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Dear editor,
This study researches the pth moment exponential stability
of general discrete-time nonlinear stochastic system
xk+1 = Fk (xk , ωk ), Fk (0, ·) ≡ 0.

(1)

Since Lyapunov initiated his stability theory, stability analysis has been one of the most important research topics
in mathematics and modern control theory. Up to now,
apart from the study of the stability of ordinary differential
equations (ODEs), stochastic stability has also been extensively investigated [1–5]. The monographs [1, 2] were about
stochastic stability of continuous-time Itô systems; however,
there are few studies on the stability of stochastic difference equation (1). In particular, it seems that there has
been no systematic monograph on stability of stochastic difference equations corresponding to continuous-time Itô systems. Difference systems become more and more important
at present. Firstly, because it is almost impossible to obtain the analytical solution of continuous-time stochastic Itô
equations, one has to search for numerical solutions, which is
in fact a discretization process. Secondly, discrete-time systems are ideal models in engineering modeling [6]. Hence, it
is very valuable to study the stability of stochastic difference
equation (1). Below, we review the newly development in
stochastic stability of difference systems.
In [7], we presented a discrete stochastic LaSalle invariance principle for stochastic system (1), which generalized
the classic LaSalle invariance principle to discrete stochastic
systems. Ref. [8] investigated the pth moment exponential
input-to-state stability (ISS) of affine discrete-time impulsive stochastic delay systems with state-dependent noise,
and some pth moment exponential ISS criteria were provided. In [9], asymptotic stability in probability of the following stochastic system
xk+1 = fk (xk ) + gk (xk )ωk
was discussed. Different from stochastic Itô systems [1–3],
we can find that most criteria on discrete stochastic stability

are given via stochastic inequalities rather than deterministic inequalities, where the mathematical expectation of the
system state [8] or conditional mathematical expectation [9]
was involved, which makes the judging criteria more difficult
to be verified.
This study presents a pth moment exponential stability
criterion for the general nonlinear stochastic system (1). By
introducing an efficient difference operator ∆Vk (x), which
only contains the mathematical expectation of the white
noise process {ωk }k∈N , a sufficient condition for pth moment exponential stability of the system (1) is given via
some deterministic function inequalities that can be easily
tested. Our main result can be viewed as a discrete version of pth moment exponential stability of stochastic Itô
systems [1, 2].
Notations. Rn : n-dimensional real vector space; N :=
{0, 1, 2, . . .}; kxk: 2-norm of a vector x ∈ Rn ; A′ : the transpose of the matrix or vector A; E: the mathematical expectation operator.
Problem statements. Consider the following discrete-time
time-varying nonlinear stochastic difference system
(

xk+1 = Fk (xk , ωk ),

Fk (0, ·) ≡ 0,

k ∈ N := {0, 1, 2, . . .}, x0 ∈ Rn ,

(2)

where x0 is, without loss of generality, assumed to be the
deterministic initial state, xk , k ∈ N , are the Rn -valued
state variables, {ωk }k∈N is an independent Rl -valued random variable sequence defined on a complete filtered probability space (Ω, F , {Fk }k∈N , P) with Fk := σ(ωs , s =
0, 1, . . . , k − 1), F0 = {φ, Ω}. Fk : Rn × Rl 7→ Rn is a
continuous function for each k ∈ N . To introduce our main
result, we first define pth moment exponential stability for
system (2).
Assumption 1.

E|Fk (x, ωk )|p < +∞, p > 0.

Definition 1 ([1, 2]). The trivial solution xk ≡ 0 of the
stochastic difference system (2) is said to be pth moment
exponentially stable, if there exist two positive constants λ

* Corresponding author (email: w hzhang@163.com)
c Science China Press and Springer-Verlag GmbH Germany, part of Springer Nature 2020

info.scichina.com

link.springer.com

Jiang X S, et al.

Sci China Inf Sci

and C such that
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=−

Ekxk kp 6 Ckx0 kp e−λk , k ∈ N , p > 0.

(3)

When p = 2, the trivial solution xk ≡ 0 of the stochastic
difference system (2) is said to be exponentially stable in
mean square.
For system (2), we define the difference operator as
∆Vk (x) := EVk+1 (Fk (x, ωk )) − Vk (x).

(4)

Under Assumption 1, ∆Vk (x) is a deterministic function,
which involves only the mathematical expectation of ωk ,
and such an important feature differs from the previous literature, where ∆Vk (xk ) was used to test stochastic stability. It should be pointed out that it is easier to test
∆Vk (x) < 0(6 0) than ∆Vk (xk ) < 0(6 0), because ∆Vk (xk )
contains the mathematical expectation of the state xk .
The following lemma is well known in stochastic processes, which is called the smoothness of the conditional
mathematical expectation; see [7] and the reference therein.
Lemma 1. If Rn -valued random variable ξ is independent of the σ-field G, and Rd -valued random variable η is Gmeasurable, then for any nonnegative function f : Rn ×Rd 7→
R+ ,
E[f (ξ, η)|G] = E[f (x, η)]|x=ξ ,

k3
Vk (xk ),
k2 + k3

almost surely,

(7)

where the second equality is due to Lemma 1. Taking the
mathematical expectation on both sides of (7), it gives that
EVk+1 (xk+1 ) = EVk+1 (Fk (xk , ωk ))
k2
EVk (xk ).
6
k2 + k3

(8)

Using (8) repeatedly, it follows that
EVk (xk ) 6



k2
k2 + k3

= εk V0 (x0 ),
where 0 < ε =

k2
k2 +k3

k

V0 (x0 )

< 1. By condition (5),

V0 (x0 ) 6 k2 kx0 kp ,
so
EVk (xk ) 6 εk k2 kx0 kp ,

p > 0.

(9)

Still by condition (5),
k1 kxkp 6 Vk (x),

∀x ∈ Rn ,

which implies that

almost surely.

Main result. Our main result is the following theorem.

k1 kxk kp 6 Vk (xk ), almost surely, k ∈ N .

Theorem 1. If there exist a positive definite and continuous Lyapunov function sequence {Vk (x)}k∈N on N × Rn ,
and three positive constants k1 , k2 and k3 , such that

Taking the mathematical expectation on both sides of (10)
and considering (9), we have

k1 kxkp 6 Vk (x) 6 k2 kxkp

(5)

(10)

k1 Ekxk kp 6 EVk (xk ) 6 εk k2 kx0 kp ,
which yields that

and
Ekxk kp 6 εk

∆Vk (x) = EVk+1 (Fk (x, ωk )) − Vk (x)
6 −k3 kxkp ,

(6)

then system (2) under Assumption 1 is pth moment exponentially stable.
Proof. By (5), −Vk (x) > −k2 kxkp . Hence,
−k3 Vk (x) > −k3 k2 kxkp .
So
−k3 kxkp 6 −

k3
k3
Vk (x) 6 −
Vk (x).
k2
k2 + k3

In view of the condition (6), we further have
∆Vk (x) 6 −k3 kxkp 6 −

k3
Vk (x).
k2 + k3

On the other hand, because Vk (x) is a continuous function,
xk is Fk -adapted, and ωk is independent of ωk for all k ∈ N ,
it follows that
E[Vk+1 (Fk (xk , ωk ))|Fk ] − Vk (xk )
= E[Vk+1 (Fk (xk , ωk )) − Vk (xk )|Fk ]
= E[Vk+1 (Fk (x, ωk )) − Vk (x)]|x=xk
= ∆Vk (x)|x=xk
6−

k3
Vk (x)|x=xk
k2 + k3

In (11), if we set C =
0 < ε < 1), then
Ekxk kp 6 εk

k2
k1

k2
kx0 kp .
k1

(11)

> 0, λ = − log ε > 0 (due to

k2
kx0 kp = Ckx0 kp e−λk .
k1

This theorem is hence proved.
From Theorem 1, we can find that, in the study of pth
moment exponential stability, K-function is not necessary
to be used as in other stochastic stabilities such as Theorem
2.2 of [2] on page 111.
In particular, for the linear stochastic difference system
xk+1 = Axk + Bxk ωk ,

x 0 ∈ Rn ,

k ∈ N,

(12)

where {ωk }k∈N is a one-dimensional independent white
noise sequence, Eωk = 0, Eωk2 = 1, Eωi ωj = 0 for i 6= j,
Theorem 1 leads to the following corollary.
Corollary 1.
(12), if

For the linear stochastic difference system
A′ P A + B ′ P B − P < 0,

then system (12) is exponentially stable in mean square.
Proof. Set Vk (x) = x′ P x. This corollary can be directly
derived from Theorem 1.
To illustrate the effectiveness of Theorem 1, we give the
following example.
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Example 1. We consider a one-dimensional stochastic
time-varying difference system
xk+1 = xk sin(kxk )ωk ,

x0 ∈ R,

(13)

where {ωk }k∈N is an independence random variable sequence with Eωk4 = 0.5. Set Vk (x) = x4 . Obviously, Vk (x)
satisfies (5), i.e.,
k1 x4 6 Vk (x) 6 k2 x4
for any 0 < k1 6 1 and k2 > 1. In addition,
∆Vk (x) = EVk+1 (Fk (x, ωk )) − Vk (x)
= x4 [sin(kx)]4 Eωk4 − x4
= 0.5x4 [sin(kx)]4 − x4
6 −0.5x4 ,

∀x ∈ R.

So condition (6) also holds. According to Theorem 1, system
(2) is the 4th moment exponentially stable.
Conclusion. This study has presented a theorem on pth
moment exponential stability for system (2), which can be
viewed as a discrete version of Theorem 4.4 of [2] and Theorem 5.11 of [1] about continuous-time Itô systems. Because
conditions (5) and (6) are easily verified, Theorem 1 is more
applicable in practical computations. We believe that, following the proof line of Theorem 1, some previous results
such as Theorems 1 and 2 in [8] can be further improved,
which remains to be our future work.
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