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Abstract This paper addresses cooperative global robust output regulation for heterogeneous and uncertain
multiagent nonlinear systems in the output-feedback normal form. Specifically, we develop a Lyapunov-based
dynamic output-feedback law using a nonlinear internal model approach. We show that an effective control
law can be constructed under general (static) directed communication topologies even when the leader is
unknown. Hence, the present study offers a more general investigation of the problem in comparison with
the developments in the recent literature.
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1 Introduction

Cooperative tracking or synchronization control of leader-follower multiagent systems has been extensively
studied. The problem, however, is that not every follower can access the reference for feedback, and
followers merely communicate with their neighbors. This research contributes toward the development
for various cooperative tracking control problems from different dynamics to communication topologies.
For example, interesting results are noted for linear [1-7] and nonlinear [8-12] scenarios.

For cooperative tracking, the leader system usually generates the desired reference trajectory. For
instance, Ref. [1] studied constant references for linear networks. Ref. [13] further addressed the problem
associated with nonlinear followers. Concerning the problem with active leaders, there have been many
interesting studies, boosted in [2]. More recently, the internal model principle in output regulation
theory has been shown to be a useful tool for handling the active leaders as well as the much more
interesting robustness issues such as parametric uncertainties and external disturbances; see [14-17]
and references therein. Such a problem is also referred to as cooperative robust output regulation in
literature. Specifically, when the leader dynamics is known or without any uncertainty, the standard
linear internal model principle-based approach can be used to some extent. In this direction, several
output-feedback-based results have been well developed. For example, the semi-global output-feedback
designs for nonlinear networks in the strict-feedback normal form can be found in [8,16], and the global
output-feedback design for nonlinear networks in the output-feedback normal form can be found in [9].

In practice, the active leader’s dynamics may be uncertain or unknown, covering the case that the
references and disturbances can be fundamental sinusoidal signals with unknown frequencies, unknown
amplitudes, and unknown phases. However, the standard linear internal model fails when such frequency
information is lacking or uncertain. An attempt to tackle such unknown active leaders can be found
in [18] using an adaptive canonical internal model method.
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Surmounting common hurdles such as system uncertainties, special system relative degrees, or bi-
directed communication topologies encountered in the aforementioned literature served motivation for
the present study to search for new techniques serving the cooperative global robust output regulation
(CGOR). Specifically, we focus on a broader class of heterogeneous and uncertain multiagent nonlinear
systems in the output-feedback normal form with unknown active leaders. The problem is significantly
extended in this study because the follower agents may have arbitrary non-identical relative degrees, and
the communication topology can be directed. It is worth noting that the follower agents are general enough
to model physical systems such as mass-spring-damper systems, van der Pol oscillators, and single-link
robotic manipulators and have served as a typical class of multiagent nonlinear systems for distributed
output-feedback design (see [9,13,19]). The main contribution of the present study is twofold. On the
one hand, in sharp contrast to our previous work (see [20]) on a state-feedback design, we further develop
a Lyapunov-based dynamic output-feedback control law. In particular, an interesting integral input-to-
state stable (iISS [21]) nonlinear output-feedback design method can be established as an extended iISS
tracking control investigation in a generalized distributed control fashion (see [22,23]). On the other
hand, the present study allows a general uncertain nonlinear network with non-identical higher relative
degrees and directed communication topologies without adding any extra observer network, and thus
extends some results in the literature. To show the present study’s practical potential, a heterogeneous
network of mass-spring-damper systems with hardening springs is also given.

The rest of this paper is organized as follows. Section 2 introduces the formulation of the CGOR.
Section 3 elaborates the design procedure and Section 4 presents the cooperative global stabilizer, giving
rise to a solution to the CGOR. Section 5 gives an illustrative example and Section 6 concludes this
paper.

Notation & definition. || - is the Euclidean norm. Ry denotes the set of nonnegative real numbers. A
function o : Ry — Ry is of class K if| it is continuous, strictly increasing, and «(0) = 0; it is of class Koo
if it is of class K and moreover unbounded. Id denotes the identical K., function. The set of bounded
K functions is denoted by K¢, i.e., K° = K\Ks. A function 8 : Ry x Ry — Ry is of class KL if, for
each fixed s € Ry, (s, t) is continuous and decreases to zero as t — +o00, and for each fixed t € Ry,
B(-,t) € K. Given a € K, let O() be the set of functions:

O(a) 2 {r € K :limsup,_,+ ¥(s)/a(s) < oo, and limsup,_, . y(s)/a(s) < oo if a € K°}.

We use fi o fa(x) as the function composition fi(f2(z)) for functions f1, fa of compatible dimensions.
For a vector & € R™ for 1 < ¢ < N and an integer n; > 1, we use &3 € R for 1 < k& < n; to denote the
k-th element of the component &;.

2 Problem formulation

Consider a class of heterogeneous and uncertain multiagent nonlinear systems transformable into the
following form:

&y = Ay + gi(yi, v, w) + Biug, y; = Cixy, 1<i <N, (1)

where, for 1 <i < N, z; € R" is the state, y; € R is the output, u; € R is the control input, w € W C R"»
is the constant system parametric uncertainty, and v € R™ is the commanded reference and encountered
disturbances generated by an active leader system

U= S(U)Ua Yo = q(Ua w). (2)

Here, the leader system (2) can be unknown owing to the constant parametric uncertainty o € S C R"-.

For systems (1) and (2), some technical specifications are used throughout this paper. Both the sets S
and W are assumed to be compact and known. For 1 < ¢ < N, we assume that the relative degree r; > 2
and the matrix triplet (A;, B;, C;) takes the r;-dimensional Brunovsky normal form, i.e.,

Or,—
Az[ ! ) Bi:[oa"'aoal]Ta Cz:[]'aoavo] (3)

o 0




Wang X H, et al. Sci China Inf Sci  December 2021 Vol. 64 222202:3

For each o € S, all eigenvalues of S(o) are distinct with zero real parts and the leader (2) is invariant in
a known compact set V, i.e., v(t) € V, V¢t > 0. Functions g;(y;, v, w) and ¢(v,w) are polynomials in their
arguments y;, v with coefficients continuously depending on w.
Remark 1. System (1) is in the output-feedback normal form with a higher relative degree, which has
been widely studied in areas of nonlinear stabilization and consensus of multiagent nonlinear systems;
see [19,24,25] and references therein. By doing an equivalent transformation, many physical systems,
including van der Pol oscillators, mass-spring-damper systems with hardening springs, single link robotic
manipulators with one flexible joint, and one-degree-of-freedom Euler-Lagrange systems, can be trans-
formed into (1); see [24,26,27] for more physical systems. The conditions under which a nonlinear system
can be transformed into the output-feedback form were elaborated in [26].

The regulated output (to be unavailable in general) and local measurement for feedback design are
given by

N
ei =yi — q(v,w), em; = Zaij(?]i —y;), 1<i<N,
=0

respectively, with the weighted adjacency matrix [a;j]o<i,j<n corresponding to a communication digraph
G [28]Y. Let

N e

Z —o Gik, le:]a

H = [hijh<igen, hy 24 =F070 0 7

—aj, if i # j,

and it can be seen that

em=He, em2lem,...,emn]’, e2er,...,en]". (4)
The problem undertaken in this paper is formulated as follows.
Problem 1 (CGOR). For systems (1) and (2) with a communication digraph G, seek a controller of
the form:
Xi = fei(Xir€mi), wi = kei(Xi, emi), 1<i<N, (5)

such that for any [v(0)T, 6T, wT]T € D £V x S x W and any initial conditions z;(0) and x;(0) in their
entire spaces, the solution of the closed-loop system composed of (1) and (5) exists and is bounded over
the time interval [0, 00), and moreover, the regulated output e(t) satisfies lim;_,~ e(t) = 0.

Before the end of this section, we list two standing assumptions.

Assumption 1. The communication digraph G contains a directed spanning tree with the leader as
the root.

Assumption 2. For 1 < i < N, the number of oscillation modes in the function uf(,u) is fixed uniformly
in (v(0), o, w), where the function u}(u) is given by
Ox}

ov

(1)S(o)v = Az (1) + gi(q(v, w), v, w) + Biugi (), (6)
for some function x7(u) with u = [v7, 0T, wT]".

Assumption 1 imposes a necessary condition in multiagent systems with fixed communication topolo-
gies. It implies the existence of a diagonal matrix @ = diag(qi,...,qn) with ¢; > 0 such that

In —QH — HTQ (7)

is a negative definite matrix; see [29, Theorem 2.3, pp. 134]. The diagonal structure of matrix @ will
be used in the construction of certain non-quadratic Lyapunov function (see (36) later) for handling the
asymmetric Laplacian matrix £ of general directed communication graph G.

Since functions g;(y;,v,w) and ¢(v,w) are polynomials in arguments y;,v, Eq. (6) always admits
polynomial functions x} (1), uf (@) in v. By [30], Assumption 2 is equivalent to the fact that for 1 <i < N,

1) A communication digraph G = {V, €, A} is defined with node set V £ {0,1,2,..., N}, edge set £ C V x V, and weighted
adjacency matrix A £ laijlo<i,j<n, where a;; = 0, and a;; > 0 if (j,1) € €.
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there exist functions C; ;(v(0), w, o) # 0 for 1 <1 < s; with an integer s; > 1, and distinct constants w; ;,
1 <1 < s; such that

wr(p) = ZCi7l(U(O),w,a)eriflt, 72 =—1. (8)
=1

This fact assures certain (incremental) iISS property of the designed nonlinear internal model.
To facilitate the subsequent analysis, we briefly introduce the notions of input-to-state stable (ISS)
and iISS properties for the nonlinear system (see [21])

T = f(xvua :u(t))7 (9)

where 2 € R"= is the state, u € R is the control input, p(t) € D for all ¢ > 0 is the locally essentially
bounded signal ranging in the compact set D, and f is a smooth function with f(0,0, u(t)) = 0 for all
u(t). For the system (9), a smooth function V' : Ry x R™ — R, is called an iISS Lyapunov function
(with respect to state z and input w, robustly on p), if it satisfies that along trajectories of (9),

a(llzlh) < V(t2) <allzl), V < x(lul) - alzl), (10)

where o, @ € Koo, @ € K, and x € K. The system (9) is iISS if it has an iISS Lyapunov function satisfying
(10). Moreover, if « in (10) can be chosen to be of Ku, it establishes an ISS Lyapunov function. Note
that the iISS Lyapunov function requires the function « to be either bounded K° or unbounded Ko, while
the ISS one requires a to be merely a Ko, function. Thus, the iISS Lyapunov function is more general
than the ISS one.

3 Filtering, internal models and network augmentation

It is well known that the main idea for approaching CGOR is an effective problem conversion to an axillary
cooperative global robust stabilization problem. The latter one can be made more tractable than the
original CGOR. Specifically, this idea leads to a two-step design. In the first step, we address the problem
conversion by constructing a reduced-order input-driven filter and a nonlinear internal model, and then
performing a set of coordinate and input transformations for the so-called augmented system composed of
the original plant, the proposed filters, and internal models. In the second step, we successfully construct
a distributed stabilizer for the latter problem, eventually giving rise to a distributed controller for the
original CGOR. In this section, we show the detailed construction of the reduced-order input-driven filter
and the nonlinear internal model.

3.1 Local input-driven filters

Inspired by [23,31], for 1 < ¢ < N, we introduce a reduced-order input-driven filter taking the form:

& = A6 + Biu;, & €eR"T, (11)
where
PTI WAN | LIt B R I (12)
0l 0
with A; > 0. Thus, we can define the observation error as
0; = Li(z; — B;&;), 1<i<N, (13)

where Bz £ [[Az + )\iIri]Ti72Bi, ey [Az + AzIrl]Bz; BJ, .Z/z = [7di, L«ifl] and dz = [di,la ceey dm«ifﬂT S
R~ with dip = (ri — DNy dip = 3(ry — 1)(ri —2)A2,...,d;rm1 = A" ", Tt can be shown that
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where

F(yi,v,w0) = Ligi(yi, v, w) + ([diz2,. . diri—1,0]" — di1d;]y;,
—[ iy dipi—2) T | L2

—djr,—1 ‘ 0

F, =

Note that instead of directly estimating the agent state x;, by (13), we estimate L;z; = [z;2 —
dinTidy .-y i —dir—12:1)7 by using the signal output L;B;&; of the filter (11). Hence, the filter (11)
can be understood as a local individual reduced-order observer that achieves certain biased estimation of
the partial state [z 2, ..., T r,].

As a consequence, we obtain the filter extended system, comprised of (1) and (11), by the following
equations:

9.1' - erz + ff(yiavaw)v
yi = fi,l + gzy(eza yiavaw)a
§1:Af§’t+B'Loula 1<Z<N7 (15)

where ¢/ (0;,yi,v,w) = ¢i,1(yi, v, w) + 6; 1 + d; 1y;. Obviously, the CGOR for system (1) is equivalent to
that for the filter extended system (15).

3.2 Internal models

Notice that functions g;(y;,v,w) and ¢(v,w) are polynomials in arguments y;,v. Then, by [32, Lem-
mas 4.12 and 4.13], there exist smooth functions 0} (p), vy (1) and &/ (p), which are polynomials in v,
solving regulator equations:

%(”)S(U)“ = Fi07 () + 2y} (n),v,w),

%(“)S(U)” =& () + 92 (05 (), i (1), v, w),

O (WS oy = A9 (1) + BYui (),

0=vy;(n) —qlv,w), 1<i<N. (16)

Note that as in [8,16], uncertain functions £ (u) and u}(p) are necessary steady-state information to be
compensated. They have to be asymptotically reproduced by the so-called internal model.
By (8), the function &; 1(u) can be further expressed by

Si

s&m:EZT—QL——aAwmm@wm, (17

2 Tt
implying that the number of oscillation modes in the function &, (x) is fixed uniformly in (v(0), o, w).

Hence, by [32, Chapter 6] and [33, Chapter 2], with 7;(x) = [£]; (1), dgjt(u) e d‘gi;tsfzill(u)]q we have

Ti(p) = @i(p)Ti(p), &1 (1) = Viri(p) (18)
with

0 Isi—l

Qi(pi) = o o

1 — Lipl, W;=1[1,0,...,0]

for an uncertain vector p; = p;(c) and L; = [0,...,0,1]". Inspired by [20,34] and for each 1 <i < N, we
further define

nr () = [ () ()™ mre () ™1 (19)
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where 77 (1) = [m; — pi) "T; (), 0 (1) = T; i), and 17 () = mi — p; with T; = [[[m; — p,] " [®; +
LY, (e — po V[ @ + 16,1945, . .o [[ms — pi] T[®@i + Isi]CI)?'_l]T]T for a vector m; such that the matrix

0|7,
M; = | — Lm]
0] 0O
is Hurwitz?). Then, by (18), we obtain
17 (1) = @i(n} (1) + Gi&l1 (), (20)
where
_pra
¢ T
eitn) = | M+ Lzt |, Gi=|1,0,....0] (21)

— A (T nre — np®)

for a positive definite matrix A;. As an immediate consequence, it leads to an internal model candidate
(see [32]):

i = pi(mi) + Giin (22)
with n; € R2sit1,
To establish a tractable augmented system, we define functions I‘f =S [Cit,..,Dip—1)T and T¥ =S Lir,
by
Dio(ni) = i [Mi + Ling™ + L J[M; + Lin§t + ML) Q0 +1— ma®), 1<k <ri,  (23)

where 8; > max,, e (s (u):ueny [7:]1* and Q(¢) = % with v({) = e~ ¢ when ¢ > 0; v(¢) = 0 when
¢ < 0. Then, it can be verified that

& () =T5f (), wi(p) = TY 0} ()

With the aid of the internal model (22), the CGOR for the filter extended system (15) is then equiv-
alent to the cooperative global robust stabilization for the augmented system composed of the filter
extended system (15) and the internal model (22), with respect to the global output zeroing manifold

{055, €4, € i) + 0= 05 (1), mi =} (), ws = w5 (1), & = T5(ma), we =T (i)}
3.3 Coordinate/input transformations
For making the augmented system more tractable, we define the new coordinates (6;, s, €;, &, ;) with
0;=0; — 07 (), 7 =mi —n; () — Giei,
& =6 —T5(n;), @ =u;i — T} (m) (24)
Then, we can establish the following equivalent augmented system:
b = Fibi + f(ei, ),
i = .];‘77(7_71'7 0, €, 1),
€ = &1+ g; (0,7, €i, 1),
& = A6 + BYw + 55 (i, e, &1, 1), 1< <N, (25)
where

fif(em/f) = fze(el + q(U,UJ),U,U)) - ff(Q(vvw)avaw)a ~
Fi (i, 03, €iy 1) = @i (7 + 07 (1) + Gies) — @i(n; (w) — Gigl (0i €i, ),

2) Since the pair ([m; — pi] " [®; + I5,], ®;) is observable, the matrix T; is well-defined and nonsingular.
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5 (0i,mis ei, 1) = g} (0, €4, j1) + F§,1(7_h' +ni (1) + Giei) — F§,1(7lf(ﬂ))a
g7 (0i, €5, 1) = gia(ei + q(v,w),v,w) — gix(q(v,w),v,w) + 651 + di1es,
95 (M3 i1, 1) = AP (TS (7 + 0 (1) + Gies) — L5 (0 (1)),

/ . oy -
+ BP0 + 15 (1) + Gie) — T (nf ()] = [T (ma)s — 5 (0 (1)) (). (26)
Equivalently, with § = [Q_IT, ce 9%]T, n & L, ..., ﬁ%]T, e & le1,...,en]T, £ 4 [?, . ,f]rv]T, and
w2 [ty,...,ux]|T, we rewrite (25) in the following compact form:
9_:F9_+f0(9_,€,ﬂ),
"7 = 7/,7(777 97 e?/’[/),
e = Coé- + ge(e’ "77 e? /’1/),
€ = A% + B°u+ g (7, e, C°€, 1), (27)
Where7 for Short7 fe é [7]?T7 ... 7f]9\]T:|T7 fn é [7]/7T’ R 7f1/r\,/VT:|T’ ge é [gf’ R ,g?V]T’ gg é [g§T7 R 7g§vT:|T,

F £ diag(Fy,...,Fy), A° £ diag(AY,..., A%), B°® £ diag(BY,...,B%), C° £ diag(CY,...,C%) with
052[1’07"'70]1><(Ti*1)' B B

It can be shown that the augmented system (27) has an equilibrium point at (6,7, ¢e,&) = (0,0,0,0).
We can further define the cooperative global robust stabilization problem as follows.

Problem 2 (Cooperative global robust stabilization (CGS)). For the augmented system (25), seek a
smooth controller of the form:

U; = pi(emi7§_’i)7 (28)

such that the equilibrium point of the closed-loop system is globally uniformly asymptotically stable in
the sense that

ze (@) < B([[zc(0)]], 1), Vzc(0) € R™, VueD (29)

for B € KL, where z. = [T, 77, eT, 7T and n. = Zivzl 2(r; + s3).
According to output regulation theory [32], it is concluded that CGOR can be solved by

& = A% + Blu;,
i = pi(mi) + G,
as long as the auxiliary CGS for system (27) can be solved by a controller of the form (28). In this sense,

we say the CGOR (Problem 1) has been converted into the CGS (Problem 2). The remained question is
to find admissible nonlinear functions p; for 1 <7 < N in (28) so as to solve Problem 2.

4 Cooperative global stabilization for output regulation

In accordance with the preceding argument, it remains to solve the CGS for system (27) as described
in Problem 2. The key technical challenge, compared with the ISS dynamic uncertainties as in [9, 35],
lies in the fact that the augmented system (27) contains mixed ISS and iISS\ISS dynamic uncertainties
(6,7). Thus, as given in the forthcoming Lemma 1, we need to construct the corresponding ISS and iISS
Lyapunov functions and a tight growth condition. A recursive design is then performed for a systematic
design procedure of constructing a controller (28).

4.1 Mixed ISS and iISS\ISS dynamic uncertainties

To be more specific, we establish the following stabilizability result for the augmented system (27). For
the sake of completeness, the proof of Lemma 1 is shown in Appendix A.
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Lemma 1. Consider the augmented system (27) under Assumption 2. Then, both the following prop-
erties hold.

(i) There are an ISS Lyapunov function V; () and an iISS Lyapunov function V5(t,7) such that, along
the trajectories of (27),

a,[16]* < Va(9) < al6)f?, Vi < —a1Vi() +yialllel®), (31a)
ay([[7ll) < Va(t,7) < ax((|l]), Va < —az o Va(t,7) +v2a(lle]l®) +721V1(0), (31b)

where oy, @1, 1,721 > 0, Y14, Y24 € @(Id), and

— 625

ay(s) = In(1 + £ys?), as(s) = las?, an(s) = (32)
1+s
for some constants £, 6_2, ly > 0.
(ii) The (global) growth conditions
15°(0. 7, e, I* < dalllell*) + Gar1Vi () + daz 0 Va(t, 1), (33a)
1% (7, ¢, C°&, ) ||* < dpalllel?) + duz © Va(t,7) + ¢]|CO€|1? (33b)

hold for Das Pba € O(Id), Pa2, Gv2 € O(Oég), and ¢q1, 9p > 0.

Remark 2. Normally, when the dynamic uncertainties of the augmented system (27) are all ISS [9,35],
functions in the right side of the growth condition (33) can be made to belong to K, and usually be
further made to belong to K for simplicity. In contrast, from (31b), the dynamic uncertainty 7 satisfies
merely the iISS\ISS condition. Hence, the growth condition (33) has to be chosen much tighter in the
sense that those nonlinear functions associated with 7, i.e., ¢42 and ¢p2 have to be made to belong to
K° but not to K. Indeed, such growth condition is assured by the introduction of the function €(-) in
(23). The feature of this tighter growth condition is, as shown in Subsection 4.2, to ensure existence of
the nonlinear feedback controller by a recursive design.

4.2 Recursive design
For convenience, we define, for 1 <i < N,

E=1&0, &5 G=1 il

Ein =& — 0it(emis&ins-&ia1), 1<I<m—1 (34)
with

Qi,l(emi) = *Iii(emz‘),

[agi,l/aemi]Q =

0i2(emis &) = Ni€ig — (c+1)&i1 — o &ils
1—2
- - ~ ~ 0o de - [00 0 ~
0it(emis&its - &iim1) = Ni&ij—1 — 2&,1-1 — % ; ; bl 1/ in]? — &1
1—2
+ Z 00i1-1/0& k][~ Ni&ik + Eikra], 3<I< (35)
k=1
where ¢ > 0, € > 0, K;(s) = Ri(s)s is a smooth function %; > 1 that is even (i.e., R;(s) = Ri(—s)) and

increasing over [0, 400).
Theorem 1. Under Assumptions 1 and 2, Problem 1 can be solved by a controller of the form (30)

with p;i(emi, &) = 0ir (€mi, &) recursively given by (35).
Proof.  According to the argument presented in Section 3, it remains to show that the controller (28)
with p;(emi, &) = Oirs (€mi, &) solves Problem 2.

First, consider the e subsystem. Define

N emi
= Z Qi/ ki(s)ds, (36)

i=1 0
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where ¢; is as in (7), and &; is the same function as in (35). Since

N 1 N
Z iqze?n" = Z e'”“ mm (37)
i=1 i=1

Va(em) is a positive definite function, and is radially unbounded. It can be further shown that, along the
trajectories of the closed-loop system,

Vi = k(em)TQH[CE + §°(0, 7, €, )]
= k(em) T QH[—K(em) + C°¢ + g°(0,7, €, ), (38)

where k() 2 [k1(€m1), - - kn(emn)]T. In (38), by (7), we have

K(em) " QHA(en) = h(en) (QH + HTQ)r(en) > Llln(en)”
Moreover, by completing the squares and using (33a), we have
rlem)  QH|[C¢ +g°(0,7, ¢, )]
< ZlCem) | + 2AQHIPICE + 2N QHI [Bu(llel®) + G Vi ) + b 0 Va(t, )]

Consequently, it implies that
. 1 ~ = _
Va < =3lla(en)” + 31QHIZC7¢I* + BIQH [$allell®) + da1Vi(8) + daz 0 Va(t, 0)].

Second, consider the € subsystem under transformation (34). Let V;(£) = 5 Z ', &F&;, which, by (33),
satisfies

U < —el o6l — I+ rel|HIZIC7E + %0l + g (.. C°€. )
< [~ e HI? + 60)]ICOEI2 — I + Fe(1H I + du)lln(em)]?
b S Fe[ALHIP6u(el) + o] + 27l P61 (0)
b 5[4 H |60z 0 ValL,7) + 612 0 Valt,7)]

with 7 = maxlgigN(ri - ].)
Finally, let

V(t,0,7, em, €) = 11 Vi (8) + v2Va(t,77) + Va(em) + Vo (€) (39)
for some constants vq,v5 > 0 determined by (43) later. Then, by (31) and (37), it can be verified that
(10,77, em Ell) < V(£,8,7, em, €) < (][0, 7, em, €])) (40)

for some functions a,a& € K. Moreover, the function V satisfies that along the trajectories of the
closed-loop system,

) 1 - -
V<-l3- (IH|? + do)re] [[m(em)|I* +(llell?) = [ = FeIHI* + ¢s) — 3|QH|]|C¢]* — [|€]1?

_ 1
— [riar —1ev21 = 3|QH|*¢ar — 2| H|*Fegar1 ] Vi (0) — varz o Vo(t,7) + Teds2 0 Va(t, 1)
+ (31| QH | + 2[|H|*Te) paz © Va(t, ) (41)

with

1
Y(llell®) = vima(llel®) + varza(llell) + Bl QHIga(llell) + 20| H[*Teda(lle]*) + 5Tedba(lle])-
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Since ¢q2, Ppo € @(ag), by [20, Lemma A.3], there exists a constant v5 > 0 such that
_ N _ _
(BIQH|* + 2| H[*7e) @az 0 Va(t,7) + 57edna 0 Va(t, 1) < w3z 0 Va(t, 7).

Moreover, since Yiq, Y20, Pas Poa € @(Id), by [32, Lemma 7.8], it is easy to obtain a function }, written
as Kk} (s) = RF(s)s for some smooth even function £} > 1, such that

N
Y(llell?) = v([H ™ emll?) < ZHZ(@m)Q- (42)

Consequently, in (41), choose constants €, 11, 2, ¢ and the smooth function &; such that
P 1

€EX i o

A(IH1[* 4 ¢p)7

¢ > re2|H|” + o) + 3|QH| 1%,

1

a—(l’2’>’21 + 3| QH a1 + 2| H||*Fedar + 1),

1

1
§Ri(€mi) > R} (emi) + 1. (43)

ve =5+ 1,

vy =

Then, by (37), we obtain the dissipation inequality

V< *Vl(é) —az 0 Va(t,n) — agVa(em) — Vi(§) (44)
with o £ m. By (32), (39) and using inequality %= +b > liﬁrb for a,b € R, the above
dissipation inequality gives

. _ ~ €18
V< —ao Vit 0,0em,8). als) = 11—

. A min{l,l3,a.} max{l,aq}
with ¢; = max{1,v1,v2} min{1,v1,v2}"

Thus, by [36, Lemma 3.4 & Lemma 4.4], it can be shown that, there exists a function B(s,t) =
aloayto(agoa(s) e ) € KL with ag(s) £ se® such that, by (40),

1), 7(t), em (), EO)I < B(I(B(0),7(0), e (0), (O], 1).

Moreover, by (4) and (34), we can find functions a,,d@. € Koo such that a,(||zc]]) < |(6,7,em, )| <
ac(||zc|)), which completes the proof with B(s,t) = a; ' o B(ac(s),t).

Remark 3. Though the subsystems of system (1) are just in the representative output-feedback form, it
is of interest to note that our developed result can be extended to the more general output-feedback form
with extra various dynamic uncertainties; see [9] for ISS one and [22,37] for iISS ones. Such an extension
can be addressed in almost the same way as the one in the present paper except for a precise redesign
of k; by further taking the ISS or iISS properties of these extra dynamic uncertainties into account, and
thus, is not the main objective of this paper and omitted here.

A
and cg =

Remark 4. A relevant result can be found in [13] on an output-feedback controller for the multiagent
system (1) with a special constant leader, i.e., the reference yy is constant. From this viewpoint, the
present result extends that of [13] from constant leaders to unknown active leaders. Some efforts have
also been made to establish adaptive distributed observers; see [10]. For a comparison, in [10], the
dynamics of the leader is not required for each follower, and only the so-called informed followers need
to access full information of the leader dynamics.

4.3 Case study: controlling linear networks by nonlinear output-feedback

We show an impact of preceding result for an unknown leader-follower linear network. Let us consider
the linear single-input single-output network described by

Zi = Aizi + Biug, yi=Cizi, z € R, 0<i<N (45)
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with ug = 0. Suppose that each matrix triplet (A;, B;, C;) for 0 < ¢ < N takes the typical controllable
and observable form:

0 L. _
Ai:[ ‘ = 1’ Bi:[oa'--voal]Ta Ci:[1a07"'70]' (46)
Qi1 |A3,2, - - -5 Qs
Here system (45) is unknown in the sense that all the parameters a; 1,...,a;,, are unknown bounded

constants.
Similar to (35), for 1 <i < N, let

c? c?
kipn=-cilco+1+t), Kii=—(co+1+—N), (47)
2¢ 2e

1
kig = kig—1lig—1, lig—1 = 2—6(1%2,1,1 + KKl y) +2,
Kig = (lij—1 — Ni)[Kip—1, 1]+ [0, K ], 2<1i<r;—1

for constants ¢;,e > 0 for 0 < ¢ < N to be determined. In particular, without loss of generality, we
assume that the initial condition z((0) excites all oscillation modes of the leader dynamics.

Corollary 1. Consider network (45) under Assumption 1. Suppose that, for 1 < ¢ < N, characteri-
zation polynomials of the matrix pair (Ao, A;) are coprime. Then, Problem 1 for the linear unknown
network (45) can be solved by the controller

& = A% + Blu;, 1 = ¢i(m;) + Giin, (48)
Ui = ki py—1€mi + Kiry—1(& — Ff(m)) +T(m), 1<i<N

with k; »,_1 and K, ,,_1 given by (47).
Sketch of the Proof. The proof of Corollary 1 can be done by the following steps.

e First, by performing the coordinate transformation x; = Tjz; with T; £ [A;”'_lBi, ..., A;B;,B;] !
for 1 <4 < N, we obtain the linear case of the form (1), i.e.,

T = Az + By + Biug, yi = Cizg, 1 <i <N, (49)

where E; = T; A]* B;; see [38].

e Second, the rest of proof can be completed as a direct consequence of that of Theorem 1 and constants
ci,e >0 for 0 < i < N in (47) can be specified. The coprime condition on the matrix pair (Ao, 4;) is
used to assure Assumption 2.

For the above result on linear unknown networks, we note that the parameters of system matrices A;
for 0 < i < N are all unknown. In others words, the developed control is independent of those parameters.

Remark 5. It is known that when the active leader is known, a linear controller is enough to achieve
the control goal for linear networks. As shown in (48), the output-feedback design is essentially nonlinear
if it is the case of unknown active leaders. Thus such nonlinearity is basically necessary to cope with this
situation. In fact, by the internal model principle (see [32,39]), to achieve the CGOR, the leader dynamics
should be incorporated in any successful controller, thus leading to the nonlinearity under discussion.
Remark 6. Compared with [2], the present study is distinguished from the following aspects. First, the
active leader is allowed to be unknown and thus includes more general reference and disturbance signals.
Second, the linear network (45) is heterogeneous and uncertain, different from the simple single-integrator
or second-order multiagent systems as in [2]. Third, by introducing reduced-order input driven filters,
an output-feedback controller has been established, while the controller developed in [2] relies on agent
velocities besides the relative positions.

5 Illustration

In this section, we present an example to illustrate the developed method. Consider a heterogeneous
network of five mass-spring-damper systems with hardening springs, adopted from [40], described by

Vi +winYi + fi(yi, wiz, wiz) =u;, 1<i<5, (50)
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where y; € R is the output, u; € R is the controller, f;(y;,w; 2, w;3) £ w; 2Yi + wi,3y? denotes the
hardening spring, and w £ [wy 1,w1 2,W13,...,ws1,Wsa,ws3]T describes the parametric uncertainty
with Wik > 0.

We choose a reference signal yo = A,, cos(ot) for simulation. It can be easily shown that yo can
be exactly modeled by (2) with n, = 2, yo = v1, and v(0) = [A,,,0]T, to be unknown. Choose the
communication digraph specified by the matrix H = [1,0,0,—-1/3,-1/3;-1/2,1,0,0,—1/2;0,—-1/3,1,
-1/3,0;—-1/2,-1/2,0,1,0;0,0,—1/2,—1/2,1], which verifies Assumption 1. Assume that

WE {weRY¥:01<w <2, 1 <k<15},
S2{ceR:01<o<m/2}, VE{veR?*:01< o] <1}
By letting z; = [y;, 9 + wi1y:] T, we rewrite (50) in the form (1) with r; = 2. Note that using Euler’s
formula, we can express the function uw}(u) in (8) as
u:(u) _ wi,le]Jt + wiaefjo't + wi,Be](Bg)t + wi7467](30)t’

where ;1 = (Ao tw; o A+ 3 A3 03+ Jwi 1 A o), @2 = L(—Apo?+wi s A+ 3 A3 0% — jw; 1 Ao),
w3 = gAb, w4 = £ A3,. Clearly, all @; 1, @i 2, @i3,@;4 are nonzero for [v(0)T,w", 0] € V x W x S,
verifying Assumption 2. Thus, by Theorem 1, the tracking problem can be solved by a two-step design.

In the first step, by introducing the single-order filter & = —&; + u;, we obtain the filter extended
system of the form (15) with

30t —3y0t

ot —jot
w; 1€’ w; 207 w; 3¢ w;,4€

&= 1490 1—0 14 3j0 1-350

Then, we can construct a nonlinear internal model 7; = ¢;(n;) + G;& with ¢; specified by (21) for
si = 4, m; = [0.9999,2.7000, 3.4000,2.1000]T, L; = [0,0,0,1], A; = diag(5.21,5.21,5.21,5.21), and
G; = [1,0,0,0,0,0,0,0,0]T. Also, by definition, we conclude that |1 (u)|| < 50 for all p € V. x W x S,
leading to functions I‘f (n;) and T'¥(n;) in (23) with §; = 50. Thus, by performing the transformation (24),
we obtain the augmented system of the form (27). By a lengthy yet straightforward calculation as in the

proof of Lemma 1, we can find functions V() and Va(¢,7) in (31) such that
Vi < =Vi+570([el?), Vo< —as(Ve)+5(]e]+ Vi)

with vo(s) 2 3s + 5%, as(s) £ and the growth condition (33) satisfies

2 < 10]le]|* + 5Vi(0) + 8az o Va(t, 1),

15[e[|> + 10a2 o Va(t, 7) + 6|1

||ge(9_’ 7_’7 67 /’L)

<
1557, e, &, )| <

[
12
In the second step, note that ||H|| = 1.5224, @ = diag(3.1515,2.8048,1.7648, 3.4036, 2.5002), |QH|| =
4.9652. By (43), we can choose € = 1/40, ¢ = 75. Furthermore, by (42), we can choose k;(em;) =
30(5 + €2, )ems.
Based on the above two steps, we construct a distributed controller

&= —& +ui, ni=pi(m) + Gi&, (51)

Ok | 0emi)?
s = T + &~ T500) — (e + Dles — D50 + )] — 20T 16 1€ 4 )]
A simulation result is shown in Figures 1 and 2 with parameters (A4,,,0) = (0.8,27/5), (w; 1, w; 2,
w;3) = (2 —0.2¢,1+4 0.14,1 + 0.27), and a randomly generated follower output initial condition y;(0),
7:(0) =0, &(0) = 0, ;(0) =0 for 1 < i < 5. Our designed distributed controller achieves the tracking
control goal.

6 Conclusion

The CGOR for a class of heterogeneous and uncertain nonlinear multiagent systems was studied. For the
general directed dynamic networks in the presence of an unknown active leader, we presented a nonlinear
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Figure 1 (Color online) e¢; for 1 <4 < 5. Figure 2 (Color online) y; for 1 < ¢ < 5.

output-feedback design comprising three steps: filter design, internal model design, and stabilizer design.
Particularly in the stabilization step, we presented successful output-feedback for the augmented system
having mixed ISS and iISS\ISS dynamic uncertainties, which, eventually, gives rise to a solution to the
CGOR. Note that our control gains are dependent on the information of the Laplacian matrix. One
future direction is to further address distributed output-feedback design for the same problem with
measurement uncertainty; see [41] for a novel adaptive output-feedback stabilization design for a single
agent with measurement uncertainty.
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Appendix A Proof of Lemma 1
Appendix A.1 Proof of P1

First, consider 6 subsystem of (27). By the definition of the vector d;, we know that the characteristic polynomial of F; is (s+X;)"¢ !
with A\; > 0. So the matrix F; is Hurwitz. Thus, we have a positive definite matrix P; such that P; F; + F,L.TP,-, = —2I,,-1. Let
Vi(0) = Zivzl 0F P;0;, which satisfies that along the trajectories of (27),

N
512 5 — nan2 1 7 2| 70 2
o, 1012 < Vi0) < a0l Vi < —eaVa(0) + > 1PN F (eas )
i=1
for some constants a; = min;<i<n Amin(Pi), @1 = Max; i< N Amax(Pi), @1 = 1/a&1 with Amin(P;), Amax(P;) denoting the minimal

and maximal eigenvalues of P;. Further, since f? (e;, u) is a smooth function with f¢ (0, ) = 0 for u € D, by [20, Lemma A.1], we
have a function v1, € O(Id) such that

N
70
SOIPAEIF (eas i1 < vaallell®)
i=1
which verifies (31a).

Second, consider the 7 subsystem of (27). Note that the 7; subsystem is in the form of (10) in [20]. By [20, Proposition 3.1],
there exists a Lyapunov function Va; (¢, #;) such that

o (171 € Vai(t, 7)) < @2i(|l), Vai < —ani 0 Vai(t, 1) + Faall (Ai 1, i) || (A1)

with a constant 72; > 0, and

_ lo;8
agi(s) = In(1 4 £y;5%), Gizi(s) = Lais®, zils) =
for some constants £2i,l72i,€2,-, >0and Aj1 =€, Nj 2 = —§?(§¢,€¢,M)- Let Va(t,7) = Zivzl Vai(t, 0i), £y = minyicn £y O =

_ . N .
max; i< N f2i, and £2 = min; ;< n £2;. By using the inequalities Zi\{:l In(l4+a;) > In(1+ 1_[71\7:1 a;) and Zi\{:l 1121 > 1%;%
i=1%

for a; € Ry, it can be verified that

N
a, (17l) < Va(t,7) < @a(lall), > ozi o Vai(t, @) > az o Val(t, 7). (A2)

=1
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Further, since g;,1(e; + q(v, w), v, w) — gi,1(q(v, w),v,w) is a smooth function vanishing at e = 0 for p € D, by (26) and [20,
Lemma A.1], we have a constant 421 > 0 and a function ¥2, € O(Id) such that

N
Do Ngt B es, wI* < A210101% + F2a(llell®), (A3)
i=1

which implies (31b) with vo1 = &21g;1 maxi<;< N V2is Y2a(8) = maxi<i<n Y2i - [$ + Y24 (5)]-
Appendix A.2 Proof of P2

First, for 1 < ¢ < N, since both the functions Ff and I'}' are smooth and compactly supported, the functions Ff (s + nf (1) +
Gie;) — Ff(nf (1)) and T (775 + 17 (1) + Gies) — I} (n) (1)) are also smooth and compactly supported, vanishing at (7, e;) = (0, 0).
By [20, Lemma A.1], there exist functions ¢z, ¢ € K° N O(Id) such that

N
S ITS @+ () + Guea) = TS ()| + T3 i+ 0 () + Gae) = T3 (0} ()]

i=1

< Galllell®) + da2(Iall*).- (A4)

Second, by the compactly supported property of Ffl, by [20, Lemma A.1] again, it can be shown that
N ’ ’
. * . 2
ST )i = TF (0 )i ()|
i=1

N
<738 (7 + 0} (1) + Gied) - @i (@ + 0} () + Gies) — T8 (0} (1)) - s (0} (1))

i=1

N
+ 3 73||0 ( + nf () + Gies) - Gilaa (s + 0} () + Gied) — TF (0} (1) - GiTix (]} (1)) ||?
=1

N
+ 37 8|IT8 ( + ] (1) + Gied) - Giia?

i=1

< balllel®) + d2(llall®) + by - 1C7€NI (A5)

for some functions ¢a, da € K° N 6(Id) and a constant ¢, > 0.

Finally, let constants ¢4,1 = 2'?21g171, by = 2(1;b, and functions ¢, (s) = 2924(5) + 204 (5), Ppa(s) = 4(1 + maxi<i< N Xi)da(s) +
264 (5), daa(s) = 220 las ' (5)]?, ¢pa(s) = 4(1 +maxi<icn Ai)da(s) + 2o (s) for s > 0. Note that using [20, Lemma A.2], we have
ba2, dp2 € O(az). Then by (A3) and (A4), we obtain (33a), and by (A4) and (A5), we can obtain (33b). The proof is complete.
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