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Dear editor,

Fundamental matrix estimation from point correspondences
is a basic problem in computer vision and robotics. It is
applicable in many areas, such as visual servoing (vision-
based control) and structure-from-motion when the camera
is uncalibrated. In computer vision, the fundamental matrix
under general motion has been studied extensively [1], while
in robotics, visual navigation methods are widely used [2],
and the simplified fundamental matrix with fewer degrees of
freedom than the fundamental matrix under general motion
has been investigated. The reason for the simplified funda-
mental matrix is that mobile robots have their own motion
characteristics, e.g., they often operate on floors (indoor)
or roads (outdoor); thus, their motions can be considered
nearly planar or locally planar [3].

To address outliers (i.e., mismatches) in practice, min-
imal solvers combined with robust estimation algorithms
such as the random sample consensus (RANSAC) algo-
rithm [4] are typically adopted. The number of iterations
required for RANSAC increases exponentially with the re-
quired number of minimal point correspondences [4]. There-
fore, the design of minimal solvers is very important in real
systems. The commonly used minimal solver for the fun-
damental matrix under general motion is the seven-point
method [1]. However, this method is not appropriate for
planar motion cases (the accuracy and efficiency of the fun-
damental matrix estimation are degraded). In addition, a
linear six-point method for estimating the fundamental ma-
trix under planar motion has been proposed [5]; however,
it is not a minimal solver and considers the rank constraint
via singular value decomposition (SVD) correction.

In this study, to solve the minimal solver problem un-
der planar motion, a four-point minimal solver is proposed
to estimate the fundamental matrix, which directly incor-
porates all constraints under planar motion. Combining the
proposed minimal solver with RANSAC enables much faster
and more accurate estimation of the fundamental matrix un-
der planar motion than using existing methods. A detailed
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comparison of the proposed and existing methods is given
in Appendix A.

Methodology. As shown in Figure 1(a), the camera moves
on the X Z plane with unknown three-dimensional (3D) fea-
ture points. The fundamental matrix F' takes the following
form [5]:

0 f1 fa
F=K™TTIyRK '=|f 0 fi|, (1)

fs fo fr
where K = K’ are the camera intrinsic matrices corre-
sponding to the two views, R is the rotation matrix, T is the
translation vector between the two views, and fi, fa,..., f7

are unknown scalars.

Here, consider four corresponding image points, i.e.,
{(ps,P})li = 1,...,4}, where p; = (us,v4,1)T and p; =
(uf,vf, 1)T. Then F satisfies the following [1]:

p;'Fp; = 0. (2)

According to (1) and (2), the following can be derived:

Af =0, 3)
where
uiv] up viw) vy uf V)1
A= c ]R4><77 (4)
ugvy ug vauy vg ulf vy 1
and f = [f1, f2,..., f7]T € R7. Here, F{, F}, and F} are

vectors that span the right null space of A. The three vectors
correspond to three 3 X 3 matrices F, Fa, and F3, respec-
tively, and the fundamental matrix must be of the following
form:

F=:)3F1+yF2+ZF3, (5)
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Figure 1

Angle rotating around the X-axis (degrees)

(Color online) (a) Illustration of camera movement; (b) logio of E, using noise-free data for general 3D scene (planar

camera motion); (¢) E, under different noise levels for general 3D scene (planar camera motion); (d) E, under different noise
levels for planar scene (planar camera motion); (e) performance of different methods for increasing non-planar camera motion;
(f) runtime of four different methods with eight-, seven-, six-, and four-point correspondences.

where x,y, z are unknown scalars. The fundamental matrix
is defined up to a scale factor, and it is assumed that z = 1.
Thus, we obtain the following:

F =xFy +yF> + Fs. (6)

Constraint 1. The fundamental matrix F' satisfies the fol-
lowing singularity constraint:

det(F) = 0. (7)

Constraint 2. Assume that K’ = K (e.g., monocular im-
ages). Then, the fundamental matrix F' should satisfy the
following constraint [1]:

F+F7T
det (%)

Further, we obtain the following:

0.

det(F + FT) = 0. 9)

Inserting equation (6) into constraint equations (7) and
(9) produces two polynomial equations of degree three in
unknowns x, y:

Clz%, 2%y, ay?, %, 2% 2y, 2, 2,9,1]T =0,  (10)

where C € R2X10 is the coefficient matrix comprising the
elements of Fy, F», F3. Note that the polynomial equations
(10) can be solved efficiently by the automatic generator
method [6]. In total, there are nine complex solutions; how-
ever, we are only interested in real solutions. The steps of
the proposed four-point method are summarized in Algo-
rithm 1.

Algorithm 1 Fundamental matrix estimation by proposed four-
point method

Step 1: Given four-point correspondences {(p;,p})|i
1,...,4}, obtain A using (2)—(4);

Step 2: Compute right null space of matrix A and obtain the
corresponding F', Fy, F3;

Step 3: With Fi, F», F3, compute coefficient matrix C in (10)
(Appendix B);

Step 4: Solve (10) using the automatic generator method [6]

and obtain z, y;
Step 5: Recover fundamental matrix F' according to (6).

Ezperiments. The numerical accuracy of the proposed
method for a camera under planar motion with randomly-
generated 3D scene points is shown in Figure 1(b). Similar
to that shown in [7], the estimation error is computed as
follows:

e ey ~ |
B, =minmin | ||— — —||,
K IEN 11

7+ =al)

] " F

where F is the ground truth and {F;} are the estimated fun-
damental matrices. It is known that the proposed four-point
method deals with the general 3D structure case success-
fully (similar results can be obtained for the planar structure
case).

To demonstrate the superiority of the proposed method,
we compare it with the six-point [5], seven-point, and eight-

(11

point [1] methods. Gaussian noises with mean value p = 0
and standard deviation o varying from 0 to 1 pixel are added
to the image points. The results are shown in Figures 1(c)
and (d). As can be seen, four-point and seven-point meth-
ods outperform the six-point and eight-point methods in the
general structure case. Note that the six-point, seven-point
and eight-point methods fail in the noise-free planar struc-
ture case; however, the proposed four-point method works
in this case. In addition, in the presence of noise, the pro-
posed four-point method is more accurate and robust than
the other methods.
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Next, it is interesting to investigate what occurs if planar
motion assumption is invalid. Here, add a varying amount
of angular rotation around the X-axis to the camera motion.
Gaussian noise with p = 0 and o = 0.5 pixel is added to the
image points. Figure 1(e) shows that the performance of
the proposed four-point method and the six-point method
decreases quickly under non-planar motion because they are
designed according to the planar motion assumption. How-
ever, the number of good estimations (F, < 0.001) obtained
using the proposed four-point method is greater than that
obtained using the other methods with about two degrees
of non-planar motion. Note that an angular change of one
degree means a change of 2% in steepness for roads, which
is rather uncommon [8].

The computation efficiency of the four methods is in-
vestigated. The experiments are performed using Matlab
2011b running on a desktop computer (Intel Core Processor
at 3.2 GHz). Figure 1(f) shows that all four methods run
very quickly with similar computation time. Appendix C
compares the results of the four methods combined with
RANSAC for real images.

Note that the seven-point and eight-point methods are
designed for general motion. The four-point method out-
performs these methods for planar or near-planar motion
because it exploits all available geometric constraints of the
problem. In addition, the four-point method outperforms
the six-point method because it directly enforces the rank
two constraint of the fundamental matrix (not by SVD cor-
rection).

Conclusion. We have proposed a four-point minimal
solver to estimate the fundamental matrix. The proposed
method directly incorporates all constraints under planar
motion. The experimental results demonstrate that the pro-
posed method works for both planar and non-planar struc-
ture cases. Moreover, in the presence of noise when the cam-
era undergoes planar or near-planar motion, the proposed
method is more accurate and robust than state-of-the-art
methods. Combining the proposed method with RANSAC
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enables us to determine the fundamental matrix under pla-
nar motion more accurately in the presence of outliers.
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