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Appendix A Related works

The 8-point method [1] can be used to estimate the fundamental matrix when the number of points N > 8. It first
involves solving a set of linear equations without considering the singularity constraint of the fundamental matrix. Then
the singularity constraint is enforced by singular value decomposition (SVD) correction. The 7-point method [1] is a minimal
solver and is only applicable when N = 7, which enforces the singularity constraint directly. It is often used with the random
sample consensus (RANSAC) algorithm to deal with outliers. Both the 8-point method and the 7-point method are designed
for general motion. The 6-point method [2] can be used to estimate the fundamental matrix under planar motion when
N > 6. Similar to the 8-point method, the 6-point method enforces the singularity constraint by SVD correction. The
proposed 4-point method is a minimal solver designed for planar motion and is only applicable when N = 4. Similar to
the 7-point method, it enforces the singularity constraint directly. Note that the importance of the singularity constraint is
pointed out in [3]. A detailed comparison of the four different methods is shown in Table Al.

Table A1 Comparison of the four different methods.

Method Singularity constraint Planar-motion constraint Motion type Minimal solver

8-point posteriorly enforced Not exploiting general motion No

7-point directly enforced Not exploiting general motion Yes

6-point posteriorly enforced Exploiting planar motion No

4-point directly enforced Exploiting planar motion Yes
Appendix B Definition of coefficient matrix C € R2x10

Suppose that we have got

0 a1 a2 0 b1 bs 0 c1 c2
Fi= a3 0 ag |, Fa2=|b3 0 by | ,F3=1|¢c3 0 cq |- (B1)
as ag ay bs be b7 cs5 C6 C7
Then
0 a1z + b1y +c1 axx + bay +c2
F=2F; +yF2+F3 = | asz + b3y +c3 0 asr +bay+ca | - (B2)

asx + bsy + c5 aex + by + c6 arr + bry +cr

According to the first constraint det(F) = 0, we can rewrite this constraint equation as

|:C(17 1)7 C(17 2)7 et C(17 10)}[‘,1/‘37 x2y7xy27 y37x27xy7 y27x7 y7 l}T = 0' (B3)
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Therefore, we can get

C(1,1) = arasaas — a1azar + a2asae

C(1,2) = araabs + a1asbs + asasby — arasby — ar1a7bs + azazbs + azaebs + azasbs — azarbi
C(1,3) = a1babs + asb1bs + asb1bs — a1b3br + azbzbs — azb1br + azbabe + agb2bz — arbibs
C(1,4) = b1bsbs — brbsby + babsbg

C(1,5) = ara4cs + arasca + agasc1 — arazcy — ararcs + az2a3ce + azapc3 + azagce — azarcy
C(1,6) = a1bacs + arbsca + aabics + asbsci + asbica + asbaci — a1bzer — arbres + azbscs

+ agbgcz — azbicr + azbace + azbgca — azbrcr + agbacs + agbszca — arbics — arbzer

C(1,7) = bibacs + bibsca + babsci — bibzer — bibres + babscs + babges + bsbgea — babrer

C(1,8) = aicacs + ascics + ascica — arc3er + a2¢3ce — azcicr + azcace + agc2c3 — arCic3

C(1,9) = bicacs +bacics + bscica — bicser + bacgee — bacier + bacace + bgeacs — breics
C(1,10) = cicacs — cicser + cacsce.

Similarly, according to the second constraint det(F + FT) = 0, we can get

C(2,1) = 2aj1a2a4 — 2&%&7 — 2a%a7 + 2a1a2a6 + 2a2a3a4 + 2a1a4as — 4aiazar + 2asa3a6 + 2a1asa6
+ 2a3aqas + 2azasag

C(2,2) = 2a1a2bs — 2a§b7 - 2a%b7 + 2a1a4bs + 2a2a4b1 + 2a1a2bg + 2a1aebs — 4aiarby + 2aa3bs
+ 2a2a4b3 + 2a2a6b1 + 2aza4bs + 2a1a4bs + 2a1a5b4 4+ 2a4a5b1 — 4a1a3by — 4daiarbs + 2az2a3bg
+ 2asagbs + 2azagbs — 4azarby + 2a1as5be + 2a1a6bs + 2aza4bs + 2azasby + 2a4a5b3 + 2a5a6b1
— 4aszarbs + 2aszasbg + 2azagbs + 2asaebs

C(2,3) = 2a1baby — 2a7b3 — 2a7b? 4 2a2b1bg + 2a4b1ba — 4a1biby + 2a1babe 4 2a2b1bs + 2a2b3by
+ 2a3bobd + 2a4bobs + 2agb1b2 + 2a1b4bs + 2a4b1bs + 2a5b1bs — 4a1b3by + 2a9b3bg — 4azbi by
+ 2a3babg + 2agbabs — 4arb1bs + 2a1b5bg + 2a3b4bs + 2a4b3bs + 2a5b1bg + 2a5b3by + 2a6b1 b5
— 4a3bsb7 + 2a3bsbg + 2a5b3bg + 2a6b3bs

C(2,4) = 2b1b2bs — 2b§b7 - 2b§b7 + 2b1b2bg + 2b2b3ba + 2b1babs — 4b1b3br + 2b2bzbe + 2b1bs5bg + 2b3babs + 2b3bsbg

C(2,5) = 2a1a2c4 — 2a§C7 — 2&%87 + 2a1a4c2 + 2az2a4c1 + 2a1asc6 + 2a1agc2 — 4ajarcy + 2azascy
+ 2a2a4c3 + 2a2agc1 + 2a3a4c2 + 2a1a4cs + 2a1a5¢4 + 2a4a5¢1 — 4darazer — dararcs + 2az2a3cq
+ 2a2agc3 + 2azagca — 4dazarcy + 2a1asc6 + 2a1a6cs + 2a3aqcs + 2az3ascq4 + 2a4a5c3 + 2a5a6c1
— 4aszarcs + 2azascg + 2azagces + 2azaec3

C(2,6) = 2a1baca + 2a1baca + 2a2b1ca + 2a2bsct + 2a4bica + 2aabaci — 4arbier + 2a1bace + 2a1bsca
— 4a1brc1 + 2a2bicg + 2a2bszcq + 2a2bgcs + 2a2bger + 2azbacy + 2azbsco + 2a4bacs + 2a4bsco
+ 2agbica + 2agbacy — 4arbicy + 2a1bgcs + 2a1bscq + 2a4bics + 2a4bsc1 + 2a5b1cq4 + 2as5bsc1
— 4a1bgcr — 4arbres + 2a2bsce + 2a2bgcs — daszbicr + 2azbacg + 2azbgeo — 4agbrer + 2agbacy
+ 2agbzce — 4arbics — 4darbzey + 2a1bsce + 2a1bges + 2azbacs + 2a3bscq + 2a4bscs + 2a4bscs
+ 2asbicg + 2asbzcy + 2asbscs + 2asbge1 + 2agbics + 2agbsc1 — 4dazbscer — 4aszbres — 4arbscs
+ 2a3bsce + 2asbges + 2asbscs + 2as5bgcs + 2asbscs + 2apbsc3

C(2,7) = 2bybacy — 2b3¢y — 202 ¢y + 2b1byca + 2babgcy + 2b1bacs + 2b1bgea — 4bybrey + 2babscy
+ 2babgcs + 2babger + 2bsbyca + 2b1bycs + 2b1bscq + 2babsc1 — 4b1bser — 4bibres + 2babscg
+ 2bobges + 2b3bgca — 4bsbrcr + 2b1bscg + 2b1bges + 2bsbacs + 2bsbscy + 2babscs + 2bsbgct
— 4bsb7cs + 2bsbscg + 2bgbges + 2bsbges

C(2,8) = 2aicocq — 2a7c§ — 2a7c§ + 2asc1cq4 + 2a4c1c0 — 4ajcier + 2a1cace + 2a2¢1c6 + 2asc¢3¢4
+ 2ascacy + 2a4c2c3 + 2agc1c2 + 2a1c4c5 + 2a4c1 05 + 2a5c1¢4 — 4aiczer + 2a2c3c6 — 4ascier
+ 2ascacg + 2agc2c3 — 4darcics + 2a1c5¢c6 + 2ascacs + 2a4c3c5 + 2asc1¢6 + 2a5c3¢4 + 2a6c1 05
— 4asczcr + 2aszcsce + 2asc3c6 + 2agc3cs

C(2,9) = 2bjcacqa — 2b7c§ — 2b7c§ 4+ 2bscicq + 2bscico — 4bicicr + 2bicacg + 2bacicg + 2bacsca
+ 2bzcacy + 2bgcacs + 2bgeico + 2bicacs + 2bgcies + 2bscicq — 4biceser + 2bacscg — 4bscier
+ 2bszcaceg + 2bgeacs — 4brcics + 2bicseg + 2bzcacs + 2bgczes + 2bsc1cg + 2bscscq + 2bgercs
— 4bscscr 4 2bscscg + 2bsczcg + 2bgeses

C(2,10) = 2c1cca — 20%07 — 20%67 + 2ci1cac6 + 2cac3cq 4+ 2c1cq405 — dereser + 2cac3c6 + 2c165¢6 + 2¢3¢405 + 2¢3¢5C6.



Qiang Fu, et al. Sci China Inf Sci 3

Appendix C Real experiments

Three images acquired from a camera mounted on a vehicle moving on a plane (available at https://urlc.cn/Eb55BNH)
are used in the real experiments. Six fundamental matrices can be obtained from these images. For each image pair, after
building tentative matches by matching SIFT points [4], potential outliers are removed through RANSAC combined with
the proposed 4-point method or the 7-point method. Then the fundamental matrix is estimated from all correspondences
classified as inliers using the normalized 8-point method [1]. As for the evaluation criterion, the root-mean-squared (RM.S)
error is used, i.e.,

1 & (x;Tin)2
E = | =
RS = 2 T T @+ €T @R
where ¢ = Fx;, ¢ = FTx!. Besides, (ﬁ)J2 and (5’)3 denote the square of the j-th entry of the vector £ and £’ respectively,
and n is the number of correspondences classified as inliers.

The computation efficiency of the 8-point method, the 7-point method, the 6-point method and the proposed 4-point
method combining with RANSAC is also investigated for the above real images. Experiments were performed by Matlab
2011b running on a desktop computer (Intel Core Processor at 3.2GHz). From Table C1, it can be concluded that when
combined with RANSAC, the proposed 4-point method is more accurate than the other methods for the real images. The
RANSAC running time of the proposed 4-point method is a little larger than that of the 8-point method and the 6-point
method, but is much smaller than that of the 7-point method.

(C1)

Table C1 Performance of different methods for the real image pairs.

Method RANSAC running time (ms) Eruvs
8-point 25.8 1.6996
7-point 649.4 1.6708
6-point 18.1 1.7482
4-point 59.8 1.5648

Note that RANSAC is usually used with a minimal solver. The 8-point method and the 6-point method are not minimal
solvers and their results are listed here for the purpose of comparison. The 4-point method combined with RANSAC gives
better accuracy than the other methods because it is the minimal solver for planar motion and is more effective to deal
with outliers.

Note that the calculation complexity of the methods combined with RANSAC can be roughly analyzed as follows.
Suppose that the number of input image points is N and the number of RANSAC iterations is Njte,r. Then the overall
calculation complexity of the four methods combined with RANSAC is [5]

Complexity =0 (Niter (Cfitting + chzs)) ) (CQ)

where Cyitting is the cost associated to compute the fitting of the fundamental matrix from s matched points (s = 8,7,6,4
in this paper), and Cy;s is the cost associated to compute the geometric error of the fundamental matrix with respect to
each pair of image points.
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