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Abstract Applying an event-triggered protocol, this paper proposes a distributed H∞ filter design for

nonlinear perturbed systems under fading measurements with random topology. Nonlinearities in this system

obey the one-sided Lipschitz constraint, which embraces the conventional Lipschitz condition as a special case.

The sensor network allows random variations of the interconnection strengths between adjacent nodes, and

the connection coefficient is determined as the product of a constant and a stochastic variable with a known

probabilistic feature. To reduce the unnecessary data transmission and efficiently use the limited bandwidth,

the transmissions are orchestrated by an event-triggered regulating strategy. A stochastic bounded real

lemma is established for the resulting error dynamics. Based on the presented matrix decomposition, which

removes the direct coupling between the statistical information of interconnection strengths and the filter

gain, the distributed H∞ filter gain can be explicitly expressed and easily solved. The usefulness of the

theoretical method is demonstrated in a simulation study.
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1 Introduction

A sensor network is a complicated networked system of many sensor nodes that perform sensing/measur-
ing, data processing, and communication. A wireless sensor network is a cutting-edge technology with
distinctive features including low cost, high scalability, and self-organization. Owing to these advantages,
wireless sensor networks have been deployed in surroundings monitoring, battle-field surveillance, indus-
trial and agricultural productions, and various other applications [1–3]. A distributed filtering/estimation
framework in a sensor network has specific spatial characteristics that are preferred over the centralized
scheme, because the distributed strategy can use the information from a given sensor node and its ad-
jacent nodes in the estimation/filtering task [4]. In recent years, solutions to estimation/filtering design
problems over sensor networks have attracted much interest [4–10].

In practical applications, information is distributed over a public communication channel with lim-
ited bandwidth, causing undesirable networked-induced phenomena such as data losses and disorders,
transmission delays, and non-ideal measurements. As these anomalies inevitably lead to performance
degradation [4, 11, 12], many researchers have investigated distributed estimation/filtering in networks
flawed by these unfavorable effects. Liang et al. [13] considered the distributed estimation problem
in systems subjected to randomly occurring nonlinear uncertainties and missing measurements. They
modeled the distribution of missing measurements by a Bernoulli-type stochastic variable, and designed
the corresponding filter by assessing the feasibilities of convex optimization problems. Similarly to [13],
Wang et al. [14] investigated the distributed filtering of positive systems with Bernoulli-distributed imper-
fect measurements and sector-bounded nonlinear uncertainties. The distributed filtering and estimation
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problems for systems with fading measurements described by stochastic sequences with known statistical
information were studied in [5, 15, 16].

The unsatisfactory phenomena in network settings are primarily caused by the contradictory needs to
increase the data-transmission volume and cut down the communication bandwidth occupancy. When
the communication constraints are specified in advance, this dilemma is efficiently solved by reducing the
transmission quantities or frequencies, which notably reduces the occupancy rates of the communication
resources. Data transmissions are commonly regulated by time-triggered communication protocols [17–
22] and event-triggered transmission policies [4, 9, 23–26]. In communication protocols based on time
triggering, only the ‘selected’ data (a subset of all data) will be admitted to the communication channel
at each instant. In contrast, event-triggered-based policies do not require data transmission at each
instant. An event-triggered scheduling framework permits signal transmission only when the variations
in measurement data are sufficiently large, or data transmissions at other instants without notable changes
are forbidden. In this framework, the communication resources are not always occupied and are available
for other network users [4,23,27,28]. The event-triggered scheduling strategy can efficiently operate under
the communication constraints of large scale spatially distributed systems [4, 9, 29–32].

The systems in practical applications are frequently perturbed by nonlinearities, which degrade the
dynamic performance and probably also lead to instability. In the existing literature, nonlinearly per-
turbed functions are usually constrained by the standard Lipschitz conditions, which are easily expressed
as certain quadratic constrained forms [33–35]. Unlike the normal Lipschitz restriction satisfying the
so-called two-sided inequality, the one-sided Lipschitz condition does not require a positive Lipschitz
constant. Consequently, the one-sided Lipschitz type nonlinearity constraint is more general than the
classical Lipschitz restriction [34]. The adaptive distributed consensus control problem has been consid-
ered for one-sided Lipschitz nonlinear multi-agents systems with unknown communication topologies [36].
However, event-triggered protocol-based distributed filtering in a sensor network setting under undesired
measurements has never been treated for a one-sided Lipschitz type system. This lack of theoretical and
applied knowledge was the first motivator of our present research.

The property of a large-scale spatially networked system largely relies on the topological structure of the
system, including the connectivity and connection strengths among the individual nodes. The topological
structure of an ideal sensor network is assumed to be known and time-invariant, but the structure of a
realistically distributed model is characterized by uncertainty and/or randomness among the individuals
in the network, and is not time-invariant. Uncertainty and stochasticity in the topology of a spatially
distributed system are mainly (but not solely) caused by connection failures in hostile surroundings and
adversarial attacks, changes in relative positions due to individual movements, and variations in the
surroundings (such as humidity, temperature, quality of the communication environment, and transient
appearances/disappearances of obstacles among the individuals). Clearly, the interconnection strengths
must be acquired by statistical approaches and measurement technologies [4,37,38]. A typical example is
a wireless sensor network with random topology caused by a false data-injection attack [37]. The random
topology of multi-agent systems governed by a Markov chain has also been investigated [39]. Several
researchers [40–42] have considered distributed filtering/estimation in a Markov switching topology, and
have solved network problems by Markov jumping system theory. An example is the distributed filter
design method of Liu et al. [43], which is based on an event-triggered transmission scheme in a Markov
switching topology. Topology switching has been implemented by a semi-Markovian chain [44] and a
predetermined switching rule [45]. A network topology can be represented not only as a Markov chain,
but also as a Bernoulli sequence that captures the random switching in the topological structure of a
class of complex stochastic networks [46].

The Bernoulli-type binary distribution in [46] describes the random connectivity between any two
nodes, but cannot quantify the incremental or decremental characteristics of the interconnection coef-
ficients. In contrast, the Markov chain-based switching topology reflects the random variations in the
interconnection strengths, but the value of each connection coefficient is restricted to a set of known
modes, and cannot portray the stochastic increase or decrease of the connection strength obeying some
random distribution. To quantitatively express the random variation in the connection strengths, we
must overcome the restrictions of the Bernoulli distribution and Markov chain. To this end, we pro-
pose a randomly varying topology model with the following capabilities: (1) The randomness in the
interconnection coefficient between any two adjacent sensor nodes is quantifiably described; (2) The in-
terconnection coefficient is decoupled with its statistical information, enabling the smooth computation
of the event-triggered distributed filter gain. Unrestricted expression of the random interconnections in
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a sensor network is the second main motivator of the present study.
Summarizing the above considerations, we attempt to newly design an event-based distributed H∞

filter for one-sided Lipshitz type nonlinear systems with a random sensor network topology under fading
measurements. The primary contributions of the present research are threefold. (1) The system plant
model is perturbed by a one-sided Lipschitz nonlinearity, which generalizes the normal Lipschitz nonlinear
constraint. (2) The topology is randomly varying and the interconnection coefficients between adjacent
nodes are described by multiplicative stochastic processes. The resulting filtering error dynamics contain
randomly varying parameters. (3) The statistical information of the interconnection strengths is decou-
pled from the filter gain parameter by matrix factorization. The event-triggered distributed H∞ filter
gain is effectively calculated by a convex optimization method. Moreover, the bandwidth occupancy rates
of the communication network are alleviated by an event-triggered scheduling strategy.

Notations. The notations adopted in this paper are generally standard. The set of n ×m matrices
is denoted as Rn×m. A ⊗ B is the Kronecker product of matrices A and B. For matrix P , its inverse
and transpose are indicated by the notations P−1 and PT, respectively. diag{N1, N2, . . . , Nn} refers to
a block-diagonal matrix. For stochastic variable x, E{x} represents its mathematical expectation. ‖ · ‖ is
the Euclidean norm. The notation 〈·〉 designates the inner product. In a symmetric matrix, the asterisk
∗ stands for a symmetric term.

2 Problem formulation and preliminaries

2.1 Plant model and random topology structure

Consider the nonlinear system shown as

{

x(k + 1) = Ax(k) + f(k, x(k)) +Bν(k),

z(k) = Hx(k),
(1)

where x(k) ∈ R
nx is the state vector of the target plant, z(k) ∈ R

nz is the output signal to be estimated,
and ν(k) ∈ Rnv is the external disturbance input belonging to l2[0,+∞). A, B, and H are real constant
matrices of appropriate dimensions. f(k, x(k)) is the nonlinear perturbation satisfying the following
one-sided Lipschitz constraint.

Assumption 1. For any u, v ∈ Rnx , there exists a scalar ρ satisfying

〈f(k, u)− f(k, v), u− v〉 6 ρ ‖u− v‖2 , (2)

where the scalar ρ is called as the one-sided Lipschitz constant.

Assumption 2. For any u, v ∈ R
nx , there exist scalars θ, φ such that

[f(k, u)− f(k, v)]
T
[f(k, u)− f(k, v)] 6 φ ‖u− v‖2 + θ 〈u− v, f(k, u)− f(k, v)〉 (3)

and the nonlinear function f(k, x(k)) is correspondingly said to be quadratically inner-bounded.

Remark 1. This paper takes into consideration the nonlinear perturbed function f(k, x(k)) satisfying
one-sided Lipschitz condition. Obviously, the scalars ρ, θ, φ are not restricted to be positive as in
conventional Lipschitz condition [33]. That is, they can also be chosen to be zero or even negative.
On the other hand, when θ > 0, φ = 0 the one-sided Lipschitz condition will reduce to the standard
Lipschitz one, or any normal Lipschitz condition is only a specific case of one-sided one. Furthermore, just
as pointed out in [34], different from the one-sided condition in (2), the two-sided inequality −l‖u−v‖2 6
〈f(k, u)− f(k, v), u− v〉 6 l‖u− v‖2 holds for standard Lipschitz nonlinearity with scalar l > 0.

This paper is concerned with the distributed filter design for system (1). The measurement signal from
the given sensor network is described as

yi(k) = αi(k)Cix(k) +Diν(k), (4)

where yi(k) ∈ Rny (i ∈ N = {1, 2, . . . , N}) is the measurement output vector of the plant from the i-th
sensor node, and compatibly dimensional matrices Ci, Di are real and known. αi(k) ∈ [0, 1] is a random
sequence, which is used to portray the probabilistic characteristics of fading measurements with the first
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and second moments as E{αi(k)} = ᾱi and E{(αi(k) − ᾱi)
2} = α∗

i , respectively, where ᾱi and α∗
i are

known scalars.

For a sensor network consisting of N nodes, its topology is expressed by a directed graph G = (N , E ,C),
where the set of sensor nodes is denoted by N , the set of edges is represented as E ⊆ N × N , and
C=[akij ]N×N (i, j ∈ N ) stands for the weighted adjacency matrix with interconnection element akij > 0

at time instant k. akij > 0 indicates that the sensor node i can obtain information transmitted from the

node j. It is assumed that akii=1 for all i ∈ N . The adjacent node set of the sensor node i is indicated by
Ni = {j ∈ N | j 6= i; i, j ∈ N}.

In this paper, we will be devoted to the randomly varying topology structure caused by the variations
of running surroundings and environments. The random change of interconnection coefficient akij (i ∈
N , j ∈ Ni) is given by

akij = βk
ijcij , (5)

where cij > 0 is a scalar, and βk
ij ∈ [0, 1] is a random sequence used to reflect the probabilistic property

of interconnection coefficient between the nodes i and j with E{βk
ij} = β̄ij and E{(βk

ij − β̄ij)
2} = β∗

ij ,

where β̄ij and β∗
ij are known scalars.

Remark 2. As stated in [45], the multiplicative perturbation form is frequently used to describe the
topology structure variation [45,47,48]. Thus, different from the random topology variation described by
Bernoulli distributed variable and Markov chains [39–41,43,46], the multiplicative stochastic description
(5) is presented in this paper to reflect the random reality of each interconnection coefficient akij . Com-

pared with the expression by simply assuming the connection coefficient akij in (5) as a random variable

with known probabilistic properties, akij in (5) is decomposed as the product of the deterministic constant

cij (representing the modulus of connection strength) and its random factor βk
ij , where βk

ij obeys any
random distribution within the interval [0, 1].

2.2 Distributed filtering based on event-triggered scheme

The following distributed filter is constructed in this paper:







x̂i(k + 1) = Ax̂i(k) + f(k, x̂i(k)) + Lii[yi(k)− ᾱiCix̂i(k)] +
∑

j∈Ni

akijLij [yj(k)− ᾱjCj x̂j(k)],

ẑi(k) = Hx̂i(k),

(6)

where x̂i(k) ∈ Rnx is the estimate of vector x(k) from the sensor node i, ẑi(k) ∈ Rnz represents the
estimate of vector zi(k) from the filter node i, and Lii and Lij (i ∈ N , j ∈ Ni) are the filter gain matrices
to be designed later.

Meanwhile, to alleviate the communication resource burdens and save the sensor nodes’ energy costs
used to send measurement signals, the event-triggered transmission mechanism is adopted.

The last event triggering time instant of node i is denoted by tis (i ∈ N , s = 0, 1, 2, . . .), and then
yi(t

i
s) is the measurement signal transmitted at time instant tis. The next triggering instant tis+1 can be

recursively obtained by

tis+1 = min
k>tis

{
k|gTi (k)gi(k) > σiy

T
i (k)yi(k)

}
, (7)

where gi(k) = yi(k)− yi(t
i
s) and σi > 0 is the triggering threshold.

Based on the above event-triggered transmission protocol, for any k ∈ [tis, t
i
s+1), the first equation of

(6) reads as

x̂i(k + 1) =Ax̂i(k) + f(k, x̂i(k)) + Lii[αi(k)Cix(k) +Diν(k)− gi(k)− ᾱiCix̂i(k)]

+
∑

j∈Ni

βk
ijcijLij [αj(k)Cjx(k) +Djν(k)− gj(k)− ᾱjCj x̂j(k)]. (8)
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In what follows, the following simplified notations are utilized:

x̃(k) = [x̃T
1 (k) x̃

T
2 (k) · · · x̃T

N (k)]T, z̃(k) = [z̃T1 (k) z̃
T
2 (k) · · · z̃TN(k)]T, L̄ = [cijLij ]N×N ,

L̂ = diag{L11, L22, . . . , LNN}, ∆L(k) = [βk
ijcijLij ]N×N , ∆L = [β̄ijcijLij ]N×N ,

Γ = diag{ᾱ1Iny
, ᾱ2Iny

, . . . , ᾱNIny
}, Γ(k) = diag{α1(k)Iny

, α2(k)Iny
, . . . , αN (k)Iny

},

F̃ = [f̃T
1 f̃T

2 · · · f̃T
N ]T, g(k) = [gT1 (k) g

T
2 (k) · · · gTN(k)]T, C̄ = [CT

1 CT
2 · · · CT

N ]T,

C̃ = diag{C1, C2, . . . , CN}, D̄ = [DT
1 DT

2 · · · DT
N ]T,

B̄ = [BT BT · · · BT
︸ ︷︷ ︸

N

]T, H̄ = diag{H,H, . . . , H
︸ ︷︷ ︸

N

}.

(9)

Subsequently, by letting x̃i(k) = x(k) − x̂i(k) and f̃i = f(k, x(k)) − f(k, x̂i(k)), the compact form of
filtering error dynamics represents as follows:







x̃(k + 1) = [IN ⊗A− L̂ΓC̃ −∆LΓC̃ − (∆L(k)−∆L)ΓC̃]x̃(k)

− [L̂(Γ(k)− Γ)C̄ + (∆L(k)−∆L)(Γ(k)− Γ)C̄ +∆L(Γ(k)− Γ)C̄]x(k)

+ [B̄ − L̂D̄ − (∆L(k)−∆L)D̄ −∆LD̄]ν(k) + [L̂+ (∆L(k)−∆L) + ∆L]g(k) + F̃ ,

z̃(k) = H̄x̃(k).

(10)

By letting η(k) = [xT(k) x̃T(k)]T and z̄(k) = [zT(k) z̃T(k)]T, the filtering error system can be written
as follows: {

η(k + 1) = (A− C)η(k) + F + (B −D)ν(k) + (J − G)g(k),

z̄(k) = Hη(k),
(11)

where

A =

[

A 0

0 Θ1

]

, C =

[

0 0

Θ2 Θ3

]

, F =

[

f(k, x(k))

F̃

]

, B =

[

B

Θ4

]

,

D =

[

0

Θ5

]

, J =

[

0

Θ6

]

, G =

[

0

Θ7

]

, H =

[

H 0

0 H̄

]

with

Θ1 = IN ⊗A− L̂ΓC̃ −∆LΓC̃, Θ2 = L̂(Γ(k)− Γ)C̄ + (∆L(k)−∆L)(Γ(k)− Γ)C̄ +∆L(Γ(k)− Γ)C̄,

Θ3 = (∆L(k)−∆L)ΓC̃, Θ4 = B̄ − L̂D̄ −∆LD̄, Θ5 = (∆L(k)−∆L)D̄,

Θ6 = L̂+∆L, Θ7 = −(∆L(k)−∆L).

Remark 3. Due to the existence of the stochastic terms C, D, and G, Eq. (11) is actually a dynamical
system with randomly varying parameters. It can be seen that the stochastic parameters result from
two random variables, i.e., βk

ij reflecting the random topology variation and αi(k) describing the fading
measurements phenomenon, respectively.

2.3 Definitions and the main objective

Some basic definitions and the main goal of this paper are presented in the following.

Definition 1. The augmented system (11) is exponentially stable in mean square sense if, under ν(k) ≡
0 and initial condition η(0), we have E{‖η(k)‖2} 6 ςδk‖η(0)‖2, where ς > 0 and 0 < δ < 1 are scalars.

Definition 2. Eq. (8) is called a distributed H∞ filter of the nonlinear system (1) with Assumptions 1
and 2 under the event-triggered communication protocol (7), if the augmented system (11) with ν(k) = 0
is exponentially stable in mean square sense, and under the zero-initial condition, the H∞ performance
constraint in the following is satisfied for any nonzero disturbance ν(k):

∞∑

k=0

E{‖z̄(k)‖2} 6 γ2
∞∑

k=0

‖ν(k)‖2,

where the specified scalar γ > 0 indicates the disturbance attenuation degree.
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Now, the main purpose of this paper can be stated as follows. For system (1) with the one-sided
Lipschitz nonlinearity satisfying (2) and (3), the randomly varying topology characterized by (5), and
the imperfect measurement portrayed by (4), we aim to construct an event-triggered distributed H∞

filter with the form of (8) such that (i) the augmented system (11) with ν(k) = 0 is exponentially stable
in mean square sense; and (ii) the H∞ performance constraint in Definition 2 is satisfied for any nonzero
disturbance ν(k).

3 Main results

This section will present the stochastic bounded real lemma (BRL) of the filtering error dynamics (11).
Then the design method will be provided for the event-triggered distributed filter (8).

3.1 Bounded real lemma

The following abbreviations are adopted in the sequel, for the sake of notational simplification:

C̄1 = diag{(Γ̄C̄)TΥ(Γ̄C̄), 0}, C̄2 = diag{(ΓC̄)TΥ(ΓC̄), 0},

Γ̄ = diag{
√

α∗
1Iny

,
√

α∗
2Iny

, . . . ,
√

α∗
NIny

}, Υ = diag{σ1Iny
, σ2Iny

, . . . , σNIny
},

D̃ =

[

0

L̄1D̄

]

, G̃ =

[

0

L̄1

]

, C̃ =

[

0 0

0 L̄1ΓC̃

]

, Ĉi =

[

0 0
√
α∗
i L̂eiCi 0

]

,

Ci1 =

[

0 0
√
α∗
i L̄1eiCi 0

]

, Ci2 =

[

0 0
√

α∗
i L̄2eiCi 0

]

, ei = [0ny
, . . . ,

︸ ︷︷ ︸

i−1

Iny
, . . . , 0ny
︸ ︷︷ ︸

N−i

]T,

L̄1 =
[√

β∗
ijcijLij

]

N×N
, L̄2 = ∆L = [β̄ijcijLij ]N×N .

We now can present the following stochastic BRL for system (11).

Theorem 1. Given a scalar γ > 0, system (11) is exponentially stable in the mean square sense and
achieves the H∞ performance constraint in Definition 2, if there exist diagonal matrices Pj > 0 (j =

1, 2, . . . , N +1) and scalars ε1 > 0, ε2 > 0 satisfying P , diag{P1,P2} = diag{P1, P2, P3, . . . , PN+1} > 0
and

Λ̂ =









χ̂11 χ̂12 χ̂13 χ̂14

∗ χ̂22 χ̂23 χ̂24

∗ ∗ χ̂33 χ̂34

∗ ∗ ∗ χ̂44









< 0, (12)

where

χ̂11 = ATPA− P +

N∑

i=1

(ĈT
i PĈi + CT

i1PCi1 + CT
i2PCi2) + C̃TPC̃ + ε1ρI + ε2φI + C̄1 + C̄2 +HTH,

χ̂12 = ATP −
ε1I

2
+

ε2θI

2
, χ̂13 = ATPJ − C̃TPG̃, χ̂14 = ATPB + C̃TPD̃, χ̂22 = P − ε2I, χ̂23 = PJ ,

χ̂24 = PB, χ̂33 = J TPJ + G̃TPG̃ − I, χ̂34 = J TPB − G̃TPD̃, χ̂44 = BTPB + D̃TPD̃ − γ2I.

Proof. This proof procedure includes two steps. In step 1, the exponential stability in mean square
sense of system (11) (ν(k) = 0) is shown, and then the stochastic BRL of system (11) with any nonzero
ν(k) is obtained.

Step 1. Select the Lyapunov function as V (k) = ηT(k)Pη(k) with P = diag{P1, P2, . . . , PN+1} > 0.
For system (11) (ν(k) = 0), calculate the expectation of forward difference of V (k), defined as ∆V (k) ,

V (k + 1)− V (k), that is

E{∆V (k)}

= E
{[
(A− C)η(k) + F + (J − G)g(k)

]T
P
[
(A− C)η(k) + F + (J − G)g(k)

]
− ηT(k)Pη(k)

}
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= E
{
ηT(k)(ATPA+ CTPC − P)η(k) + 2ηT(k)ATPF + 2ηT(k)(ATPJ + CTPG)g(k)

+ FTPF + 2FTPJ g(k) + gT(k)(J TPJ + GTPG)g(k)
}
. (13)

In the meanwhile, we can obtain

E{ηT(k)CTPCη(k)} = E{xT(k)ΘT
2 P2Θ2x(k) + x̃T(k)ΘT

3 P2Θ3x̃(k)}, (14)

and its first term E{xT(k)ΘT
2 P2Θ2x(k)} is computed as

E{xT(k)ΘT
2 P2Θ2x(k)}

= E{xT(k)[((∆L(k)−∆L)(Γ(k)− Γ)C̄)TP2((∆L(k)−∆L)(Γ(k) − Γ)C̄)

+ (∆L(Γ(k)− Γ)C̄)TP2(∆L(Γ(k)− Γ)C̄) + (L̂(Γ(k)− Γ)C̄)TP2(L̂(Γ(k) − Γ)C̄)]x(k)}. (15)

Moreover, we can also deduce that

E{xT(k)((∆L(k)−∆L)(Γ(k)− Γ)C̄)TP2((∆L(k)−∆L)(Γ(k)− Γ)C̄)x(k)}

= E






xT(k)

N∑

i=1

∑

j∈Ni

(βij(k)− β̄ij)
2(αj(k)− ᾱj)

2c2ij(LijCj)
TPi+1(LijCj)x(k)







= E

{

ηT(k)

N∑

i=1

CT
i1PCi1η(k)

}

. (16)

At the same time, it is not difficult to verify that

E{xT(k)(∆L(Γ(k)− Γ)C̄)TP2(∆L(Γ(k)− Γ)C̄)x(k)} = E

{

ηT(k)
N∑

i=1

CT
i2PCi2η(k)

}

,

E{xT(k)(L̂(Γ(k)− Γ)C̄)TP2(L̂(Γ(k)− Γ)C̄)x(k)} = E

{

ηT(k)

N∑

i=1

ĈT
i PĈiη(k)

}

.

(17)

We can also derive that

E{x̃T(k)ΘT
3 P2Θ3x̃(k)} =E{x̃T(k)(L̄1ΓC̄)TP2(L̄1ΓC̄)x̃(k)} = E{ηT(k)C̃TPC̃η(k)}. (18)

In terms of (14)–(18), it is easy to see

E{ηT(k)CTPCη(k)} = E{xT(k)ΘT
2 P2Θ2x(k) + x̃T(k)ΘT

3 P2Θ3x̃(k)}

= E

{

ηT(k)

[
N∑

i=1

(ĈT
i PĈi + CT

i1PCi1 + CT
i2PCi2) + C̃TPC̃

]

η(k)

}

. (19)

Similarly, we straightly find that

E{gT(k)GTPGg(k)} = E{gT(k)G̃TPG̃g(k)}, E{ηT(k)CTPGg(k)} = E{−ηT(k)C̃TPG̃g(k)}. (20)

In view of the above derivations, we then get

E{∆V (k)} 6E

{

ηT(k)

[

ATPA− P + C̃TPC̃ +

N∑

i=1

(ĈT
i PĈi + CT

i1PCi1 + CT
i2PCi2)

]

η(k)

+ 2ηT(k)ATPF + FTPF + 2FTPJ g(k) + 2ηT(k)(ATPJ − C̃TPG̃)g(k)

+ gT(k)(G̃TPG̃ + J TPJ )g(k)

}

. (21)

From (7), it follows that

− gT(k)g(k) + (Γ(k)C̄x(k))TΥ(Γ(k)C̄x(k)) > 0. (22)
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As a consequence, we then arrive at

E{−gT(k)g(k) + (Γ(k)C̄x(k))TΥ(Γ(k)C̄x(k))}

= E{−gT(k)g(k) + xT(k)(Γ̄C̄)TΥ(Γ̄C̄)x(k) + xT(k)(ΓC̄)TΥ(ΓC̄)x(k)}

= E{−gT(k)g(k) + ηT(k)C̄1η(k) + ηT(k)C̄2η(k)}. (23)

The following can be yielded by taking (23) into consideration:

E{∆V (k)} 6E

{

ηT(k)

[

ATPA− P + C̃TPC̃ + C̄1 + C̄2) +
N∑

i=1

(ĈT
i PĈi + CT

i1PCi1 + CT
i2PCi2)

]

η(k)

+ 2ηT(k)ATPF + FTPF + 2FTPJ g(k) + 2ηT(k)(ATPJ − C̃TPG̃)g(k)

+ gT(k)(G̃TPG̃ + J TPJ − I)g(k)

}

. (24)

Select an augmented vector as ξ(k) = [ηT(k) FT gT(k)]T. Recalling Assumption 1 results in ρηT(k)η(k)
−ηT(k)F > 0. Hence, for any ε1 > 0, it is true that

ε1ξ
T(k)







ρI −
I

2
0

∗ 0 0

∗ ∗ 0






ξ(k) > 0. (25)

In addition, Assumption 2 implies that for any ε2 > 0 there is

ε2ξ
T(k)







φI
θI

2
0

∗ −I 0

∗ ∗ 0






ξ(k) > 0. (26)

Then, it can be observed from (24)–(26) that

E{∆V (k)} 6 E{ξT(k)Λ̄ξ(k)}, (27)

where

Λ̄ =







χ̂11 −HTH χ̂12 χ̂13

∗ χ̂22 χ̂23

∗ ∗ χ̂33






.

As we can see, Eq. (12) guarantees Λ̄ < 0 according to Schur complements lemma.
Consequently, there is E{∆V (k)} < 0, which implies that there surely is a scalar δ ∈ (0, 1) satisfying

E{V (k+1)} 6 δE{V (k)}. Applying the above inequality directly gives E{V (k)} 6 δkV (0). Noticing the
Lyapunov function, we further arrive at λmin(P)E{‖η(k)‖2} 6 λmax(P)δk‖η(0)‖2.

So, for any initial condition η(0), we eventually obtain E{‖η(k)‖2} 6 ςδk‖η(0)‖2 where ς = λmax(P)
λmin(P) .

From Definition 1, the error system (11) with ν(k) = 0 is exponentially stable in the mean square
sense.

Step 2. We now proceed to obtain the stochastic BRL criterion for system (11).
Along system (11) for any nonzero ν(k), we can compute

E{∆V (k)} =E{[(A− C)η(k) + F + (J − G)g(k) + (B −D)ν(k)]TP [(A− C)η(k) + F

+ (J − G)g(k) + (B −D)ν(k)] − ηT(k)Pη(k)}

=E{ηT(k)(ATPA− P + CTPC)η(k) + 2ηT(k)ATPF + 2ηT(k)(ATPJ + CTPG)g(k)

+ FTPF + 2FTPJ g(k) + gT(k)(J TPJ + GTPG)g(k) + 2ηT(k)(ATPB + CTPD)ν(k)

+ 2FTPBν(k) + 2gT(k)(J TPB + GTPD)ν(k) + νT(k)(DTPD + BTPB)ν(k)}. (28)
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On the other hand, it can be observed that

E{νT(k)DTPDν(k)} = E{νT(k)D̃TPD̃ν(k)}, E{ηT(k)CTPDν(k)} = E{ηT(k)C̃TPD̃ν(k)},

E{gT(k)GTPDν(k)} = E{−gT(k)G̃TPD̃ν(k)}.
(29)

By the similar statements as in the first part of this proof and selecting the augmented vector ξ̂(k) =
[ηT(k) FT gT(k) νT(k)]T, Eq. (28) can be rearranged as

E{∆V (k)} 6 E{ξ̂T(k)Λ̃ξ̂(k)|η(k)}, (30)

where Λ̃ = Λ̂ + diag{−HTH, 0, 0, γ2I}.
Choose an index as

J ,
∞∑

k=0

E
{
z̄T(k)z̄(k)− γ2νT(k)ν(k)

}
. (31)

Observing the stochastic stability and zero initial condition, we obtain
∑∞

k=0 E {∆V (k)} = 0 and

J =

∞∑

k=0

E{z̄T(k)z̄(k)− γ2νT(k)ν(k) + ∆V (k)}

6

∞∑

k=0

E{ηT(k)HTHη(k)− γ2νT(k)ν(k) + ξ̂T(k)Λ̃ξ̂(k)}

=

∞∑

k=0

E{ξ̂T(k)Λ̂ξ̂(k)}, (32)

where Λ̂ is shown as (12).
In light of (12), system (11) is exponentially stable in the mean square sense and achieves the specified

H∞ performance in Definition 2. That is, the stochastic BRL has been established. This completes the
proof.

Remark 4. The stochastic BRL, i.e., the H∞ performance analysis result, has been established by the
aid of Lyapunov stability theory as well as the stochastic analysis techniques. It can be observed that the
coexistence of the event-triggered strategy (7) and stochastic parameters C, D, G remarkably increases
the difficulties of performance analysis for system (11).

3.2 Filter synthesis

In this subsection the distributed H∞ filter (8) will be designed on the basis of Theorem 1.
It can be observed from L̄1 and L̄2 that cijLij (j ∈ Ni) are coupled with

√
β∗
ij and β̄ij , respectively,

where β∗
ij and β̄ij refer to the variance and expectation of the stochastic process βk

ij . If
√
β∗
ij and β̄ij

are not decoupled from L̄1 and L̄2, then cijLij cannot been directly determined by the standard design
method based on congruence transformation and the matrix substitution technique.

In order to conveniently compute the gain Lij (i ∈ N , j ∈ Ni), the following useful result is presented.

Lemma 1. For matrices K1 = [gijKij ]N×N , K2 = [hijKij ]N×N where gij , hij (i, j ∈ N ) are known
scalars and Kij are parameters to be designed, there exist appropriate matrix W < 0 and diagonal matrix
Q > 0 satisfying W +KT

1 QK1 +KT
2 QK2 < 0 if and only if there exist matrices Y and Q > 0 satisfying







W WT
1 WT

2

∗ −Q 0

∗ ∗ −Q






< 0, (33)

where W1 = [(ē1Y G1)
T (ē2Y G2)

T · · · (ēNY GN )T]T, W2 = [(ē1Y H1)
T (ē2Y H2)

T · · · (ēNY HN )T]T,

Q = diag{Q, . . . , Q
︸ ︷︷ ︸

N

}, ēi = diag{0ny
, . . . ,

︸ ︷︷ ︸

i−1

Iny
, . . . , 0ny
︸ ︷︷ ︸

N−i

},

Gi = diag{gi1, . . . , giN}, Hi = diag{hi1, . . . , hiN}. Moreover, the matrix K = [Kij ]N×N can be computed
by K = Q−1Y .
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Proof. By the definitions of Gi, Hi, and ēi, the matrices K1 and K2 can be decomposed as K1 =
∑N

i=1 ēiKGi and K2 =
∑N

i=1 ēiKHi, respectively. Using Schur complements and setting QK = Y where
K = [Kij ]N×N , we immediately obtain (33) and K = Q−1Y .

Inspired by the disposal of matrix factorization in Lemma 1, we now define

L̄1 =

N∑

i=1

ēiL̄∆̃i, L̄2 =

N∑

i=1

ēiL̄∆i, (34)

where L̄ = [cijLij ]N×N , ∆̃i = diag{
√
β∗
i1,

√
β∗
i2, . . . ,

√
β∗
iN}, ∆i = diag{β̄i1, β̄i2, . . . , β̄iN}.

Accordingly, the design scheme of the filter (8) is provided in the following result.

Theorem 2. For a prescribed disturbance attenuation level γ > 0, if there exist diagonal matrix
P = diag{P1,P2} = diag{P1, P2, P3, . . . , PN+1} > 0, matrices X , Y and scalars ε1 > 0, ε2 > 0 such that
the following convex optimization problem is feasible:

[

Π Φ̃T

∗ −P̃2

]

< 0, (35)

where P̃2 = diag{I5N ⊗ P2},

Π =















Π11 0 Π13 0 0 ATP1B

∗ Π22 0 −
ε1I

2
+

ε2θI

2
0 0

∗ ∗ P1 − ε2I 0 0 P1B

∗ ∗ ∗ Π44 0 0

∗ ∗ ∗ ∗ −I 0

∗ ∗ ∗ ∗ ∗ Π66















, Φ̃T =














L
T
1 L

T
2 L

T
3 0 0

0 0 0 L
T
4 L

T
5

0 0 0 0 0

0 0 0 0 Ω̄T

0 0 0 L
T
6 L

T
7

0 0 0 L
T
8 L

T
9














with
Π11 = ATP1A− P1 + ε1ρI + ε2φI + (Γ̄C̄)TΥ(Γ̄C̄) + (ΓC̄)TΥ(ΓC̄) +HTH,

Π13 = ATP1 −
ε1I

2
+

ε2θI

2
, Π22 = −P2 + ε1ρI + ε2φI + H̄TH̄,

Π44 = (1−N)P2 − ε2I, Π66 = BTP1B − γ2I,

and

L1 =










√
α∗
1X e1C1

√
α∗
2X e2C2

...
√
α∗
NX eNCN










, L2 =










√
α∗
1 ē1Y∆̃1e1C1

√
α∗
2 ē2Y∆̃2e2C2

...
√
α∗
N ēNY∆̃NeNCN










, L3 =










√
α∗
1 ē1Y∆1e1C1

√
α∗
2 ē2Y∆2e2C2

...
√
α∗
N ēNY∆NeNCN










,

L4 =










ē1Y∆̃1ΓC̃

ē2Y∆̃2ΓC̃
...

ēNY∆̃NΓC̃










, L5 =










P2(IN ⊗A)−XΓC̃ − ē1Y∆1ΓC̃

P2(IN ⊗A)−XΓC̃ − ē2Y∆2ΓC̃
...

P2(IN ⊗A)−XΓC̃ − ēNY∆N L̄ΓC̃










, L6 =










−ē1Y∆̃1

−ē2Y∆̃2

...

−ēNY∆̃N










,

L7 =










X + ē1Y∆1

X + ē2Y∆2

...

X + ēNY∆N










, L8 =










ē1Y∆̃1D̄

ē2Y∆̃2D̄
...

ēNY∆̃N D̄










, L9 =










P2B̄ −X D̄ − ē1Y∆1D̄

P2B̄ −X D̄ − ē2Y∆2D̄
...

P2B̄ −X D̄ − ēNY∆N D̄










, Ω̄T = [P2,P2, . . . ,P2
︸ ︷︷ ︸

N

],

then Eq. (8) is an event-triggered distributed H∞ filter of system (1), and L̄ and L̂ can be given by

L̂ = diag{L11, L22, . . . , LNN} = P−1
2 X , L̄ = [cijLij ]N×N = P−1

2 Y. (36)

Thus, the filter gains Lii and Lij (i ∈ N , j ∈ Ni) are obtained from the definitions of L̂, L̄ in (9).
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Proof. By Schur complements, Eq. (12) is equivalently written as

Ψ ,

[

Π Φ̃T
L

∗ −P̃−1
2

]

< 0, (37)

where

Φ̃T
L =














LT
1 LT

2 LT
3 0 0

0 0 0 LT
4 LT

5

0 0 0 0 0

0 0 0 0 ΩT

0 0 0 LT
6 LT

7

0 0 0 LT
8 LT

9














with

L1 =










√
α∗
1L̂e1C1

√
α∗
2L̂e2C2

...
√
α∗
N L̂eNCN










, L2 =










√
α∗
1 ē1L̄∆̃1e1C1

√
α∗
2 ē2L̄∆̃2e2C2

...
√
α∗
N ēN L̄∆̃NeNCN










, L3 =










√
α∗
1ē1L̄∆1e1C1

√
α∗
2ē2L̄∆2e2C2

...
√
α∗
N ēN L̄∆NeNCN










,

L4 =










ē1L̄∆̃1ΓC̃

ē2L̄∆̃2ΓC̃
...

ēN L̄∆̃NΓC̃










, L5 =










IN ⊗A− L̂ΓC̃ − ē1L̄∆1ΓC̃

IN ⊗A− L̂ΓC̃ − ē2L̄∆2ΓC̃
...

IN ⊗A− L̂ΓC̃ − ēN L̄∆N L̄ΓC̃










, L6 =










−ē1L̄∆̃1

−ē2L̄∆̃2

...

−ēN L̄∆̃N










,

L7 =










L̂+ ē1L̄∆1

L̂+ ē2L̄∆2

...

L̂+ ēN L̄∆N










, L8 =










ē1L̄∆̃1D̄

ē2L̄∆̃2D̄
...

ēN L̄∆̃N D̄










, L9 =










B̄ − L̂D̄ − ē1L̄∆1D̄

B̄ − L̂D̄ − ē2L̄∆2D̄
...

B̄ − L̂D̄ − ēN L̄∆N D̄










, ΩT = [I, I, . . . , I
︸ ︷︷ ︸

N

].

Performing the congruence transformation to (37) by diag{I, P̃2} and applying the matrix substitutions
P2L̂ = X and P2L̄ = Y, then the inequality (35) can be directly derived.

Therefore, from Lemma 1 the matrices L̂, L̄ can be calculated from L̂ = P−1
2 X , L̄ = P−1

2 Y if the
convex optimization problem (35) is solvable, and eventually the gains Lij (i, j ∈ N ) can be readily
computed. The proof is finally completed.

Remark 5. If the notations L̄1 and L̄2 display as whole ones as in Subsection 3.1 without adopting the
decomposition (34), then

√
α∗
i ēiL̄∆̃ieiCi in L2 and

√
α∗
i ēiL̄∆ieiCi in L3 are replaced with

√
α∗
i L̄1eiCi

and
√
α∗
i L̄2eiCi (i ∈ N ), respectively. Because of the variance β∗

ij and expectation β̄ij included in L̄1 and

L̄2, respectively, the value of matrix L̄ cannot be uniquely determined by the common matrix substitution
technique. Therefore, Lemma 1 and the factorization technique (34) are effective to ensure the uniqueness
and feasibility of the gain L̄.

Remark 6. Theorem 2 in this paper is of polynomial computational complexity that can be bounded
by O(N3n2

x), where N and nx indicate the number of sensor nodes and dimension of state variable x,
respectively. In other words, the time complexity of Theorem 2 relies polynomially on both N and nx.

4 A numerical example

A numerical example is used to illustrate the effectiveness of the method.
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1

2 3

4

Figure 1 Topology structure of the sensor network.

Example 1. Consider the target plant described by model (1) with four (N = 4) sensor nodes and the
parameters are given as

A =

[

0.7 0.1

0.1 0.8

]

, B =

[

0.3

−0.2

]

, C1 = [−0.6 0.6], C2 = [−0.5 0.8], C3 = [−0.6 0.7], C4 = [−0.6 0.7],

D1 = −0.3, D2 = −0.1, D3 = −0.2, D4 = −0.2, H = [−0.4 0.4].

Select the nonlinear perturbation as f(k, x(k)) = [−x1(k)(x
2
1(k) + x2

2(k)) − x2(k)(x
2
1(k) + x2

2(k))]
T.

We choose the constants ρ = 0, θ = −0.2, φ = −0.1, which clearly satisfy Assumptions 1 and 2. Take
the sensor network structure as shown in Figure 1, and the interconnection coefficient cij is given in the
following adjacency matrix:

C =









1 βk
12 × 0.9 0 βk

14 × 0.8

0 1 0 βk
24 × 0.8

βk
31 × 0.9 0 1 0

βk
41 × 0.9 0 βk

43 × 0.9 1









.

The random variables βk
14 and βk

41 are subject to uniform distributions within the intervals [0.4, 1.0]
and [0.6, 1.0], respectively. βk

12, β
k
24, β

k
31, and βk

43 obey the Bernoulli distributions with the first moments
0.65, 0.85, 0.85, 0.85, respectively. And, βk

ii = 1 (i = 1, 2, 3, 4), which means that they are time-invariant.
Assume the probabilistic characteristic of measurement αi(k) is described by Bernoulli distributed

random variables with ᾱ1 = 0.85, ᾱ2 = 0.80, ᾱ3 = 0.90, ᾱ4 = 0.80. The thresholds of the event-triggered
condition in (4) are selected as σ1 = 0.2, σ2 = 0.3, σ3 = 0.4, σ4 = 0.3.

By setting γ = 0.8, the following filter gains can be obtained by solving Theorem 2:

L11 =

[

−0.1604

0.1516

]

, L12 =

[

−0.0028

0.0017

]

, L14 =

[

−0.0050

0.0031

]

, L22 =

[

−0.0740

0.1425

]

, L24 =

[

−0.0053

0.0033

]

,

L31 =

[

−0.0051

0.0032

]

, L33 =

[

−0.1244

0.1495

]

, L41 =

[

−0.0052

0.0032

]

, L43 =

[

−0.0032

0.0020

]

, L44 =

[

−0.1117

0.1495

]

.

The exogenous noise is chosen as ν(k) = 1/k2. The initial conditions are x(0) = [−0.5 0.4]T and
x̂1(0) = [−0.8 0.9]T, x̂2(0) = [−0.9 0.7]T, x̂3(0) = [−0.3 − 0.1]T, x̂4(0) = [−0.7 0.9]T. Figure 2 shows the
event triggering time instants of each sensor node. It is evident that only partial measurement signals
will be transmitted to the filters via the common communication channels. Thus, the event-triggered
transmission strategy is indeed efficient to mitigate the communication burden. The states and their
corresponding estimates are shown in Figures 3 and 4, respectively. Figure 5 depicts the output estimation
errors. Apparently, the satisfactory performance can be achieved under the constructed event-triggered
filter (8).

5 Conclusion

This paper proposed an event-based distributedH∞ filter design for one-sided Lipschitz nonlinear systems
with fading measurements over a sensor network with a randomly varying topology. The one-sided
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Figure 2 (Color online) Event triggering instants.
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Figure 3 (Color online) x1(k) and its estimation. Figure 4 (Color online) x2(k) and its estimation.
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Figure 5 (Color online) Output estimation error.

Lipschitz condition is a generalized form of the conventional Lipschitz constraint. The randomness of
the interconnection coefficient between any pair of adjacent sensor nodes was described by a random
variable with a known probabilistic distribution. The data transmission was scheduled by an event-based
policy. Moreover, the stochastic BRL was obtained, and the desired event-triggered distributed H∞ filter
was effectively designed using the matrix decomposition method. In the near future, we will extend
our theoretical approach to practical applications, especially, to distributed recursive filtering [8, 29]
and distributed set-membership filtering [25] under communication protocols [18, 20–22, 48] over sensor
networks with random topologies (5).
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