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Abstract Statistical modeling based on the product model is an effective method to fit the sea clutter of

polarimetric synthetic aperture radar (PolSAR) images in nonhomogeneous regions. The generalized Gamma

distribution (GΓD) is a kind of distribution with wide coverage, including Weibull, Gamma, inverse Gamma,

Fisher, and other distributions; it can be used as a textural variable in the product model because of its

coverage and flexibility. The L-distribution is presented to describe the statistical distribution in this product

model case. The probability distribution function (PDF) of the multilook covariance matrix is obtained in

the L-distribution product model, which is presented in a closed form. Moreover, the statistics are applied to

ship detection by the optimal polarimetric detector (OPD), and the analytical expressions of the probability

of false alarm (PFA) and the probability of detection (PD) are both derived, which are also extended to derive

the PFA of the MPWF detector. Finally, the simulated and measured data are used to verify the correctness

of the theoretical derivation, and the results show that our derivations are all correct and effective.
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1 Introduction

Polarimetric synthetic aperture radar (PolSAR) has remote sensing capability with multichannel infor-
mation for ocean observations and military surveillance in all-weather conditions [1]. The inshore dense
ships and the situation of high sea states are two challenges in ship detection for synthetic aperture radar
(SAR) images. A coupled convolutional neural network for small and densely clustered ship detection
in SAR images was presented recently [2]. The sea state also affects the detection performance, which
requires the different statistical models to be robust. The speckle in any coherent imagery significantly
increases the difficulty of information extraction. The accuracy of the speckle model plays an important
role in the interpretation of polarimetric SAR images for target detection and classification [3]. The basis
of speckle suppression is the accurate acquisition of its statistical properties. In middle- and low-resolution
conditions, speckles generally obey the Gaussian distribution (amplitude Rayleigh distribution) that sat-
isfies the central limit theorem [4,5]. With the increasing resolution of modern radars, radar echoes with
a small number of scatterers or significant scatterers in a resolution cell tend to have long-tailed charac-
teristics. Therefore, radar echoes no longer obey the Gaussian distribution, and non-Gaussian statistical
models are needed to characterize the statistical properties of sea clutter. Non-Gaussian distributions,
such as the Gamma distribution, inverse Gamma distribution, lognormal distribution, and the Weibull
distribution, are often used to describe the scattering characteristics of such nonhomogeneous clutter [6,7].
These four distributions can be regarded as special cases of the generalized Gamma distribution functions
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(GΓD). In addition, it is worth noting that an excellent GAO model was recently proposed in [8]. The
good performance of this model for characterizing nonhomogeneous clutter was also demonstrated. Li
et al. [9] proposed a statistical model of SAR based on the generalized Gamma distribution. The model
has strong adaptability but there is no closed analytical expression and it cannot do multilook data pro-
cessing. Another kind of non-Gaussian distribution is a multivariate product model. Owing to its clear
physical mechanism and robust full-polarization processing capability in PolSAR information processing,
the multivariate product model has been widely used in modeling, signal processing, and data analysis for
long-tailed clutter [10]. The model shows that the radar cross section (RCS) is equivalent to the product
of the coherent speckle and the texture component [10]. The K and G0 product models are widely used
for nonhomogeneous sea clutter. If an inverse Gaussian distribution is regarded as a texture component
in complex inhomogeneous regions, the accordant product model G has been proven to have good fitting
accuracy with a closed analytical expression [11]. The G distribution covers many kinds of distributions
but the corresponding parameter estimation is complicated. If the GΓD is used as the textual variable,
the product model will have an L-distribution, which was proposed by us in 2014 [10]. Song et al. [12]
used the general Fisher distribution (GFD) to model the texture and it is clear that the GFD’s coverage
is smaller than that of the GΓD distribution. Other researchers have begun to study the L-distribution
since it covers more areas and is more flexible than the G distribution in the log-cumulants plane [13].
However, there is still no closed-form expression of the probability density function (PDF). Therefore, it
is necessary to study GΓD distribution and try to obtain the analytical expressions of the corresponding
PDF and probability of false alarms (PFA).

The L-distribution model can be applied to ship detection. There are three ways to perform ship
detection. The first is the target decomposition, the second is the ship wake, and the last is the opti-
mal techniques. In SAR images, backscattering from ships is usually brighter than that from the sea
background, which can be applied to detect ships by a statistical test on the intensity of both ships and
sea clutter [14]. Novak et al. [15, 16] proposed an optimal polarimetric detector (OPD) based on the
likelihood ratio test (LRT) when the statistics of ships and clutter are both known, which belongs to
optimal techniques. In the same assumption, the theory of target decomposition can also be used to
improve detection performance via different physical characteristics of ships and clutter. Unfortunately,
it is quite difficult to derive the statistics of ship backscattering because it mainly relies on the physical
characteristics of ships themselves. When ships to be detected are very small, ship wakes may be used
to detect them. However, many factors, such as angle of view and angle of incidence, radar frequency,
and sea state, will influence the ship wakes, which leads to the unreliability of ship wakes. Therefore, in
ship detection, the constant false alarm rate (CFAR) tests are generally used, which select the threshold
via the sea clutter statistics to keep PFA constant locally [1]. Recently, Marino et al. [14] proposed
a polarimetric notch filter (PNF) when the ship statistics are unknown, which separates ships and sea
clutter based on their polarimetric characteristics. In fact, the polarimetric whitening filter (PWF) can
also work in the absence of prior information, which has been proved to be able to improve the ship
detection performance, though it has been presented for many years [16, 17]. The PWF can minimize
the speckle variation owing to the polarimetric information of sea clutter. It is well known that the
performance of PWF was comparable with that of the OPD [16, 17]. Liu et al. [18, 19] developed the
PWF to the multilook polarimetric whitening filter (MPWF). The expressions of the probability of false
alarms (PFAs) and the detection threshold of the MPWF have been derived recently [19], while the PFA
and the threshold of the OPD are still unknown.

The structure of this paper is organized as follows. Firstly, the product model is introduced, followed
by the GΓD distribution and the L-distribution. The PDF of the L-distribution is presented in a closed
form. Secondly, the approximate expression of the PFA of the L-distribution is derived and applied
to ship detection by the OPD method. Finally, the simulated data and real data are used to validate
correctness and robustness of the OPD detector compared with other detectors which are used widely.
The results of tests verify our derivation and the performance of the detectors meets our expectation.

2 Proposed L-Wishart model

2.1 Multivariate product model

The backscattering statistics of an SAR image is usually fluctuated. The fluctuation is always affected

by two factors. One is the interference between scatterers within a resolution cell, which is named speckle.
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The other factor is the RCS, which is called as texture. When the speckle is fully developed, the texture
can be seen as constant, and the PDF of the polarimetric covariance matrix can be characterized by a
Wishart distribution. If the texture is varied, the statistics of clutter can be modeled by a multivariate
product model by two independent variables. The polarimetric scattering vector in the product model
can be expressed as follows [16]:

w =
√
τy, (1)

where τ is the texture variable which is scaled, and y is the speckle vector which is distributed as a
zero-mean multivariate complex-Gaussian distribution. Generally speaking, the fluctuation of texture is
varied slower than speckle, and therefore the texture in each polarization channel is assumed to be the
same. The multilook covariance matrix is defined as [16]

C =
1

L

L
∑

i=1

wiw
H
i =

1

L

L
∑

i=1

τiyiy
H
i , (2)

where the subscript H is the conjunction transform and L is the number of looks, and τi is independent
of i. Then, Eq. (2) can be written as [16, 20]

C = τY , (3)

where Y is a random matrix only affected by speckle. Therefore, Y obeys the Wishart distribution.
Since the texture and speckle are independent, they can be obtained [20] by

Σ = E {C} = E {τ}E {Y } = E {τ}Γ, (4)

where Γ = E{yyH} is the covariance matrix of the speckle in the Gaussian case, Σ is the statistical mean
of the covariance matrix C, and E is the mathematical expectation operator.

The multivariate product model consists of a texture variable and a complex Gaussian vector which
are independent of each other. The key to modeling the PolSAR image data by the product model is the
selection of the statistical model for texture components. The GΓD distribution is a flexible model that
involves many kinds of distributions, including the Rayleigh distribution, Weibull distribution, Gamma
distribution, inverse Gaussian distribution, and the square root Gamma distribution.

The texture obeying the GΓD distribution means that the PDF of its intensity satisfies the following
form (the amplitude distribution is also obeyed the GΓD distribution [9]):

τ ∼ f(τ ; k, v)=
|v| kk
σΓ(k)

( τ

σ

)kv−1

exp
{

−k
( τ

σ

)v}

, (5)

where Γ(·) is a Gamma function and σ, k, v are the scale, shape and power parameters of the GΓD
distribution, respectively. When σ = k1/vΓ(k)/Γ(k + 1/v), the mean of τ is the unit. In the product
model, the texture variable is always scaled. When v = −1, the GΓD distribution is simplified to be an
inverse Gamma distribution. When k = 1, the GΓD distribution is simplified to the Weibull distribution,
and when v = 1, the GΓD distribution is simplified to a Gamma distribution. It should be pointed out
that when v = 0, the corresponding GΓD distribution is characterized as a lognormal distribution.

2.2 Distribution of the L-Wishart model

The complex Gaussian vector y in (1) obeys the Gaussian distribution [21]:

fy(y) =
1

π
d |C| exp

(

−yC−1yH
)

, (6)

where d is the dimension of the complex Gaussian vector and |·| is the determinant operator. The
corresponding multilook covariance matrix is Y , which obeys the Wishart distribution [21]:

fY (Y ) =
LLd|Y |L−d exp(−LTr(Γ−1Y ))

Γd(L)|Γ|L
, (7)
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where Γ = E(yyH). Γ(·) is the Gamma function and Γd(L) is

Γd(L) = π

1
2d(d−1)Γ(L) · · · Γ(L− d+ 1). (8)

When the texture variable obeys a GΓD distribution, the probability density function (PDF) of the
L-distribution covariance matrix is easily obtained [10] as follows:

f
Z

(L)
C

(Z) =
ηLd|Z|L−d

Γd(L)|C|LΓ(k)
L
(
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)

, (9)

where
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Γ(k) , and H (·) is the Fox H-function which defined as [22]

Hm,n
p,q

[

z

∣

∣

∣

∣

∣

(ai, Ai)1,p

(bj, Bj)1,q

]

=
1

2πi

∫

Θ

∏m
j=1 Γ(bj +Bjs)

∏n
j=1 Γ(1− aj −Ais)

∏p
j=n+1 Γ(aj +Ais)

∏q
j=m+1 Γ(1− bj −Bjs)

z−sds, (10)

where z, c, ai, bj ∈ C, Ai, Bj ∈ R
+ and m,n, p, q ∈ Z, such that 1 6 j 6 m, 1 6 i 6 n, 0 6 m 6 q, o 6

n 6 p, Ai > 0, Bj > 0. Θ is a contour in the complex s-plane ranging from ς − i∞ to ς + i∞. In [10,11],
L(a, b, z) is only presented in an integral form. Here, we obtain a closed form, which is a development of
L(a, b, z). The Fox H-function with MATLAB code can be found in [23].

3 Statistics of the OPD in ship detection

The OPD put forward by Novak processes the complete polarization scattering matrix (PSM) and pro-
vides the best possible detection performance from polarimetric radar data [15]. The quadratic form of
OPD is

z = tr
[(

Σ−1
C −Σ−1

T

)

Z
]

target
>

<
clutter

T, (11)

where tr(·) is the trace operator and ΣC and ΣT are the polarimetric covariance matrices of clutter and
targets, respectively. Z is the multilook covariance matrix, and T is the detection threshold. If z > T ,
it is detected as a target, otherwise as clutter. The sensitivity of the OPD detector was analyzed in
previous literatures under the Wishart and K-Wishart distribution cases; however, the expression is very
complicated and requires much computational time [15]. The PFA or probability of detection (PD) of
the OPD in the L-distribution can also be derived by following the steps in the K-distribution case [15];
however, its calculation is also very complicated. Therefore, the approximation is given in this section,
which is simpler and more easily calculated in practical applications.

3.1 Approximation of statistics in the L-Wishart model

In measured polarimetric images, a real PDF of the OPD is only approximated by a quadratic form rather
than equaling a quadratic form since the data would not completely obey the hypothesis. Therefore many
approximations have been proposed. The PDF and PFA of OPD algorithm can be derived in Appendix.
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We can also obtain the threshold of the detection via a bisection method when the PFA is constant,
which is called constant false alarm rate (CFAR) processing.

3.2 Extension of the PFA to the MPWF

The output after the polarimetric whitening filter (PWF) in PolSAR imagery is defined as follows [20]:

zMPWF =
1

L

L
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C wi= tr
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C C

)
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)

=τzYPWF. (13)

The variable zYPWF accurately obeys a Gamma distribution [20], that is, zYPWF ∼ γ
(

Ld, 1
L

)

, which
is a special case of (12) when b = d; a = 1. Then, we can obtain the PFA of MPWF from (13) under the
L-distribution hypothesis,
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Eq. (13) is a special case of (12), which has the same form as that in [19].

4 Experimental validation and ship detection

4.1 Numerical derivation validation

The simulated SAR data in the product model is generated through Monte Carlo simulation. In the
simulation, we generate the Wishart distribution covariance matrix and the textual variable respectively.

There are 1000000 covariance matrix samples in the synthetic dataset, which obey a complex Wishart
distribution with zero mean. The covariance matrix of Wishart distribution is produced by averaging a
homogeneous region of the measured SAR data, which makes the simulation reliable. The textual variable
was simulated according to the statistical parameters in (5). The texture component of the proposed L
distribution obeys the generalized Gamma distribution, which can be generated by the sum of squares
from Gaussian random variables. The number of looks was set to L = 10. The simulated results are
presented in Figure 1, which show that the simulated data are well consistent with the theoretical results.
The results also show that the approximations can accurately fit the hypothesis model.

The performances of different detectors are also presented here via simulation, such as multilook
MPMF, OPCE, MPWF, PNF and multilook optimal polarimetric detector (MOPD). The receiver op-
eration characteristic (ROC) curves are presented in Figure 2 when the target to clutter ratio (TCR)
is constant. In simulation experiments, we need to change the TCR freely to study the detection per-
formance more comprehensively, where TCR = tr(ΣT − ΣC)/tr(ΣC) [15]. In Figure 2 the OPCE is
overlapped with the MPMF, which shows they have the same performance. The OPD has a little better
performance than MPWF, and the MPMF performs well when the TCR is big enough. The PNF gives
the worst performance in our simulation. Here the Pfa is the probability of false alarm, and Pd is the
probability of detection.

4.2 Ship detection results of real data

(i) Flow of the OPD algorithm in practice. In practical applications, the ship characteristics are generally
unknown, which leads the OPD method to be a theoretical analysis tool but of no use in practical
applications. We want to change this and make the OPD more applicable. The problem is how to obtain
the covariance matrix of the ship target. Since the MPWF can obtain the closest performance compared
with the OPD, it is reasonable to obtain the ship characteristics by the results of the MPWF. At the same
time, we cannot obtain the accurate covariance matrix of each ship, and we use the average covariance
matrix of all ships as the ship characteristics. Therefore, we design an OPD flow of CFAR processing as
shown in Figure 3. The dotted line is the MPWF progress, and the full line is the OPD progress. The
diamond is the decision of the termination of the iterative estimation of MPWF. The statistics of both
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Figure 1 (Color online) PDF/PFA of the OPD for different parameter v. PDF of the OPD when (a) v > 0, (b) v < 0; PFA of

the OPD when (b) v > 0 and (d) v < 0.
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Figure 2 (Color online) Performances of different detectors in different TCR and PFA cases. (a) TCR = 0.5; (b) TCR = 2;

(c) Pfa = 1E−3; (d) Pfa = 1E−4.

targets and sea clutter are estimated by repetitions for high accuracy. The fast block CFAR detector is
used here [24]. The steps are improved as follows:
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Figure 3 OPD flow chart of CFAR processing.

Step 1. Divide the whole PolSAR image into equal-sized blocks (here we take the size of the block as
66× 66, estimate the covariance matrix, and perform the MPWF processing.

Step 2. Determine a simple threshold of approximately 25 to remove the bright outliers by this
threshold, and then update the estimation of the polarimetric covariance matrix.

Step 3. MPWF will be operated several times until the difference (distance) of the covariance matrix
is small enough under a fixed threshold. Two or three repetitions are generally sufficient. Then we get
the clutter information together with ships.

Step 4. Estimate the parameters of the statistical model of each block by the log-cumulants method.
Use the bisection method to obtain the threshold for the MPWF image via (12) and (14). Then we can
determine whether the pixel is a ship or clutter.

Step 5. Delete the solo points by DBSCAN (density-based spatial clustering of applications with noise)
method with ε = 10 and MinPt = 2 [25].

Step 6. Via the ship characteristics derived in Step 6, we perform the CFAR processing of OPD, which
is shown by the dotted line in Figure 3.

Step 7. Combine the results of the sub-images, and the final detection image is derived.
The flow chart of the OPD is presented as follows.
In addition, the threshold in step 2 affects the results of parameter estimation surely. The threshold

cannot be too small, otherwise it can generate a large bias of the parameters; and it cannot be too large,
otherwise it will include many ship pixels and make the detection threshold higher. The simple threshold
is set to 25, and it is also proven to be reasonable by the measured experiments in parts (iii)–(v).

(ii) Parameter estimation of the sea clutter and targets. The outstanding performance of the Mellin
transform in the field of SAR image parameter estimation has attracted the interest of many researchers [26,
27]. A new parameter estimation method based on the Mellin transform (log-cumulants) of the polari-
metric covariance matrix has been proposed [28, 29]. Traditionally, the second and third log-cumulants
of the multilook covariance matrix are used for parameter estimation in product models. The estimators
via log-cumulants on the MPWF were proposed [30] in both K and G0 distribution cases. Recently,
a novel method based on log-cumulants and the MPWF has been proposed to improve the estimation
accuracy, with excellent effect [30]. Therefore, the estimation of the L- distribution model is performed
by combining the log-cumulants and MPWF.

(iii) The measured dataset from NASA/JPL AIRSAR DATA. The real data comes from a polarimetric
dataset of NASA/JPL AIRSAR with 9-look, which covers an area close to Tamano City, Japan. The
data set is collected from the AIRSAR instrument of the DC-8 aircraft during the PACRIM-2 task on 4
October 2000, which consists of the full-polarization data. The range pixel resolution is 3.3 m, and the
azimuth pixel resolution is 4.6 m. The details of the PolSAR system parameters can be found in [31].
The dataset is formatted in the Stokes matrix originally. Lately, they are converted to the covariance
matrix of the PolSAR data for ship detection. We select two sub-images of the same area with different
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Figure 4 (Color online) Measured data and the GOF of the statistical model in L-Band. (a) Measured data in Kojimawan in

L-Band [31]; (b) diversity diagram of the k2k3 plane; (c) PDF; (d) PFA.

bands to validate the effectiveness of the proposed CFAR algorithm. The size of the area is 768 × 691
(Samples × Lines) (see Figures 4 and 6).

(iv) Ship detection in the L-Band image. Since there are two kinds of datasets including both L-Band
polarimetric SAR data and C-Band polarimetric SAR data, it is a good idea to analyze the detection
performance among different detectors on both images. The ground-truth of the ROI is presented in
Figure 4 by visual inspection combining both the L-Band image and the C-band image. There are 22 ships
in this area. The statistical models are presented in the log-cumulants plane [29,32] in Figure 4(b). Here
the targets presented as red rectangles are the outliers removed by the simple threshold in Step 2. The
H-Wishart distribution is used to model the clutter. The goodness of fit of a random block data is
listed in Figures 4(c) and (d). The KL distance [33] is used to measure the goodness-of-fit. The average
of the KL distance is 0.01, which shows that the H-Wishart distribution can fit the statistical model
accurately.

Since the polarimetric characteristics of ships are hard to be derived, we use the average of the ship co-
variance matrices. In addition, a figure of merit (FOM) is used to evaluate the detection performance [31],

FOM =
Ntd

(Nfa +Ngt)
, (15)

where Ntd is the number of detected ships, Nfa is the number of false ships, Ngt is the number of real
ships. In the following figures a red rectangle means an omitted target, a yellow rectangle means a false
target, and a green rectangle means one true ship. P̂fa means the actual false alarm, and the value in the
bracket is the number of isolated pixels. The detection results are presented in Figure 5 and Table 1.

The detection results of different detectors are both listed in Figure 5. The yellow rectangle means false
alarm. It can be seen from Figure 5(a) that the MPWF detector generates 4 false alarms and that all the
ships are detected. The OPD detector also generates 4 false alarms and exhibits a similar performance
compared with the MPWF. From Figure 5 and Table 1, the PNF gives the worst performance according
to the FOM, and the maintenance of the CFAR is not good. The MPMF is also worse than the MPWF
and MOPD.
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(a)

(c)

(b)

(d)

Figure 5 (Color online) Detection results of diffrent detectors when CFAR = 1E−5 in L-Band. (a) MPWF; (b) OPD; (c) MPMF;

(d) PNF.

Table 1 Pixel numbers of different ships in different detectors when CFAR = 1E−5

Band Method P̂fa Ntd Nfa FOM (%)

L

PNF 3.3E−6 (20) 22 0 52.38

MPMF 2.0E−5 (12) 22 2 61.11

MPWF 1.1E−5 (7) 22 4 66.67

MOPD 1.0E−5 (6) 22 4 68.75

(v) Ship detection in the C-Band image. The Pauli image of C-Band is listed in Figure 6, and the k2-
k3 log-cumulants are also presented. In Figure 6(a) there are many ghosts. The H-Wishart distribution
is used to model the clutter. The average of the KL distances is also 0.01, which also shows that the
H-Wishart distribution can model the statistics accurately.

In C-band measured images, azimuth ambiguities of the strong scatters usually cause false targets [34],
which are also called ghosts. As is shown in Figure 6(a) with 12 purple rectangles (G1–G11). In fact
because the phase difference between the ambiguities of the HV and VH components of a calibrated
single look complex (SLC) image is approximately π and their magnitudes are approximately equal [34],
the scattering properties of SHV and SVH are used to obtain an image without ambiguity to detect ships
in [34]. Since we only have the multilook complex data (MLC) instead of the SLC data, we can use
the item of cross-polarimetric MLC components HV + VH (CHV) to remove this ambiguity after the
MPWF or MOPD. Since the aim of this experiment is to get the performances of different detectors, we
do not use this method to remove the ambiguity. This pre-processing changes the statistical model of the
sea clutter, which should be studied to construct a new detection algorithm in future. We can assume
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Figure 6 (Color online) Measured data and the GOF of the statistical model in C-Band. (a) Measured data in Kojimawan in

C-Band; (b) diversity diagram of the k2-k3 plane; (c) PDF; (d) PFA.

Table 2 Pixel numbers of different ships in different detectors when CFAR = 1E−5

Band Method P̂fa Ntd Nfa FOM (%)

C

PNF 4.5E−5 (27) 22 8 38.60

MPMF 5.3E−5 (32) 21 11 32.31

MPWF 1.0E−5 (6) 21 5 63.64

MOPD 1.0E−5 (6) 21 5 63.64

that the ghosts have been removed in the performance evaluation. The detection results are presented in
Figure 7 and Table 2. A red rectangle is denoted as an omitted target.

In C-Band image, we can see the maintenances of CFAR are held stably in MOPD and MPWF
according to our set. The FOMs of MPWF and MOPD are the highest. There is one target omitted
except that in the PNF image. Overall, the maintenances of CFAR can keep the best both in the L-Band
image and in the C-Band image. The results in the C-Band images are almost the same with those in
the L-Band images.

5 Conclusion

In this paper, the closed-form expression of the statistical model was derived in the product model with
GGD distribution as texture. The analytical expressions of PD/PFA were also derived for the OPD,
and extended to the MPWF. Moreover, they are applied to ship detection. The CFAR flow of the OPD
under the condition that the scattering characteristics of targets are unknown was constructed with the
help of the detection results of the MPWF, which exhibits a new idea for the application of the OPD
in practice. Since the ship characteristics are difficult to be obtained, the average of the polarimetric
covariance matrix is used in the OPD, which leads to little improvement compared with the MPWF. In
fact, many other mechanisms that remain in ship detection, such as polarization decomposition and ship
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(a)

(c)

(b)

(d)

Figure 7 (Color online) Detection results of different detectors when CFAR = 1E−5 in C-Band. (a) MPWF; (b) OPD; (c)

MPMF; (d) PNF.

wake, may be more useful for small ships. In future work, we will study ship wake detection to detect
small targets.
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Appendix A

Two approximations have been proposed to simplify the calculation of the PDF of quadratic forms1). We can extend the results of

the real case to the complex case via the method in the web2). The principle of the extension lies on the fact that the real part and

the imaginary part of a complex are independent and the results for a complex are just doubling the dimension of a real. Therefore

the extended theorem is as follows.

Theorem 1. Let x ∼ Nd(0,Σ) be a d-variate Gaussian random variable with complex positive definite Hermitian covariance

matrix Σ, and z = xHGx is a quadratic form in x. The matrix G is nonnegative definite. Let the rank of G be d and the nonzero

eigenvalues of GΣ be λ1, λ2, . . ., λd. The approximating distribution of T can then be

z ∼ aχ2
2b/2a or bz ∼ cχ2

2d/2, (A.1)

where c =
∑d

i=1 λi/d, a =
∑d

i=1 λ2
i

∑d
i=1

λi
, b =

(
∑d

i=1 λi)
2

∑d
i=1

λ2
i

and H is the superscript of the conjugate transpose. The related parameters

can be estimated as follows:

â = tr

[

(

GΣ̂
)2
]

/tr
(

GΣ̂
)

, (A.2-1)

b̂ =
[

tr
(

GΣ̂
)]2

/tr

[

(

GΣ̂
)2
]

, (A.2-2)

ĉ = tr
(

GΣ̂
)

/d, (A.2-3)

where Σ̂ = Σ̂C or Σ̂ = Σ̂T .

The above theorem is the foundation of our following derivations. z ∼ aχ2
2b/2 is equivalent to z ∼ γ (b, a). Here, γ (α, β) is the

Gamma distribution, which can be expressed as

γ(α,β) =
1

Γ(α)

1

β

(

x

β

)α−1

e
−

x
β , (A.3)

1) Yuan K H, Bentler P M. Two simple approximations to the distributions of quadratic forms. Brit J Math Stat Psy, 2011,
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where α is the shape parameter, and β is the scale parameter.

In the multilook case, the sum of the independent Gamma distributed variables is distributed as follows, according to the

characteristics of the Gamma distribution3):

zS =
L
∑

i=1

Ti ∼ γ (Lb, a) , (A.4)

where L is the number of looks.

Therefore, according to the characteristics of the Gamma distribution, the distribution of the average of the sum is

zL = zS/L ∼ γ

(

Lb,
a

L

)

. (A.5)

If the detection threshold is assumed to be T , the PFA or PD can be determined as

Pfa/d =

∫

∞

T

γ

(

Lb,
a

L

)

dz= 1−Γ

[

Lb,
LT

a

]

, (A.6)

where Pfa is the PFA, Pd is the PD, and L is the number of looks. When Pfa is calculated, Σ̂ = Σ̂C , and when Pd is calculated,

Σ̂ = Σ̂T . If the texture is not a constant, the integration should be used to derive the PFA.

If the texture is GGD-distributed, PFA/PD should be calculated by integrating the texture variable, that is

Pfa/d =
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Instituting x = k1/vτ̃
σ , we can obtain the following expression via the definition of the Fox H-function:
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Via the relation equation in [22], we have
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The following expression can then be derived:
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Via the integration equation in [22], we have
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and we can obtain
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