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Appendix A Quantum illumination and basic formulation
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(a) Target detection with the two-mode squeezed state. (b) Enhanced target detection via displacement and anti-

displacement operations. On considering a displacement amplitude of zero, this scheme is reduced to the traditional quantum
illumination scheme. (c) Channel model of the interaction with the target. (d) Practical implementation of displacement operation
using a beam splitter with transmittance Ty, ancillary coherent states |8o), and | — Bo) in F and G modes. BS1 is a beam splitter
with transmittance T' =1 — k; it is used to model the target. Trash boxes denote the discarding operation.

The scheme of quantum illumination is presented in Fig. Al(a). A two-mode squeezed state pap = |¢)rmss (Y| serves as the
source with

[¥yramss = V1= X2 > A"|n,n), A = tanh(r). (A1)
n=0

A and B are the idle and signal modes, respectively. The target with reflectivity x is modeled with a beam splitter of transmittance

T =1— k. E mode is a single-mode thermal state pg, = (1 — p) D207 u"|n)(n| (average number of photons: Np = 1%“) for
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simulating thermal noise. The outgoing mode E’ after the coupling of the beam-splitter is collected using a detector; E’ and A
are measured jointly to determine the existence of the target. If the target is present, pg/ 4 is obtained at the receiver. However,
if the target is absent, the product state pg ® pa = pgs 4 (k = 0) is obtained, where p4a = Trg[pap] is the reduced density matrix
in the optical mode A. Generally, joint quantum measurements are more effective for quantum state discrimination; this explains
the higher efficiency of quantum illumination, as compared with that of classical state illumination.

Here, we propose using the sequential displacement operation D(3) and anti-displacement operation D(—/3) before and after
the interaction of B with the target, respectively, in order to improve the performance of target detection (Fig. Al(b)). The
interaction of B with the target can be considered as a quantum channel £, such that € : pp — Tr[Ugp(pr ® pB)U;[JB]. A plot of
the equivalence to the channel is shown in Fig.A1 (¢). The novelty of this research lies in the fact that a displacement operation was
performed before the channel and an anti-displacement operation was performed after the channel. By setting 8 = 0, the original
quantum illumination can be recovered, as shown in Fig. Al(a). It should be noted that, regardless of the presence or absence of
the target, the auxiliary displacement and anti-displacement operations are always performed. The subsequent sections detail how
these two operations help improve the performance of quantum illumination.

Quantitatively, the performance of target detection is evaluated based on the probability of erroneous inferences of the existence
of the target. This is equivalent to the discrimination between two mixed states, i.e., pgr4(k = 0) and pgr 4 (k = K¢), where k¢ is
the reflectivity of the target. In the absence of prior information regarding the target, the a priori probability is assumed as follows:

P(k=0)=P(k=Kt) = =. (A2)
Thereafter, we define
PS/)A = pE’A‘NZOa PS)A = pE’A‘N:Nt‘ (A3)

According to the theory of optimal quantum state discrimination, the minimum error probability is [1,2]

1 1 0 1
Pare = 5 (1= 311082, = #22,11) (A1)

where ||v]| = Tr(+/vTy) = >, si(7), and s;(7y) is the absolute value of the eigenvalue [1]. In practice, x < 1 is considerably small;
therefore, a large number (i.e., M) of copies of pgs 4 are required to achieve an infinitesimal error probability. This is defined as

1 1 0) ®M 1) ®M
Parra = 5 (1= 311082,%™ = 62,%11) (A5)

When M is considerably large, the precise evaluation of Pe,, is significantly difficult; the quantum Chernoff bound (QCB) is
typically employed to estimate Perr v [3]:

1
Perr,m < Pocn = 5 Qra (A6)
where
_ . (1)s (0)1—s
Qpra = in, Tr(ppiaPpra 1 (A7)

The scheme of quantum illumination with a smaller Qg5 provides a considerably lower Pery n.

Appendix B Quantum state evolution under illumination
Appendix B.1 Low-noise conditions

We first analyze the state evolution in a few-photon subspace spanned by {|0),|1)}. This is a good approximation when the average
number of photons is significantly small and the population of the higher-photon number subspace can be neglected.

First, we consider the case of quantum illumination without the displacement or anti-displacement operations. The state in
mode E — A — B can be expressed as

pE ® W) as(¥] =1 — )@ —2*)[0)e{0] + ul1) 5 (1]
® [|00)ap 4+ A[11) aB] [aB (00| + Aap(11]]. (B1)

The coupling of the beam splitter between modes E and B can be written as Ugs(T') = expl0(ag dTB 7&TEdB)], 0 = arctan <\/ (11— T)/T),

where T'= 1 — k. The reduced density matrix of E’ and A is obtained by taking a partial trace over the mode B, i.e.,

pera =Trp {UEB (pe ® |YaB)(Yarl) U];B] (B2)
1

T T AT (L (= 2m)zp) (LT RmI00)(00]

—VEA(L + (25 — 1)) (100)(11] + [11)(00])

+(1 = R)AZO1)(01] + (1 — x)]10)(10]

A2 (k4 1 — drp AR 11) (11 ) (B3)
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Similarly, the reduced density matrix for the case wherein the displacement and anti-displacement operations are employed can
be derived as follows:

Prra =Trp [Uss (o5 ® [0) ') ULy | (B4)

prra(B) = (D(=B) ® g 4(D(=B)" ® ), (B5)

where |¢') = I ® D(B)|¥)rmss, and D(B) = ePal=r"a i the displacement operator.
Through direct calculation, the density matrix pgs A (3) in the 0-1 photon subspace can be expressed in the basis {|00), |01),|10), [11)},
as follows:

P11 P12 P13 P14
P21 P22 P23 P24

pera(B) = ) (B6)
P31 P32 P33 P34

P41l P42 P43 P44

where

(1 + ku)Cos[B]? + A ()\ — kA — VE(—=1+p) + 2n3/2;¢) Sin[B]>

P = [T h+ X (11 (- 202 ’ (57
Sin[B] (1 + (=14 5)A% + kp) Cos[B] + VEA(L + (—1 + 2k) ) Sin[B]Tan[B])

L4 p+ 22 (14 (1 —26)%p) '

B Sin[B] ((,u — k4 2632 A+ VRN — Ap)) Cos[B] + A% (k + pu — drp + 4k% ) Sin[ﬂ]Tan[ﬂ])
P13 = T+ p+ A (11 (1—2r)2p0) ’ (B9)
VEXL + (=1 + 26)p)Cos[B]? + (4rZX2p + (=1 + A?) p+ r (A% + p — 42%p)) Sin[B]?
p1a = — 5 5 ) (B10)
TH it 22 (14 (1= 2m)%)

(1 — A2 VEA(=L14p) — 2632 Ap+ K A+ ;L)) Cos[B]Sin[g]
par = L+ p+ A2 (1+ (1 —25)2p) ' (B1Y)

—(=1+ r)A2Cos[B]? + (1 + VEX(—1+4+ p) + kp — 2/13/2A;1,) Sin[B]?
P = TF T2+ (=20 ’ (B12)

(\/E)\(fl + ) — 2632+ 4r2N2p + (—1+ )\2) kK ()\2(1 —4p) + [L)) Sin[B)?
P23 =~ T4t A2(11(1—2r)2p) ' (B13)
Sin|B] (,\ <\/E(—1 1) — 2632 4+ Ap + 42 + KA — 4>\,u)) Cos[f] — (-1 + ﬁ)uSin[ﬂ]Tan[ﬂ])
p24 = T+a+ 2+ (0—2m)20) s (B14)
Sin[] ((—1 — rop + 26372 A0 + RN — /\u)) Cos[f] + (-1 + R)AZSin[ﬂ]Tan[B])
T4+ p4+ 221+ (1 —2K)2p) ’
(71 F A 4263200 =k (A2 4 ) + VRO — ,\M)) Sin[8]?
s = _ _ , (B16)
1+ p+ 2204+ (1-2k)2p)
—(=1+ r)uCos[B)® + A (\/E(fl + ) — 26520 4+ A+ 4R A + k(X — 4)\;1,)) Sin[8]?
s = . _ : , (B17)
TR (L (= an
(\/E)\(—l + ) — 263200+ 4r2N2p + (—1+ )\2) w+ kK ()\2(1 —4p) + ;L)) Cos[B]Sin[8]
p3a = — TR vy R R ) (B18)
VEXL + (=1 4 26)u)Cos[B]? + (1 + (=1 + &)A% + kp) Sin[B]?

= _ B19
P41 T+at 2 (1 +(—2m)20) ) ( )

Sin[3] ()\ ()\ — kXA — VE(=14p) + 253/2;/,) Cos[B] + (1 + mu)Sin[ﬁ]Tan[B])

T4 p+ A2 (14 (1 - 26)%p) '
_ Sin|g] ((42Xp+ (W2 = 1) p+ k5 (A2 + p — 4X%p)) Cos[B] + VEX(1 + (2k — 1)p)Sin[B]Tan[B])
Pas = T4+ A2 (1+ (1—2r)2p) ’ (B21)
A2 (54— drp+ 4rp) CoslB)2 + (1 = s+ 262 + VE(A = Ap) ) Sin|B)?
L4+ p+ A2 (14 (1 - 2k)2p) '

(B8)

(B15)

paz = — (B20)

pas = (B22)

For 8 = 0, the solution is consistent with that in Eq. (B3).
Fig. B1 depicts the numerically obtained values of Qs and the corresponding quantum Chernoff bounds P(%%B for 8 =0, 0.05,
0.10, 0.15, 0.20, 0.25, and 0.30. Targets with both high and low reflectivity are examined. The average number of photons in mode

B (before displacement D(3)) is Ns = 1j§\2 = 0.10. All the photons in each optical mode are truncated within the subspace of
{]0),|1)}, which is sufficient for studying quantum states with a small average number of photons. Particularly, both cases exhibit
a pronounced decrease in Qg 4 and in Pg’CB for the large displacement (3. Figs. B1(b) and (d) present Pé”CB (in the logarithmic

scale) as a function of the number of entangled states M for 8 = 0,0.05,0.10---,0.30 (from top to bottom).
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Figure B1 (Color online) Value of Q g/, and corresponding P&B. All quantum states are truncated in a 2D photon subspace
spanned by {]0),|1)}. For (a) and (b), we consider a target with high reflectivity (x; = 0.7), low-noise environment (Ng = 0.1),

and signal strength of Ny = 0.1. For (c) and (d), we consider a low-reflectivity target in a noisy environment, such that k¢
0.1, Ng = 0.1, and Ng = 0.1. In (b) and (d), 8 = 0,0.05,0.10, 0.15,0.20, 0.25, and0.30 (from top to bottom).
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Appendix B.2 High-noise conditions

The approximation of the 0-1 photon subspace only holds when the average number of photons is small. For a noisy environment
with Np = ﬁ > 1, the dimensions of the photon subspace required for faithful simulation increase rapidly. Thus, the phase
space method needs to be implemented.

Generally, for any N-mode quantum system, each mode is an infinite dimensional subsystem and can be conveniently expressed
using two field quadratures, i.e., the position operator z; = (a; + &I)/ﬁ and momentum operator p; = (a; — a)/(2/2), where

(3

1 =+—1and i = 1,2,--- N denotes the index of the mode. @; and &I represent the photon annihilation and creation operators
for the i-th optical mode, respectively. For every density matrix p in Hilbert space, there is a corresponding characteristic function
defined in the phase space x(r) = Tr[exp[erT]p], where R = (21,p1,%2,P2-- ,&Nn,pNn) and r € R2Y is a 2N-dimensional real

row vector. The Gaussian state is a special type of quantum state whose characteristic function is completely described by the
covariance matrix and the average values of quadrature operators.

_ 1 _
x(r, V,R) = exp 75rVrT + 1RrT:| s (B23)
where V' is the 2N x 2N covariance matrix,
1 A PN . .
Vim = ET\r[(RlRm + Rle)p] - rPr[Rlp]rPr[Rmp],
I,m=1,2,3,4--- 2N, (B24)

and R is the average value of quadrature operators R.
The evolution of the unitary state, which is usually denoted with a unitary operator in the photon number space, can now be
represented in terms of a symplectic operator S € SP(2N,R) in the phase space:

V- SVsT, R - RST, (B25)

where V and R are the covariance matrix and quadrature average of the density matrix p, respectively.
In Fig. Al(a), the input of modes A and B is a two-mode squeezed state (TMSS) and that of E is a thermal state, where the
covariance matrix is given by Vap and Vg:

v 1 h(2r) L + 1 . h(2r) 01 ® 1 0
AB = — COs )14 — sin ' 5
2 2 10 0 -1
r = arctanh(\). (B26)
1

In this study, Iz and I4 are 2-dimensional and 4-dimensional identity matrices, respectively.
In the phase space, the displacement operation on mode B induces a displacement in the quadrature average [4]. The quadrature
of the three-mode state E — A — B (before coupling at BS1) is

Rpap = (0,0) & (0,0,v28,0), (B28)

and the covariance matrix is given by Veap = Ve @ Vap.
The beam-splitter coupling between modes B and E can be expressed by a symplectic transformation:

VT —V1I=T
VT -V1i=T

Sgp =

(B29)
After coupling, the three-mode Gaussian state in E — A — B is expressed as
Veas =Se8(Vean)Sgs, (B30)
Rpap = RpanSgpp. (B31)
Finally, the anti-displacement operation D(—f) induces additional displacement on the quadrature, which yields
Rpap = Rpap +(—v25,0,0,0,0,0). (B32)

The outgoing mode B is lost in the environment, and the final output state detected by the receiver is a two-mode Gaussian
state; the quadrature average and covariance matrix of this output state are expressed as follows:

1234 1234
R%A = RE[AB ]’ Vé/A = VE[AB]’ (B33)
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where Rg[j‘?q denotes the 1st, 2nd, 3rd, and 4th columns of R 45, and ng?] represents a submatrix consisting of the intersection
of the 1st, 2nd, 3rd, and 4th rows and columns of matrix Veap.

By setting x = 0 and K = k¢, the quadrature average and covariance matrix of the Gaussian state in both the absence (p(l?,)A)
and presence (pg,)A) of the target can be obtained as follows:

1 cosh(2r
VIR = Vilale=o = (Np + 5)12 @ #Iz, (B34)
R\ = Rij4lx=0 = (—V28,0,0,0), (B35)
aq C1
1 ay —cC1
Vlé‘/z = é’A‘N:Nt = cosh(2r) 5 (B36)
c1 S
—c1 coshQ(Zr)
/K sinh(2r)
= —
2
K cosh(2r 1
a1=%+(1—n)(NB+5), (B37)
RG)L = Rigalu=r, = (V2B(v/F7 —1),0,0,0). (B38)
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Figure B2 (Color online) Value of Qg/ 4 and corresponding P(.%/ICB for the high-reflectivity target (a, b, c) and low-reflectivity
target (d, e, f). In (a), (b), and (c), we consider a target with x; = 0.3, high-noise environment (Np = 5), and signal strength of
N, = 0.5. In (d), (e), and (f), we consider a low-reflectivity target hidden in a noisy environment, such that «; = 0.05, Ny = 0.5,
and Ng = 5. In (b) and (e), 8 = 0,0.10, 0.20, 0.30, 0.40, 0.50, and0.60 from the top to bottom. In (b), (¢): M = 500; in (e), (f):
M = 1000.

To discriminate between the 2 two-mode Gaussian states with covariance matrix ng‘z, Vélfz and quadrature average R(L?I)M R(Eli‘,
the quantum Chernoff bound should be used for the Gaussian states.

An easily computable bound for the discrimination between two n-mode Gaussian states has been reported in Ref. [5]. However,
due to the difference in the definition of the covariance matrix (by a factor of 2), it is necessary to restate it according to the
definition given in Eq. (B24).

Let us consider two arbitrary n-mode Gaussian states pp and p; with quadrature average X, X1 and covariance matrix Vo, V7.
Let So, {ar} (S1,{Br}) be the normal mode decompositions of V;, and Vi, expressed as

aq
Vo = So Sg (B39)

[e29)

Qn
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B1
B1
Vi =8 sT. (B40)

Then, we have [5]
Qs = Trlpgpl~*] = Quexp {~4d" [Vo(s) + Vi(1 = )] " d} | (B41)

where

2n kﬁ G.(200)G1—(261)
=1

e Vo) TVi (L =) (B42)
Here, d := v/2(%Xo — X;) and

Vo(s) =Sp [EB AS(2ak)Ik] sy, (B43)

k=1
Vi(l—s) =8 [EB Al,s(zgk)lk] sT | (B44)

k=

1 2p

Gp(z) = GrP—(@—1r (B45)
Ap(e) = EHD @ DY (B16)

@+ Dr - (- p

From Eq. (B34) and Eq. (B37), using a computable bound for the discrimination between two arbitrary Gaussian states [5],
the values of Qps 4 and the corresponding P(Q/ICB can be easily determined.

Fig. B2 shows the decrease in Qg/ 4 and that in the corresponding Pé)WCB when the target is hidden in a considerably noisy
environment. We consider a case where the average number of photons in the noisy environment is Np = 5, and a two-mode
squeezed state (TMSS) with an average photon number of N, = 0.50 is employed for target detection. We observe that the weak
coherent state is enhanced with increasing 8 (= 0, 0.10, 0.20, 0.30, 0.40, 0.50, and 0.60). Furthermore, Q s 4 is strictly dependent
on the value of 8, and the quantum Chernoff bound decreases as the amplitude of the displacement operation increases. To clarify
how these displacement and anti-displacement operations improve quantum illumination, Fig. B2 (c) and (f) depict the dependence
of error probability on displacement for M = 500 and M = 1000, respectively. At 3 = 0, the curves in (c) and (f) correspond to the
early scheme in Fig. Al(a). The error probability (in the logarithmic scale) decreases monotonously as (3 increases. This implies
that the displacement and anti-displacement aid in decreasing the errors in target detection.

The physical mechanisms underlying this enhancement in quantum illumination via the proposed approach need to be evalu-
ated. As noted by Fuchs [6] and Nielsen [7], the trace distance is highly correlated with the error probability in quantum state
discrimination; the larger the trace distance, the lower is the error probability. Hence, the decrease in error probability due to the
displacement operation is likely associated with increments in the trace distance. This postulation can be verified by analyzing the
trace distance of the quantum state 6(p(E1,)A7 pg,)A) = %Hpg,)A — p(E??A ||. For convenience, we consider a case where the background
noise is Np = 1.0, for which the truncation of the quantum state in the D = 7-dimensional subspace is sufficient. Subsequently, we
choose Ny = 0.5andNp = 1.0 and also plot 6(/);:1/),4’ pg,],)A) as a function of different displacements 3, as shown in Fig. B3. From
the figure, steady increments in the trace distance were noted for increasing values of J3.

Appendix C Physical implementation of on-line displacement operation

Here, we show that the on-line displacement operation can be deterministically implemented using a beam splitter and ancillary
coherent states. The on-line displacement scheme is presented in Fig. Al. Next, we use the phase space method to analyze the
effects of displacement. We assume that BS2 is a beam splitter with a transmittance of Ty and that the ancillary states in modes
F and G are initialized as |3p) and | — Bo), respectively.

The covariance matrix and quadrature average of the initial state E — A — B — F — G can be expressed as

a 1 1 1
Veapre = 512®Vap @ 5L @ 1, (C1)

R pre = 01x6 @ (V280,0) & (—v2860, 0). (C2)

The coupling of the beam splitter at BS1 and BS2 can be formulated using symplectic transformations, as follows:

2 1
VE(A)BFG = StOi(TO)VéA)BFGSE;t? (C3)
2 1 T
R(ELBFG = Rg;lechtow (C4)
Stot = Sec(To)SBE(T)SBF(TO) (C5)

As the optical mode B — F' — G is discarded, the final state used for signal detection is

L 2)[1234 2)[1234
ROEIQ = R(Ez)“x[BFC;7 VISZ\t = VE{‘[FBFC;’ (C6)

1234]

where the symbol [ is as defined for Eq. (B33). Through direct calculation, we obtain
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Figure B3 (Color online) Trace distance of 6(pg,)A,pS,)A) as a function of 3. The parameter rk; is chosen as 3 =

0.60, 0.50, 0.40, 0.30, 0.20, and0.10 (from the top to bottom). Other parameters are Ny = 0.5andNp = 1.0.
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Figure C1 (Color online) Fidelity between the practical displacement scheme with the coherent state |3o) (8o = B/v1 — To)
and beam splitter with transmittance Ty. Other parameters are (a) Ny = 0.05, k4 = 0.4, and N = 0.01; and (b) Ns = 0.08,
k¢ = 0.99, and Np = 2.0.
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Figure C2 (Color online) (a) Fidelity and error probability Pocp(c) as a function of the beam splitter transmittance Ty, for
Bo = 0.5. (b) Fidelity and error probability Pgcp(d) as a function of the beam splitter transmittance Ty, for So = 3.5. Other
parameters are k¢ = 0.99, N; = 0.08, Np = 2,andM = 20. The blue lines in (c) and (d) indicate the value of Pocp = 2.26 X 106
when the displacement and anti-displacement operations are not used.

R = (V2801 — To(\/Tork — 1),0,0,0), (c7)

a Cc2
t az —C2
Via = cosh(2r) » (C8)
C2 — s
s cosh(2r)
1
as = 5 (1 +2NETo(1 — k) + Tok(—1 + cosh(2r))) , (C9)
1
o = ETQ\/ESinh(QT‘). (C10)

Thus, by choosing the auxiliary coherent state |3p) such that 8y = 8/+v/1 — Tp and Tp — 1, we obtain R%”Af — R% 4, Vg’gt —
V}é’A, and the displacement operation is deterministically implemented. It should also be noted that the practical scheme with
the beam splitter and the ancillary coherent state |3p) induces a displacement in the quadrature average and a distortion in the
covariance matrix. Generally, fidelity is used to evaluate the similarity between the two-mode Gaussian state in Eq. (C8) and that

in Eq. (B36):

F = %cxp[—%(\/ﬁf 1)28%k cosh(2r)], (C11)
(=4 (—2 +2NE(1+ To)(k — 1) + & + Tozm) cosh(2r) +

* (3 + To(2 + 3To) + (To — 1)2cosh(4r)) . (C12)

Fig. C1 shows the numerically calculated fidelity between the output states obtained via the joint measurement using the scheme
in Fig. A1(b) and (d). In both low-noise and high-noise conditions, a fidelity of up to 0.92 can be achieved.

Generally, a higher fidelity indicates a more faithful implementation of the displacement and anti-displacement operations.
However, fidelity is not completely equivalent to the error probability in quantum state discrimination, as the former evaluates
the faithfulness of the on-line local displacement and anti-displacement operations, whereas the latter is more dependent on the
distinguishability between two Gaussian states with quadrature averages and covariance matrices of RY4(k = 0), VE4'(k = 0)
and RYY (k = ki), VS4'(k = k¢), respectively. In Fig.C2(a) and (c), the fidelity and error probability in state discrimination are
plotted for the same parameters x; = 0.99, Ny = 0.08, Np = 2, M = 20, andf3p = 0.5. It is evident that the fidelity exceeds 0.93
and increases monotonously when Ty > 0.80. Moreover, the error probability decreases rapidly as Ty increases. However, even at
To = 0.99, the error probability with the displacement operation is larger than that without the displacement and anti-displacement
operations (blue lines in Fig.C2 (c)). This is because the practical displacement operation affects the quadrature average and also
the covariance matrix (Eq.(C8)). The enhancement due to the practical displacement and anti-displacement operations is evident
if a stronger displacement with By = 3.5 is used. As shown in Fig.C2(b) and (d), the fidelity still exceeds 0.90 and increases
as Tp increases. Here, the error probability in state discrimination is further decreased for all 0.8 < Ty < 1. Particularly, for
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To = 0.85, the fidelity is F' = 0.92, which is smaller than all the other fidelity values in Fig.C2(a). However, the error probability
is Pocp = 3.11 x 10~7, which is a decrease of approximately 86.2% compared to the value of Pgocep = 2.26 x 1075 (blue lines) for
cases without the displacement and anti-displacement operations.
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Figure C3 (Color online) (a) Pgcp as a function of the ancillary coherent state 8o and transmittance of the beam splitter Tj.
The gray plane indicates the value of Pocp = 8.26 x 1075 in the absence of displacement operation. (b) Pgcp decreases when
Bo > 1.56; the corresponding regime is indicated in gray. (c) Ratio between the error probability without displacement scheme and
that with the displacement and anti-displacement operations. (d) Equivalent displacement Bov/1 — 1o as a function of By and Tp.
Other parameters are kK = 0.2, Ng = 0.5, Ng = 2, and M = 500.

The mechanisms underlying the enhancement caused by the application of the displacement and anti-displacement operations
need to be examined in detail. Here, we use the phase space method and calculate the error probability P(%B for several values of
Bo and Ty. We consider the case where ky = 0.2, Ng = 2, Ny = 0.5, and M = 500. It should be noted that the error probability is
PqceB = 8.26 X 10~ when displacement is absent. However, using the ancillary coherent states, the error probability can be further
decreased when By > 1.56. The corresponding regime in which the error probability is decreased is indicated in gray. Fig.C3(c)
presents a plot of the ratio % for 0 < Bp < 3 and 0.89 < Ty < 0.99. Under the condition 39 > 1.56, the aforementioned

ratio is always greater than one, indicating that the error probability decreases if the practical scheme shown in Fig.A1 (d) is used.
Specifically, for 89 = 3.0andTy = 0.89, the ratio is equal to 46.4, implying that the reduced probability is only one in forty-six for
the original scheme without displacement and anti-displacement operations. Fig.C3(d) presents an evaluation of the displacement
for By and Tp. The maximum displacement occurs at By = 3.0andTy = 0.89, which is consistent with our primary conclusion, i.e.,

a larger displacement induces a more pronounced decrease in Pocp.
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