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Abstract This paper deals with the problem of fixed-time attitude tracking control for spacecraft subject

to model uncertainties and external disturbances. Firstly, by using a fixed-time extended state observer

(FxTESO), the synthetic uncertainties generated by external disturbances and model deviations can be es-

timated and compensated accordingly. We propose a novel FxTESO aimed to improve previous methods.

Compared with the existing extended state observer (ESO), the proposed FxTESO provides faster conver-

gence and higher accuracy. Then, we design a fixed-time adaptive attitude tracking controller based on the

strategy combining the FxTESO and fast non-singular terminal sliding mode control (FNTSMC), such that a

desired attitude can be achieved accurately, which does not only allow providing fast and accurate responses,

and acceptable chattering suppression, but also avoid singularity. Finally, the numerical simulation results

are discussed to verify the efficiency and merits of the proposed control strategy.

Keywords spacecraft, fixed time, attitude tracking, FxTESO, FNTSMC

Citation Zhang L J, Xia Y Q, Shen G H, et al. Fixed-time attitude tracking control for spacecraft based on a fixed-

time extended state observer. Sci China Inf Sci, 2021, 64(11): 212201, https://doi.org/10.1007/s11432-019-2823-9

1 Introduction

Recently, attitude control of spacecraft has been attracting great attention due to its potential applications
in space rendezvous and docking, spacecraft formation flying, deep space detection, and others [1–6].
Conventionally, there are two view-points on attitude control to be considered: attitude stabilization
control and attitude tracking control. The former corresponds to the situation when the attitude of
a spacecraft converges to desired constant values by applying the designed protocol [7–9]. In its turn,
attitude tracking control is used to make the attitude of a spacecraft converge to desired time-variant
values [10–12]. It should be noted that attitude stabilization control is a special form of attitude tracking
control. Therefore, the problem of attitude tracking control corresponding to spacecraft is more widely
considered among the researchers.

Moreover, this topic is important to investigate because a desired attitude can be achieved as soon
as possible by applying attitude tracking control for spacecraft appropriately. Various control meth-
ods, such as optimal control [13, 14], sliding mode control (SMC) [15], adaptive control [16], and robust
control [17, 18] have been discussed aiming to improve the performance of attitude tracking control. In
recent years, SMC, which is insensitive to parameter uncertainties and robust against bounded external
disturbances, has become one of the most widely applied control methods for spacecraft concerning the
attitude tracking control problem. It is well-known that the conventional SMC may cause the chattering
phenomenon. As a result, terminal SMC (TSMC) [19, 20] and fast non-singular TSMC (FNTSMC) [21]
technologies have been extensively used as the enabling technology to overcome this weakness and achieve
better performance compared with the traditional SMC method. It is worth mentioning that these pro-
posed SMC extensions allow ensuring finite-time convergence. In contrast to the asymptotical conver-
gence, finite-time convergence provides better system performance in terms of control precision, con-
vergence rate, and robustness. However, the convergence time depends on the initial conditions of the
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system, and the initial states are usually difficult to be obtained in advance [22–24]. Therefore, applying
fixed-time SMC (FxTSMC) as an attitude control approach of spacecraft is more feasible in theory and
practice.

It should be noted that the existing SMC schemes cope with the uncertainties in a robust way, which
means that the uncertainty attenuation ability can be achieved at the cost of its nominal control perfor-
mance. During the past several years, many researchers have devoted considerable efforts to investigate
and develop all kinds of observers aiming to improve the control precision under the sliding mode con-
troller [25–31]. For instance, by utilizing SMC, the extended state observer (ESO) has been developed
in [25], and the total uncertainties of the missile model have been estimated. In [26], to solve the tra-
jectory tracking problem for a flexible joint robotic system, a feedback linearization controller based on
ESO has been designed. In [27], the authors have considered the nonlinear attitude motion equations
of flexible spacecraft aiming to develop a sliding mode controller using ESO. Although in [25–27] the
analysis and proofs concerning ESOs have been presented, the proposed ESO has been able to ensure
only the asymptotical convergence, which indicates that the uncertainties have been fully estimated as
t → ∞. On the basis of the SMC scheme [28], the TSMC protocol [29], FNTSMC technology [30], and
high-order SMC scheme [31], the researchers have proposed four types of finite-time ESOs. However,
generally, the estimation time of the existing observers is related to initial estimation errors in [28–31].
Such situation is undesirable in practical spacecraft applications, specifically, when the initial observer
errors are considerably large. Therefore, it is necessary to design a novel ESO providing the fixed-time
convergence to establish spacecraft attitude control appropriately. In addition, as a result of developing a
well-tuned FxTESO, the estimation error is expected to be smaller than the original total uncertainties.
In [15,32], the observation errors have been compensated in a robust way, which implies that the system
stability can be achieved at reducing costs of the control accuracy. For this reason, it is an important
challenge to develop an adaptive control strategy based on FxTESO for spacecraft, which would not
only compensate the observation error, but also would converge to a small region corresponding to the
tracking error in a fixed time period.

Motivated by the above discussions, the key objective of the present study is to solve the fixed-time
attitude tracking problem under the designed protocols concerning the spacecraft attitude affected by
model uncertainties and external disturbances. The main contributions of the present paper can be
summarized as follows.

(i) The proposed FxTESO is designed to estimate the total uncertainties including the model un-
certainties and external disturbances and to ensure the fixed-time convergence by using the Lyapunov
method. Therefore, as a result of applying the proposed well-turned FxTESO, the estimation error is
expected to be smaller compared with the original total uncertainties. (ii) A novel adaptive controller
is developed by introducing the appropriately designed FxTESO and the FNTSM surface (FNTSMS) to
address the attitude tracking problem for spacecraft in the fixed time.

2 Problem formulation

Let us consider the dynamic and kinematic equations corresponding to the rigid spacecraft with external
disturbances as follows:







Jω̇ = −ω×Jω + u+ z,

˙̂q =
1

2
(q̂× + q̄I3)ω, ˙̄q = −

1

2
q̂Tω,

(1)

where J ∈ R
3×3, ω ∈ R

3, and u ∈ R
3 represent the symmetric inertia matrix, angular velocity, and

control input of the spacecraft system, respectively; z ∈ R
3 denotes the unknown differentiable external

disturbances. The unit quaternion q = [q̂T, q̄]T ∈ R
4 corresponds to the body frame of the spacecraft

and is restricted to q̂Tq̂+ q̄2 = 1, where q̂ = [q1, q2, q3]
T ∈ R

3 is the vector part and q̄ ∈ R is the scalar.
We suppose that qd = [q̂Td , q̄d]

T ∈ R
4 can be formulated to describe a desired reference frame of the

spacecraft, and then, the desired attitude motion can be modeled as follows:











˙̂qd =
1

2
(q̂×d + q̄dI3)ωd,

˙̄qd = −
1

2
q̂Td ωd,

(2)
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where ωd ∈ R
3 represents the desired angular velocity; ωd and ω̇d are assumed to be bounded. The

attitude tracking error qe = [q̂Te , q̄e]
T ∈ R

4 with q̂e = [q̂e1, q̂e2, q̂e3]
T ∈ R

3 denotes the relative attitude
error from the body frame to the desired reference frame. The corresponding rotation matrix is defined
as follows: C(qe) = (q̄2e − q̂Te q̂e)I3 + 2q̂eq̂

T
e − 2q̄eq̂

×
e , and the angular velocity error is denoted by ωe =

ω − C(qe)ωd. Then, the attitude tracking error can be expressed as
{

q̂e = q̄dq̂ − q̂×d q̂ − q̄q̂d,

q̄e = q̂Td q̂ − q̄q̄d,
(3)

where qe and qd satisfy ‖q̄eI3+q̂
×
e ‖ = 1, ‖qe‖ = 1, ‖q̂e‖ 6 1, and ‖qd‖ = 1, respectively. The corresponding

tracking error system can be derived as follows:






Jω̇e = −(ωe + C(qe)ωd)
×J(ωe + C(qe)ωd) + J(ω×

e C(qe)ωd − C(qe)ω̇d) + u+ z,

˙̂qe =
1

2
σ(qe)ωe, ˙̄qe = −

1

2
q̂Te ωe,

(4)

where σ(qe) = q̂×e + q̄eI3.
The key objective of the present study is to address the attitude and angular velocity tracking problem

of spacecraft affected by model uncertainties and external disturbances under a fixed-time adaptive con-
troller, such that the attitude and angular velocity tracking errors would converge to small region around
the origin, respectively.

Before providing the main results, the following assumptions and lemmas are formulated to facilitate
development of the fixed-time attitude tracking controller for spacecraft under consideration.

Assumption 1. Let the inertia matrix J = J0 + ∆J , with J0 being a known nonsingular constant
matrix, and ∆J being an uncertainty matrix.

Assumption 2. The disturbance d is assumed to be bounded as follows: |di| 6 d0 (i = 1, 2, 3), where
d0 > 0 is an unknown positive constant.

Lemma 1 ([33]). For xi ∈ R, i = 1, 2, . . . , n, 0 < h 6 1, then (
∑n

i=1 xi)
h 6

∑n
i=1 |xi|

h 6 n1−h(
∑n

i=1 xi)
h.

h > 1, then
∑n

i=1 |xi|
h 6 (

∑n

i=1 xi)
h 6 nh−1

∑n

i=1 |xi|
h.

Lemma 2 ([34]). For x̃ ∈ R, x̂ ∈ R, the following statements hold: x ∈ R and h > 1
2 . Let us define x =

x̃+x̂; then, the following inequality can be formulated: x̃x̂ = −x̃2+xx̃ 6
h
2x

2+ x̃2

2h−x̃
2 6 − 2h−1

2h x̃2+ h
2x

2.

Lemma 3 ([35]). If an n× n matrix P is real symmetric positive definite, then

λmin(P )‖x‖
2
6 xTPx 6 λmax(P )‖x‖

2,

where λmin(P ) and λmax(P ) are the minimum and maximum eigenvalues of a matrix P , respectively.

Lemma 4 ( [36]). Let us suppose that V1 and V2 are the continuous real-valued functions on R
n,

homogeneous with respect to ν of degrees l1 > 0 and l2 > 0, respectively, and V1 is positive definite.
Then, for every x ∈ R

n:

[

minz:V1(z)=1V2(z)
]

[V1(x)]
l2
l1 6 V2(x) 6

[

maxz:V1(z)=1V2(z)
]

[V1(x)]
l2
l1 .

Lemma 5 ([37, 38]). Let us consider the following nonlinear system formulated as follows:

ẋ = f(x, t), f(0, t) = 0, x ∈ U ⊂ R
n, (5)

where f : U ×R
+ → R

n is continuous on an open neighborhood U of the origin x = 0. The zero solution
of (5) is finite-time stable if it is Lyapunov stable and finite-time convergent in a neighborhood U0 ⊆ U
of the origin. Let us suppose that there is a Lyapunov function V (x, t) defined on U1 × R

+, where
U1 ⊆ U ∈ R

n in a neighborhood of the origin.
If there exist any real numbers λ > 0 and 0 < α < 1, and U1 ⊆ U such that

V̇ (x, t) + λV α(x, t) 6 0, x ∈ U1 \ {0},

then, the origin of system (5) is considered to be locally finite-time stable, and the settling-time is
estimated as follows:

Tr 6
V 1−α(x0)

λ2(1− α)
,
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Figure 1 The fixed-time attitude tracking control structure.

where V (x0) is the initial value of V (x, t).
If there exist positive parameters α, β, p, q, k, pk < 1, qk > 1, and 0 < δ <∞, such that

V̇ (x, t) 6 −(αV p(x(x, t)) + βV q(x(x, t)))k + δ,

then, the origin of system (5) is practical fixed-time stable, and the settling time indicates that T (x0) 6
1

αk(1−pk)
+ 1

βk(qk−1)
, ∀x0 ∈ R

n.

3 Attitude tracking control

In this section, we discuss the FNTSMC controller design for spacecraft subject to model uncertainties
and external disturbances. Figure 1 presents the fixed-time attitude tracking control structure, which
is composed of the FNTSMS (6), FxTESO (20), and the adaptive controllers (33)–(35). Subsection
3.1 outlines the details about FNTSMS constructed to ensure the tracking performance. Subsection
3.2 provides the description of the proposed FxTESO design aimed to estimate and compensate the
uncertainties generated by model uncertainties and external disturbances. Subsection 3.3 provides the
discussion on the adaptive control strategy designed to ensure that the closed-loop system based on the
FNTSMS (6) and FxTESO (20) is fixed-time stable.

3.1 Sliding mode surface design

In this subsection, the design of FNTSMS is described as follows:

S = ωe + 2k1σ
−1(qe)sig

r1(q̂e) + 2k2σ
−1(qe)Sau, (6)

where S = [S1, S2, S3]
T ∈ R

3; sign(·) denotes the sign function; sigᾱ(x) = |x|ᾱsign(x) with ᾱ > 0;
r1 = r11

r12
> 1, 0 < r2 = r21

r22
< 1, r11, r12, r21, and r22 are positive odd numbers; and k1 > 0, k2 > 0. Let

Sau = [Sau1, Sau2, Sau3]
T, where Saui is designed as follows:

Saui =

{

sigr2(q̂ei), if S̄i = 0 or S̄i 6= 0, |q̂ei| > φ,

ι1q̂ei + ι2sig
2(q̂ei), if S̄i 6= 0, |q̂ei| < φ,

(7)

where S̄ = ωe + 2k1σ
−1(qe)sig

r1(q̂e) + 2k2σ
−1(qe)sig

r2(q̂e); ι1 = (2 − r2)φ
r2−1; ι2 = (r2 − 1)φr2−2; and

φ > 0.

Lemma 6. Considering the attitude tracking error system (4) based on FNTSMS (6), let us assume
that there exists S = S̄ = 0, such that {q̄e(t) ≡ 1, ωe(t) ≡ 0} can be achieved in fixed time T0. Then,
the fixed time T0 is expressed as follows:

T0 6
2

(1 + r1)α
+

2

(1 + r2)β
. (8)
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Proof. If FNTSMS Si = S̄i = 0, we obtain

ωe = −2k1σ
−1(qe)sig

r1(q̂e)− 2k2σ
−1(qe)sig

r2(q̂e). (9)

According to (4), the ˙̂qe can further be expressed as follows:

˙̂qe = −k1sig
r1(q̂e)− k2sig

r2(q̂e). (10)

Let us construct the Lyapunov function as follows:

V0 =
1

2
q̂Te q̂e. (11)

Taking the derivative of V0, we can yield that

V̇0 = q̂Te
˙̂qe = q̂Te (−k1sig

r1(q̂e)− k2sig
r2(q̂e))

6 −k1

3
∑

i=1

(q̂2ei)
1+r1

2 − k2

3
∑

i=1

(q̂2ei)
1+r2

2 . (12)

Based on Lemma 1, it is possible to obtain that

3
∑

i=1

(q̂2ei)
1+r1

2 > 3
1−r1

2

(

3
∑

i=1

q̂2ei

)

1+r1
2

,

and

3
∑

i=1

(q̂2ei)
1+r2

2 >

(

3
∑

i=1

q̂2ei

)

1+r2
2

.

Then, we formulate the following

V̇0 6 −k13
1−r1

2

(

3
∑

i=1

q̂2ei

)

1+r1
2

− k2

(

3
∑

i=1

q̂2ei

)

1+r2
2

6 −αV
1+r1

2

0 − βV
1+r2

2

0 , (13)

where α = 2
1+r1

2 3
1−r1

2 k1, and β = 2
1+r2

2 k2. By considering Lemma 5, it can be observed that limt→T0
q̂e(t)

= 0, and limt→T0
ωe(t) = 0 in the fixed time. Furthermore, we can obtain that limt→T0

q̄e(t) = 1 or −1.
Considering the scenario of (q̄e, q̂e) = (−1,0), we show that (q̄e, q̂e) = (−1,0) is not a stable equilibrium

point in the reaching phase. Let us construct the following function as

V01 = q̂Te q̂e + (1 + q̄e)
2. (14)

Through the simple computation, we obtain that

V̇01 = 2q̂Te
˙̂qe + 2(1 + q̄e) ˙̄qe

= q̂Te (q̂
×
e + q̄eI3)ωe − (1 + q̄e)q̂

T
e ωe

= −q̂Te ωe

= q̂Te
(

2k1σ
−1sigr1(qe)(q̂e) + 2k2σ

−1(qe)sig
r2(q̂e)

)

6 3
1−r1

2 2k1

(

3
∑

i=1

q̂2ei

)

1+r1
2

+ 2k2

(

3
∑

i=1

q̂2ei

)

1+r2
2

. (15)

According to the Lyapunov instability theorem described in [39], it can be seen that (q̄e, q̂e) = (−1,0) is
not a stable equilibrium point, and therefore, we select (q̄e, q̂e) = (1,0) as an equilibrium point.
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It should be noted that r1 > 1, and 0 < r2 < 1; so that 1+r1
2 > 1, and 1

2 <
1+r2
2 < 1. By considering

Lemma 5, the objective {q̂e(t) ≡ 0, q̄e(t) ≡ 1, ωe(t) ≡ 0} can be guaranteed in fixed time T0.
Referring to Assumption 1, we can obtain the following:

J0Ṡ =(J −∆J)
(

ω̇e + 2r1k1σ
−1(qe)diag{|q̂ei|

r1−1} ˙̂qe + 2k2σ
−1(qe)Ṡau + 2k1σ̇

−1q̂r1e + 2k2σ̇
−1Sau

)

=− (ωe + C(qe)ωd)
×(J0 +∆J)(ωe + C(qe)ωd) + (J0 +∆J)(ω×

e C(qe)ωd − C(qe)ω̇d) + u+ d−∆Jω̇e

+ r1k1J0σ
−1diag{|q̂ei|

r1−1}σωe + k2J0σ
−1Eauσωe + 2k1J0σ̇

−1sigr1(q̂e) + 2k2J0σ̇
−1Sau, (16)

where

Eaui =

{

r2|q̂ei|
r2−1, if S̄i = 0 or S̄i 6= 0, |q̂ei| > φ,

ι1 + 2ι2|q̂ei|, if S̄i 6= 0, |q̂ei| < φ.

Consequently, Eq. (16) can be rewritten as follows:

J0Ṡ = F +G+ u, (17)

where

F =− (ωe + C(qe)ωd)
×J0(ωe + C(qe)ωd) + J0(ω

×
e C(qe)ωd − C(qe)ω̇d) + r1k1J0σ

−1diag{|q̂ei|
r1−1}σωe

+ k2J0σ
−1Eauσωe + 2k1J0σ̇

−1q̂r1e + 2k2J0σ̇
−1Sau,

G =− (ωe + C(qe)ωd)
×∆J(ωe + C(qe)ωd) + ∆J(ω×

e C(qe)ωd − C(qe)ω̇d) + z −∆Jω̇e

=(I3 −∆JJ−1)z − ω×∆Jω +∆JJ−1ω×Jω +∆JJ−1u. (18)

3.2 Fixed-time extended state observer design

In this subsection, we describe the design of FxTESO proposed to estimate and compensate the synthetic
uncertainties in the fixed time. Let us define coordinate transformation as J0S = x1. The extended state
x2, which is considered instead of the total uncertainty G, is added. Let g = ẋ2, and ‖g‖ 6 ḡ with ḡ
being a positive constant. The system model (17) can be further represented as follows:

{

ẋ1 = F + x2 + u,

ẋ2 = g(t),
(19)

where g(t) = [g1(t), g2(t), g3(t)]
T. Then, the second-order FxTESO is proposed as follows:

{

Ż1 = F + Z2 + u+ α1Λsig
o1(x1 − Z1) + β1(1− Λ)sigθ1(x1 − Z1),

Ż2 = α2Λsig
o2(x1 − Z1) + β2(1− Λ)sigθ2(x1 − Z1) + γsign(x1 − Z1),

(20)

where Z1 and Z2 approach J0S and G, respectively. α1, α2, β1, β2, and γ are the observer gains, with
γ > ḡ. Here, o1 = o ∈ (1− ε, 1); θ1 = θ ∈ (1, 1+ ε); o2 = 2o− 1; θ2 = 2θ− 1; and ε is a sufficiently small
number. The indicator function Λ satisfies the following rule:

Λ =

{

0, if t 6 T ∗,

1, if t > T ∗,
(21)

where T ∗ is the switching time, which depends on the observation error.
Let us define E1 = x1 −Z1, and E2 = x2 −Z2. Then, the observation error dynamics can be rewritten

as follows:
{

Ė1 = E2 − α1Λsig
o1(E1)− β1(1− Λ)sigθ1(E1),

Ė2 = −
(

α2Λsig
o2(E1) + β2(1− Λ)sigθ2(E1) + γsign(E1)

)

+ g(t).
(22)

Theorem 1. Let us consider the spacecraft system (4) based on FxTESO (20). There exist the appro-
priate observation gains α1, α2, β1, β2, and 0 < o < 1, θ > 1, such that E1 converges to zero in fixed
time T1 without the initial conditions for t > T1, and the observation error E2 converges to a small region
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ε1 within the fixed time t < Tc = T1 + T2. Then, the expressions of the convergence time can be defined
as follows:

T1 6
λmax(P )

λmin(Q)

2

1− o

(

θ − 1

2

2λmin(Q)

λmax(P )T ∗

)
1−o

1−θ

+ T ∗,

T2 6
ε1

γ − ḡ
,

(23)

where ε1 is a sufficiently small parameter.

Proof. Let us define ǫ = [[sig(E1)]
T, [sig

1
θ (E2)]

T]T, and E = [ET
1 , E

T
2 ]

T. With respect to (21), Λ = 0
if t 6 T ∗. Then, the error estimation equation (22) can be rewritten as follows:

{

Ė1 = E2 − β1sig
θ1(E1),

Ė2 = −β2sig
θ2(E1).

(24)

Let us define A ∈ R
6×6 as follows:

A =

[

−β1I3 I3

−β2I3 0

]

.

Then, there exists P = PT > 0, such that ATP + PA = −Q, and A is a Hurwitz matrix.
Let us construct the Lyapunov function candidate as follows:

V1(θ, ǫ) = ǫTPǫ. (25)

It holds that the observation errors E1 and E2 are asymptotically stable for θ = 1; namely, Ė = AE.
Taking the derivative of V1(1, ǫ), we can yield the following:

V̇1(1, ǫ) = ǫ̇TPǫ+ ǫTP ǫ̇ = ET(ATP + PA)E = −ETQE 6 0. (26)

By applying Lemma 3 and (25), we obtain the following:

V1(1, ǫ) 6 λmax(P )‖ǫ‖
2,

and

V̇1(1, ǫ) 6 −λmin(Q)‖ǫ‖2.

Therefore, it is possible to obtain that

V̇1(1, ǫ) 6 −cV1(1, ǫ), (27)

where c = λmin(Q)
λmax(P ) .

From the inequality V̇1(1, ǫ) < 0, it can be seen that V̇1(θ, ǫ) < 0 also holds, as noted in [40], implying
that the system (24) is asymptotically stable.

Moreover, it is possible to verify that the system (24) is homogeneous of degree θ − 1 with respect to
weights 1 and θ. Let f be the vector field of (24) that is homogeneous of degree 2. Therefore, according
to Lemma 4, the following inequality holds:

V̇1(θ, ǫ) 6 −cV
1+θ

2

1 (θ, ǫ).

When t = T ∗, the following condition for V1(θ, ǫ) is satisfied:

V1(θ, ǫ) 6

(

θ − 1

2

λmin(Q)

λmax(P )
T ∗ + (V1(θ, ǫ)|0)

1−θ

2

)
2

1−θ

6

(

θ − 1

2

λmin(Q)

λmax(P )
T ∗

)
2

1−θ

. (28)
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Λ = 1, if t > T ∗. The observation error system (22) can be rewritten as follows:
{

Ė1 = E2 − α1sig
o1(E1),

Ė2 = −α2sig
o2(E1).

(29)

Similarly, we construct another Lyapunov function as follows: V2(o, ǭ) = ǭTP ǭ, where

ǭ = [[sig(E1)]
T, [sig

1
o (E2)]

T]T.

It is possible to obtain that

V̇2(o, ǭ) 6 −cV
1+o

2

2 (o, ǭ). (30)

As o ∈ (1 − ε, 1), we note that V1(θ, ǫ)|T∗ is the initial condition of V2(o, ǭ). We observe that the
observation error converges to zero within fixed time T1 by applying Lemma 5 to (30), implying that
E1 = Ė1 = 0, for all t > T1. Then, the following equation defined in (22) can be further rewritten as
follows:

Ė2i = gi − γsign(E1i). (31)

It can be seen that if E2i → ε1, the above equation can be written as follows:

Ė2i = gi − γsign(E1i) = 0, for t > T1. (32)

Selecting a sufficiently small parameter ε1, we obtain that if (E1i)eq > 0, then Ė2i 6 ḡ − γ, and if

(E1i)eq < 0, then −Ė2i > γ − ḡ. Then, the observation error |E2i| converges to a small region ε1 in fixed
time T2.

Remark 1. It should be noted that the proposed FxTESO can provide a faster convergence rate
compared with the observer suggested in [25, 41, 42]. The term β1(1 − Λ)sigθ1(x1 − Z1) can be used to
improve the convergence performance owing to the application of a switching signal Λ = 0, when the
estimation errors are far away from the equilibrium. The term α1Λsig

o1(x1 − Z1) plays a major role
during the application of a switching signal Λ = 1, when the estimation errors are near the equilibrium.
Moreover, the upper bound of the estimation time is independent of the initial estimation errors. This
means that the estimation time can be obtained in a more convenient manner by tuning the observer
gains.

3.3 Adaptive controller design

Based on FNTSMS, FxTESO, and the previous analysis, we propose the following desired controller:

u = −(k3sig
r3(S) + k4sig

r4(S) + k5S + Z2 + F + uadp), (33)

where k3 > 0, k4 > 0, k5 > 0, r3 > 1, and 0 < r4 < 1. Let uadp = [uadp1, uadp2, uadp3]
T, where uadpi is

designed as follows:

uadpi =















Si
|Si|

ε̂1, if |Si| > ε0,

Si
ε20
ε̂21, if |Si| < ε0.

(34)

The adaptive update law is defined as follows:

˙̂ε1 = k0(‖S‖ − k6ε̂1), (35)

where k0 and k6 are constants; ε̂1 is the estimation of ε1; and ε̃1 = ε1 − ε̂1.

Remark 2. Considering the recent results on the ESO-based sliding mode finite-time attitude tracking
control for spacecraft [28–31], it has been shown that the unknown signal cannot be tracked completely
by the observer. It has been also shown that the convergence region is affected by the observation error
of the extended state observer. Therefore, an adaptive law is designed to compensate for the observation
error with the purpose not only to assure the tracking disturbance performance of the observer, but also
to guarantee the convergence performance to the sliding mode surface.
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Theorem 2. Considering the spacecraft system (19) using FNTSMS (6) and FxTESO (20), the trajec-
tory of the sliding surface S converges into ∆S in fixed time t 6 Tr = T1 + T2 + T3 under the controller
(33) and the adaptive law (35). Furthermore, the attitude tracking errors q̂ei (i = 1, 2, 3) converge to
region ∆1 in the fixed time, and the angular velocity errors ωei (i = 1, 2, 3) converge to region ∆2 in the
fixed time. The expressions of the convergence regions are defined as follows:

∆S = max(∆S1,∆S2), (36)

∆S1 = min

(√

2

λmax(J0)

(

η

τ1

)
1

1+r3

,

√

2

λmax(J0)

(

η

τ2

)
1

1+r4

)

,

∆S2 = min

(

ε0,
χ

k5

)

,

∆1 = max(φ, φ1), φ1 = min

(

r1

√

∆S

k1
, r2

√

∆S

k2

)

, (37)

∆2 = ∆S + k1∆
r1
1 + k2∆

r2
1 , (38)

and the fixed time T3 can be calculated as follows:

T3 6
2

τ2(r3 − 1)
+

2

τ1(1− r4)
, (39)

where τ1 = 3
1−r3

2 ( 2
λmax(J0)

)
1+r3

2 k3 and τ2 = ( 2
λmax(J0)

)
1+r4

2 k4.

Proof. The proof of the result can be performed according to the following two steps.
Step 1. In this step, we prove that the sliding variable S can converge to ∆S in the fixed time. The

Lyapunov function can be formulated as follows:

V3 =
1

2
STJ0S +

1

2k0
ε̃21. (40)

Taking the derivative of V3, we can obtain that

V̇3 = ST(F + x2 + u)−
1

k0
ε̃1 ˙̂ε1

= ST(−k3sig
r3(S)− k4sig

r4(S)− k5S − Z2 + x2 − uadp)−
1

k0
ε̃1 ˙̂ε1. (41)

For the case of |Si| < ε0, substituting the (34) into (41) yields the following:

V̇3 6− k3S
Tsigr3(S)− k4S

Tsigr4(S)− k5S
TS + ‖S‖‖E‖ −

[

(

‖S‖

ε0
ε̂1 −

ε0
2

)2

+ ‖S‖ε̂1 −
ε20
4

]

− ‖S‖ε̃1 + k6ε̃1ε̂1

6− k3S
Tsigr3(S)− k4S

Tsigr4(S)− k5S
TS −

(

‖S‖

ε0
ε̂1 −

ε0
2

)2

+
ε20
4

+ k6ε̃1ε̂1. (42)

Considering Lemma 2, we can obtain that

ε̃1ε̂1 6 −
2λ− 1

2λ
ε̃21 +

λ

2
ε21.

Eq. (42) can be rewritten as follows:

V̇3 6− k3S
Tsigr3(S)− k4S

Tsigr4(S) +
ε20
4

+
λk6
2
ε21



Zhang L J, et al. Sci China Inf Sci November 2021 Vol. 64 212201:10

6− τ1V
1+r3

2

3 − τ2V
1+r4

2

3 + η, (43)

where η =
ε20
4 + λk6

2 ε21, τ1 = 3
1−r3

2 ( 2
λmax(J0)

)
1+r3

2 k3, and τ2 = ( 2
λmax(J0)

)
1+r4

2 k4.

According to Lemma 5, we conclude that FNTSMS converges to the region ∆S1 when |Si| < ε0.
For the case of |Si| > ε0, Eq. (41) can be rewritten as follows:

V̇3 6− k3S
Tsigr3(S)− k4S

Tsigr4(S)− k5S
TS + ‖S‖‖E2‖ − ‖S‖ε̂1 − ε̃1‖S‖+ k6ε̃1ε̂1

6− k3S
Tsigr3(S)− k4S

Tsigr4(S)− k5S
TS + k6ε̃1ε̂1

6− k3S
Tsigr3(S)− k4S

Tsigr4(S)− k5S
TS −

k6(2λ− 1)

2λ
ε̃21 +

λk6
2
ε21. (44)

Therefore, the trajectories of S, ε̃1 are bounded when |Si| > ε0.
We construct the Lyapunov function as: V4 = 1

2S
TJ0S. Differentiating V4 yields the following:

V̇4 6− k3S
Tsigr3(S)− k4S

Tsigr4(S)− k5S
TS + ‖S‖ε̃1

6− k3S
Tsigr3(S)− k4S

Tsigr4(S)

6− τ1V
1+r3

2

4 − τ2V
1+r4

2

4 . (45)

Based on (45), we assume that |ε̃1| 6 χ, and then the fixed-time stability holds when ‖S‖ > χ
k5
.

Therefore, we conclude that S converges to ∆S2.
Based on Lemma 5 and the above analysis, for the case of |Si| < ε0, FNTSMS converges to the region

∆S1. In the case of |Si| > ε0, FNTSMS converges to the region ∆S2. Furthermore, we can conclude from
the aforementioned analysis that the sliding variable S converges into the small region ∆S in the fixed
time according to the proposed adaptive FNTSM controller law (33).

Step 2. Here, we demonstrate that the attitude errors q̂ei (i = 1, 2, 3) can converge to region ∆1 in the
fixed time, and the angular velocity errors ωei (i = 1, 2, 3) can converge to region ∆2 in the fixed time.

Case 1. If S̄i = 0 (i = 1, 2, 3), we obtain that the global position q̂i → 0 ∈ ∆1 and velocity tracking
errors ωei → 0 ∈ ∆2 converge to zero in fixed time T0 according to Lemma 6.

Case 2. If S̄i 6= 0, and |q̂ei| 6 φ (i = 1, 2, 3), it means that q̂ei has converged to a small area
|q̂ei| 6 φ ∈ ∆1 in the fixed time. Based on (6), we obtain that ˙̂qei+k1sig

r1(q̂e)+k2(ι1q̂ei+ι2sig
2(q̂ei)) = ψi,

ψi ∈ ∆S , i = 1, 2, 3. It follows that: ˙̂qei = |k1sig
r1(q̂ei)|+ k2|ι1q̂ei + ι2sig

2(q̂ei)|+ |ψi| 6 ∆2. Therefore, it
confirms that ω̇ei also converges to the region | ˙̂qei| 6 ∆2.

Case 3. If S̄i 6= 0, |q̂ei| > φ, then

˙̂qei + k1sig
r1(q̂e) + k2sig

r2(q̂ei) = ψi, ψi ∈ ∆S , (46)

which is equivalent to the following:

˙̂qei +

(

k1 −
ψi

sigr1(q̂ei)

)

sigr1(q̂ei) + k2sig
r2(q̂ei) = 0, (47)

or

˙̂qei + k1sig
r1(q̂ei) +

(

k2 −
ψi

sigr2(q̂ei)

)

sigr2(q̂ei) = 0. (48)

When k1 −
ψi

sigr1(q̂ei)
> 0, or k2 −

ψi

sigr2(q̂ei)
> 0, the above equation has same expression of (10). Applying

Lemma 6, it can be concluded that the tracking error q̂ei converges to the region |q̂ei| 6 ∆1 in the fixed
time, and ˙̂qei converges to the region | ˙̂qei| 6 ∆2 in the fixed time.

Remark 3. It should be noted that by adjusting the parameters (such as r3, r4, k1, k2, k3, k4), the
ranges of convergence regions for S, ê and ωe can be derived. Among the parameters, r3, r4, k1, k2,
k3, and k4 are crucial and important, as they have considerable effects on achieving the better control
performance. The convergence region ∆S can be adjusted by selecting the parameters r3, r4, k3, and k4.
The convergence regions of the attitude and angular velocity tracking errors can be varied by adjusting
the control parameters k1, k2, r1, and r2. It follows from (37) and (38) that by selecting the larger
parameters k1 and k2 the convergence region ∆1 could be decreased and the convergence region ∆2 could
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be increscent. Moreover, it is seen from (39) that the convergence time can be defined in advance by
selecting the parameters r3, r4, k3, and k4. Consequently, from the above rationale, we can conclude that
the design parameters have the significant influence on the control performance of the proposed system,
while the selection of parameters requires considering the system requirements comprehensively.

Remark 4. It should be noted that among the controller parameters mentioned in (33), k3 and k4 are
the crucial and important parameters that have a significant effect on the control performance. It follows
from (33) and (39) that the larger k3 and k4 are selected, the faster convergence time can be obtained,
and at the same time, the larger control energy may be required. Therefore, a certain tradeoff between
the convergence time and control energy needs to be achieved in practice.

4 Simulation

In this section, we discuss the control performance of the proposed controller (33)–(35) based on FNTSMS
(6) and FxTESO (20) and compare it with that of the controller suggested in [41].

In the simulation, the initial conditions of attitude quaternion and angular velocity are selected as

q(0) = [0.3, − 0.2, − 0.3, 0.8832]T,

and
ω(0) = [0, 0, 0]T rad/s.

The initial desired unit quaternion is formulated as qd(0) = [0, 0, 0, 1]T, and the desired angular velocity
is defined as follows:

ωd(t) = 0.05

[

sin

(

πt

100

)

, sin

(

2πt

100

)

, sin

(

3πt

100

) ]T

rad/s.

Furthermore, the inertia matrix of the spacecraft is selected as follows:

J0 =









20 1.2 0.9

1.2 17 1.4

0.9 1.4 15









kg ·m2,

and

∆J =









2 0 0

0 2 0

0 0 3









kg ·m2.

The external disturbance is defined as follows: z(t) = [0.01sin(0.1t), 0.02sin(0.2t), 0.03sin(0.3t)]T.

4.1 The performance of the proposed controller

In this subsection, the efficiency of the proposed controller (33) based on FNTSMS (6) and FxTESO (20)
is illustrated. The observer gains corresponding to FxTESO (20) are the following: α1 = 3; β1 = 15;
α2 = 1.5; β2 = 7.5; o1 = 0.9; θ1 = 1.01; when |E1i| > 0.01, and Λ = 0. The parameters associated with
FNTSMS (6) are defined as: k1 = 2; k2 = 0.2; r1 = 11

5 ; and r2 = 11
19 . The controller parameters are set

as: k3 = 3.3; k4 = 20; k5 = 0.001; r3 = 11
5 ; and r4 = 11

19 .
Figure 2 shows the trajectories of the disturbances and observers exhibiting that FxTESO (20) has

the acceptable performance in terms of estimating the total uncertainty G.
Figure 3 illustrates the trajectories of the sliding surface (6). It can be seen that the system trajectory

is driven onto the sliding surface and finally converges to a small region near the origin.
The input control signal is presented in Figure 4, which demonstrates that the undesired chattering

can be reduced efficiently by applying estimation and compensation through FxTESO (20). Furthermore,
Figure 5 depicts the attitude tracking errors qei (i = 1, 2, 3, 4), and Figure 6 outlines the angular velocity
tracking errors wei (i = 1, 2, 3). These figures show that the attitude and angular velocity tracking errors
converge to small regions in finite times, respectively.
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Figure 2 (Color online) The response of the estimated uncer-

tainties corresponding to FxTESO combined with FNTSMS.

Figure 3 (Color online) Sliding mode surface.
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Figure 4 (Color online) The input control. Figure 5 (Color online) Attitude tracking errors correspond-

ing to the FNTSMC law.
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Figure 7 (Color online) Adaption law of observation.

The adaptive parameter ê2 is presented in Figure 7, which confirms that the adaptive law (35) has the
appropriate performance on the observation error.

Based on the above simulations results, we conclude that a preferable control performance in terms of
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Figure 8 (Color online) The comparison of observation errors under the controller (33) and the controller in [41]. (a) E21;

(b) E22; (c) E23.

attitude tracking can be achieved by the controller defined according to (33) based on FxTESO (20) and
FNTSMS (6) in the presence of model uncertainties and external disturbances, simultaneously.

4.2 Comparison of the two controllers

To further confirm the superiority of the performance in terms of higher precision, faster convergence rate,
and better disturbance rejection of the proposed controller (33) based on FxTESO (20) and FNTSMS (6),
we compare it with the controller developed in [41]. To perform a fair comparison, the same parameters
as for the control method in [41] are set as follows: α2 = 1.5; β2 = 7.5; and k1 = 2. The comparison
results are presented in Figures 8–12. Figure 8 demonstrates the comparison results corresponding to the
observation errors. It is observed that the proposed FxTESO (20) provides a faster convergence rate and
higher convergence accuracy compared with those of [41]. The system trajectory is driven onto the sliding
surface and finally converges to the origin, which is illustrated in Figure 9. It is found that compared
with the linear sliding mode in [41], the convergence time of the proposed FNTSMS is faster, while the
chattering can be reduced efficiently. The input control signals are depicted in Figure 10, indicating
that the undesired chattering can be reduced successfully by applying estimation and compensation
via FxTESO, compared with the controller suggested in [41]. Figures 11 and 12 show the comparison
results corresponding to the attitude tracking errors êi (i = 1, 2, 3) and angular velocity tracking errors
ωei (i = 1, 2, 3) obtained for the proposed controller (33) and the one suggested in [41]. It is observed that
the controller (33) provides a faster and more accurate response, as well as better chattering suppression.

From the results presented in Figures 8–12, we conclude that the FNTSMC controller (33)–(35) based
on FNTSMS (6) and FxTESO (20) allows achieving better control performance in terms of the faster
convergence rate, better disturbance rejection, stronger robustness, and higher precision compared with
the control law suggested in [41].
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Figure 9 (Color online) The comparison of S corresponding to the controller (33) and the controller in [41]. (a) S1; (b) S2;

(c) S3.
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Figure 10 (Color online) (a) The u corresponding to the controller (33); (b) the u corresponding to the controller in [41].

5 Conclusion

In the present paper, we consider the fixed-time attitude tracking control problem for spacecraft affected
by model uncertainties and external disturbances. The FNTSMC controller has been developed on the
basis of FNTSMS, FxTESO, and the adaptive law. The differentiable uncertainties have been estimated
and compensated by using the proposed FxTESO, which considers the actuator inertia uncertainties and
external disturbances as extended state variables. Moreover, the FNTSMC scheme has been designed
to ensure the closed-loop system stability by considering the Lyapunov theory. It has been proved that
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Figure 11 (Color online) The comparison of the attitude tracking errors corresponding to the controller (33) and the controller

in [41]. (a) qe1; (b) qe2; (c) qe3.
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the proposed FNTSMC scheme makes the tracking error converge to a small neighborhood of zero in the
fixed time. The efficiency of the proposed control law has been verified by conducting theoretical analysis
and simulation experiments.
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