,
j=1
pE %(p + 1+ k5(140)) + riding + (ko + k3 + Ka)don,.
Besides, if the inequality (20) holds, then, the ultimate bound of the error (19) can be given as
_ Uo
& —— 21
ba(ay — 1" (21)

with
a2 Anax(Zi + @8, 0,7, by 2 max{(1 +7 — 7)Amax(Q), (1 + 7 — 7)q},
by £ max {)\max(Pi), %
max{bi (1 +7),bo(1 +7)}, bs 2 min {/\min(a),

b bs £t (u— Dby + by,

b

by

Sy k]

upa + (ug — )by + by7u” = 0.
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Proof.  Choose the following candidate functional:

Vi £ Vi + Vo,

k1 k-1
Vik2eiPoer+ > Qe+ Y. > e Qe

I=k—s m=—7+11=k+tm (22)
1 k—1 —T k—1
VQ,kA§<p77k+ o+ > Y qm>.
l=k—T1} m=—T+11l=k+m

The difference AV}, of system (1) is calculated as follows:
E{AV1 |0r = i} =E{Vi k41 — Vik|Ok =i}

k k—1
T T T T
E{ekHPngekH — e, Poer + E e; Qe; — E e; Qey
I=k+1—Tp 11 l=k—Tg

-

—T k k—1
+ Z Z G?Qel — Z Z e?Qel|9k = Z}

m=—7T+11=k+1+m m=—7+11=k+m
N k—1
= e;fH Z mi; Py | ernt1 — e;fPiek + e;erk + Z elTQel
j=1 l:k+177'k+1
k—1 -
T T T T
— > ¢Qa—ef ,Qer s+ Y (fQex — ey Qekim)
I=k+1—7y, m=—7+1
N k—1
T T T T
<€yt ijPj ext1 — e Pier + e Qe + Z e; Qe
j=1 I=k+1—7
k—1 k—1
_ Z e/ Qer—ep_. Qen—r, + Z (ef Qex — ¢} Qer)
I=k+1-1 I=k—7+1
k—1
T 5 T T T T
=ep Piery1 —ep Piep + e Qe — e, Qeg—ry + Z e; Qe
I=k+1—7
k—1
+(F - 1)ej Qe — Z el Qe
I=k—7+1
=epPerri+ep (= P+ (1+7-1)Q)er — e, Q (23)
=Cry11iCk41 T € i T—1){)er —€ep_r, Qek—ry,
E{AVa |0k = i} =E{Va,k41 — VauklOk = i}
1 k k—1 - k
SRR SR SIFURED S SR
l=k+1—Tp41 I=k—1g m=—7+1Il=k+14+m
- k—1
- Y Y o
m=—7+11=k+m
1 k—1 k—1
=3 <pnk+1 —pk @t Y N @ — Y @
l=k+1—=7p41 I=k+1—7g

+ Z_: (ananer))

m=—T7+1

k—1 k—1
< (pnkﬂ — PG — e+ Y am— Y, am

I=k+1—7 I=k+1-1

SR
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k—1
+(F-Dam— Y. qm)

l=k+1—-7

1 _
=3 (Pht1 — Pk + e — @M=, + (T — T)ani)
1
<5 +0 - erer) —pne + (L+7 — T)gmk — -,
+ (Ank*ﬂc +o - Eg—mglﬂ*ﬂc))
D 1 p+1
=@Mk + Q-1 — 7EREk — ZER—1 Chmr + ——O, (24)
9 0 ]
where
pA-1)+ (1 +7-1)q A—q
Q= J D=

Furthermore, by Assumption 1, the inequalities ||wk||co < d1, [|Vk| 0o < d2 imply

fﬁ(d%nw — wgwk) >0,

ra(d3ny, — v ve) > 0, 25)
k3(d3ny — vi_p, vi-n,) 2 0,
ka(dan, — vy vks) 20,
and according to the triggering conditions (2) and (3), one has
1 1
K5 (Enk+1 +o— €E+1€k+1) =Ks (5()\% +o0— Egsk) +o0— Egﬂekﬂ)
A 1 1
= K5 (57719 - 55;551@ — Er]g+1€k:+1 + (1 + 5) 0) > 0. (26)
Based on (19), (23)—(26), it can be known that
E{AVy|0, =i} < (Fiex + Friex—r, + TiBiwr, — KinDivy — Kri1 Divge—r, — HiDijv 1
+ Kier + Kritepor, + Hiepi1) " Pi(Fiex + Friep—r, + T; Biwy,
— KDy — KrinDivg—r, — HiDivpy1 + Kijer + Krjep—r, + Higpg1)
* CE( - PL + (1 +7- Z)Q)ek B eE—Terkf‘rk
D 1 p+1
+ @k + @Nk—r, — Efgak — ég;crf,rkgk_m + 5
+ k1 (dine — wywi) + Ka(d3ny, — v k) + Ks(d3ny, — vi_, Vi—r,)
A 1 1
+ ka(d3ny — vy Vie1) + K (gm — 5EkCk — Eip1Chil + (1 + 5) a)
_ o
=& (3 + o, PG, + g(p +1+k5(1+0))
+ fild%nw + (KQ + K3 + K4)d§n,,
=& (T + P 08 + p, (27)

where

T
& & [ELk «52,14 ;
€2 [T or T T T T T _T T Eop 2 53
Lk €k Ch—rp Wk Vi Vi—ry Vi1 €k Choryp Cht1|> S2F Me M-y, |
By the Schur complement lemma, the inequality (20) is true if and only if the following condition holds:

i+ 0,09, T <. (28)
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We further have

E{AVi|0), =i} < allon]? + p,

(29)
where
A 11T
6 2 |ef nf (30)
From (22), it can be obtained that
k—1 k—1 »
Vi < (1 +7 +I)>\max(Q) Z HelH2 + Amax(R)HGkHQ + (]- +7+ l)q Z m+ ank
I=k—7 I=k—7
k—1
=b1 Y Nl + bzl del*. (31)
I=k—7
For a given scalar u > 1, we have
ukJerk_H - uka ZukJrl(Vk_H — Vk) + (u — 1)uka
k—1
<u*H(allgel* + p) + (uw - 1)u” <b1 > el + b2|¢k|2>
I=k—7
k—1
= ua+ (o= 10) 90l + (u = Dbty 3 P+t (32)
I=k—7

Let s > 7+ 1 be a positive integer. Summing up k from 0 to s — 1 on both sides of (32), we have

s—1 s—1
ZE{ukHVkH — V| = i} = (ua + (u — 1)bs) ZuqukaQ + (u—1)by
k=1 k=1
s—1 k—1 s—1
Y3 P+ D ut . (33)
k=11=k—7 k=1

By simplifying (33), one has

s—1
wVe = Vo < (ua+ (u—1)bs) > u¥||gkl|* + by
k=1

4 u(l —u®)
+ (u—1)br7u’ ZulH(Z)zllQ T "
1=0

Tu”
— max_[|¢r]|*(u— 1)

u— 1 —7<I<0

s—1
o 2 B (12 o WL =)
=biru” max [ +b3;u loell® + ==

P, (34)

where bz £ ua + (u — 1)(by + by7u").
When u =1, b3 = a < 0, and u = +00, b3 = +00, we can acquire a scalar ug > 1 such that b3 = 0.
Thus, we eventually obtain

uo(1 — uyg
24 =), (35)

up®Vs — Vo < b7y max [l 1
_Féic —

From (23), it is obvious that

—1
< 2 2 < 2
Vo <bi Y llénll® + balloll® < b _gg’éoﬂwﬂ , (36)

I=—7
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where by £ max{(7 + 1)b1, (7 + 1)ba}. Moreover, according to the definition of Vj,, one has
Vi = bsl|¢s]|?, (37)
where bs £ min{Amin(P;), 5}. Substituting (36) and (37) into (35), we have

by 7uf + by uo (1 — up)

s||% < 2 : 38
l[¢sl] - _max " + T S— (38)
Finally, we have
E{lle(®)|?} < llon]l®? < aB® + 1 and  lim 1 = 1. (39)
k—+o0

By Definition 1, it is obvious that the error (19) is exponentially ultimately bounded when letting

bi7ul +b 1—uf . . .
o= LZQ, B=-L 1, = 2luw , Begides, the ultimate bound is
5 U bsu§(1—uo)

[= lim [ = —20

— . 4
k—+o0 b5(U0 — 1)/) ( 0)

So far, e, has been proved exponentially ultimately bounded already.

For (15), it is easy to see that fk is relevant with ey, ex—r,, Wi, Vx+1 and ex41. Furthermore, note that
wy and vgy1 are bounded, which implies that if the dynamics of ey, ex—r, and €11 are exponentially
ultimately bounded, then the dynamics of fj, will be also exponentially ultimately bounded.

Furthermore, from (31) and (39) it is easy to see that V}, and e, are exponentially ultimately bounded.
Considering the dynamical function (2) we have introduced yet, one has

1
577’“ +0— sgsk >0, (41)

ie.,
T 1
EpEk < 577’“ + 0. (42)

According to (22), it is obvious that %Uk is exponentially ultimately bounded, for (42) we know that

€k is exponentially ultimately bounded. Thus, we have proved that the estimation error of fault fk is
exponentially ultimately bounded.

Based on the performance analysis in Theorem 1, the design method of the observer will be given in
the following theorem.
Theorem 2. Consider the system (1) with the given parameters A, 6 of the dynamical event-triggered
mechanism (2) and (3). The error dynamics (15) is exponentially ultimately bounded if there exist
positive scalars p, ¢, positive definite matrices P; (i = 1,2,..., N), @, matrices X;, X-; (i =1,2,...,N)
and positive scalars k; (j =1,2,...,5) satisfying

<0, i=1,2,...,N, (43)

where
r N
0 = [Qu Qm} , B = Zﬂijpja
=1

Qi1 2 [(PE)T (PF)" (BTB)" —~(X.D)" ~(XniD)" —(PH:D)"|,

Qi 2 [X] XT (BH)" 0 0],

and Y; is given in Theorem 1. In this case, the required observer parameters are given by

Kin=P'X;, Kyn=P 'X,, i=12,...,N. (44)
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Proof. By adopting the Schur complement lemma and letting P; K;; £ Xi, PK i1 £ X i, we can see
that Eq. (20) holds if and only if Eq. (43) is fulfilled.

Corollary 1. For given parameters A, 6 of the dynamical event-triggered mechanism (2) and (3), the
error dynamics (15) is exponentially ultimately bounded if there exist positive scalars p, ¢, positive definite
matrices P; (1 =1,2,...,N), @, matrices X;, X-; (¢ =1,2,..., N) and positive scalars k; (j =1,2,...,5)
such that Eq. (43) holds. Moreover, the minimum of the asymptotic upper bound of E{||ex||*} can be
obtained by solving the following optimization problem:

min{%(p +14+rs5(1+ 9)) + Kiding + (ko + K3 + m)d%ny} (45)

subject to (43).
Proof.  According to Theorem 2, the results of this corollary are obvious, and thus the corresponding
proof is omitted.

Until now, a desired observer is designed in Theorem 2 such that system (5) achieves exponentially
ultimate bound under the dynamic event-triggered mechanism (2) and (3).

4 Simulation results

In this section, a numerical example is given to demonstrate the correctness and effectiveness of our
developed estimator design approach.

Example 1. Consider a class of discrete-time-delay Markovian jump systems described by (1) with the
following parameters:

o IR (A R SR P T

4 - '0.073 8,2] e [0.81 0'(())2]  By— [0,2 70.4} , Oy = [0.1 0.2} :

E =2 2} By = [1 1.5} . Dy =0.1, Dy=02.

Suppose that the discrete time homogeneous Markov chain takes values in a finite state space S = {1, 2}
with a transition probability matrix
0.9 0.1
1= .
0.3 0.7

The time-varying delay is taken as 7, = 2 + sin(k7), from which we have 7 = 3 and 7 = 1. The
noises are given as wy = 0.1sin(0.5k) and v, = 0.1sin(0.5k), respectively. For the dynamic triggering
conditions (2) and (3), the initial value of the internal dynamic variable is set as ng = 0, the threshold is
chosen as 0 = 0.1, and other parameters are taken as A = 0.1, § = 20.

In the simulation, we consider the following piecewise fault:

2.5sin(k), 10 < k < 20,

fr_1 +0.8sin(1.5k), 20 <k < 30,
Je =19 fe1—1, 30 < k < 40,

fr—1 + 1.5 cos(k), k > 40,

0, otherwise.

By utilizing the MATLAB LMI Toolbox, a set of feasible solutions of the inequalities (20) and (43) are
acquired as follows:

Ky = {—0.1875 0.0625} Ko — {1.7438 —0.8719} ,

K.y = {—0.0188 0.0063} . Ky = [—0.0187 0.0062} .
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Figure 2 (Color online) The trajectories of the state estima- Figure 3 (Color online) The trajectories of f and fy.

tion error ey and esg.

Set the simulation runs length to 60. Based on the derived observer gain matrices, simulation results are
shown in Figures 1-5. Figures 1(a) and (b) concern the state trajectories and their estimates, respectively.
Figure 2 plots the estimation error trajectories of the state. Figure 3 shows the fault trajectory and its
estimate. Figure 4 displays the trajectory of the fault estimation error. All simulation results confirm
that the estimation performance is well achieved.

In order to show the superiority of the dynamic event-triggered mechanism, the triggering instants
and the inter-event intervals under dynamic event-triggered mechanism are shown in Figure 5. From
Figure 5, it can be seen that, by introducing the dynamic event-triggered mechanism, the information
transmission is reduced and network resources are saved effectively.

5 Conclusion

In this paper, the UIO-based fault estimation problem has been addressed for a class of discrete MJSs with
time-varying delays subject to the dynamic event-triggered schemes. A discrete-time version dynamic
event-triggering mechanism has been proposed to save energy. The fault estimator has been constructed
based on the UIO method. By adopting an appropriate Lyapunov-Krasovskii functional, sufficient con-
ditions have been established for the desired estimator to guarantee exponentially ultimate bound on
the estimation error. The estimator gains have been calculated by solving a set of matrix inequalities.
Finally, numerical examples have been provided to illustrate the correctness and effectiveness of the
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Figure 4 (Color online) The trajectory of the fault estimation Figure 5 (Color online) The triggering instants and the inter-
error f. event intervals under the dynamic event-triggered mechanism.

proposed estimation method.

The event-based fault diagnosis problem is still a hot yet challenging research area. Further research
topics include the extension of the main results to the fault diagnosis problem for time-varying systems
subject to the dynamic event-triggered mechanism, which has important theoretical significance and
broad application prospect.
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