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Abstract This paper presents an adaptive state-feedback strategy for state-constrained stochastic high-
order nonlinear systems. By adding a power integrator and adaptive backstepping techniques, a new adaptive
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are bounded almost surely, full-state constraints are not violated almost surely, and the trivial solution of
the closed-loop system is stochastically asymptotically stable.
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1 Introduction

Because stochastic noise and nonlinearity widely exist in various systems, increasing attention has been
paid to controller design and stability analysis of stochastic nonlinear systems (see [1-14] and other
references).

Recently, stochastic high-order nonlinear systems have been studied extensively. Many actual systems
can be modeled using such a system structure, such as benchmark mechanical systems [15] and single-
link manipulators [16]. Notably, the Jacobian linearization of stochastic high-order nonlinear systems
is neither controllable nor feedback linearized, which leads to more difficulties in the control design and
analysis of such systems. Fortunately, by adding a power integrator and backstepping techniques, these
inherent difficulties can be successfully handled. The adaptive control problem of stochastic high-order
systems was first addressed in [17]. Subsequently, the conditions of [17] were relaxed in [18]. Recently,
Ref. [19] studied finite-time stabilization of stochastic high-order nonlinear systems with stochastic inverse
dynamics, and Ref. [20] considered the finite-time control of stochastic nonlinear systems with unknown
time-varying powers. However, these studies did not consider state/output constraints.

Because of hardware limitations, performance requirements, or safety specifications, state/output con-
straints are always involved in many nonlinear systems. In actual operation, violation of state/output
constraints may decrease system performance or even make the system unstable, which motivates this
study. In the past decade, the barrier Lyapunov function (BLF) proposed by [21,22] has made a significant
breakthrough in dealing with state/output constraints, and the BLF-based method has been gradually
generalized to stochastic systems. Adaptive stabilization and tracking of full-state constrained stochastic
nonlinear systems were studied in [23,24]. Ref. [25] solved the adaptive event-triggered control problem
of full-state constrained stochastic nonlinear systems with actuator faults. However, these results have
two limitations: they are only suitable for feedback-linearizable nonlinear systems (i.e., the powers of the
system are equal to one) and state-constrained controllers depend heavily on feasibility conditions.
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As implied in [21,22], the offline verification of feasibility conditions may be extremely complicated or
even unsolvable. Therefore, developing a non-BLF-based method to remove such conditions is necessary.
Ref. [26] integrated nonlinear mappings into adaptive neural network control design to remove feasibility
conditions for stochastic nonlinear systems with time-delays, and the finite-time control problem for
stochastic high-order nonlinear systems with asymmetric output constraints was solved in [27]. However,
they did not consider full-state constraints of stochastic high-order nonlinear systems.

Based on these discussion, a challenging question arises: Without imposing feasibility conditions,
how to design a state feedback controller for state-constrained stochastic high-order nonlinear systems
such that asymmetric full-state constraints are not violated almost surely and the trivial solution of the
closed-loop system is asymptotically stable in probability? In this paper, we will solve this problem
comprehensively. The main contributions and difficulties of this paper lie in three aspects.

(i) This paper is not a parallel generalization from output to full-state constraints, and the controllers
in [27] cannot be applied to prevent the violation of asymmetric full-state constraints. Accordingly, a
new method for controller design and analysis of state-constrained stochastic high-order nonlinear systems
needs to be developed.

(ii) Although the main idea of removing feasibility conditions originates from [28,29], extending the
idea of removing feasibility conditions to the stochastic high-order nonlinear system is extremely difficult.

(iii) Multiple uncertainties, including a serious unknown parameter 6, unknown constant bounds
Y1,---,7Yn in Remark 4, diffusion, and Hessian terms, will produce many nonlinear terms. Skillfully
dealing with these terms is another piece of nontrivial work.

Notations. R,qq = {§|p and ¢ are positive odd integers}. Royen = {§|p is a positive even integer
and ¢ is a positive odd integer}. C* denotes the family of all nonnegative functions with continuous i-th
partial derivatives. For any vector x, || denotes its norm. For simplicity, let f(z) or f denote a function

f(x(t))-

2 Problem statement

In this paper, we study a stochastic nonlinear system:

dz; = (xffH + fl(e,@))dt + g;f(e,fi)dw, 1=1,....n—1,
dz, = (uP" + fo(0,2))dt + g, (0, 7)dw, (1)

with asymmetric full-state constraints:
x(t) € Qp = {x(t) €R™ : —h; < x;(t) < h;, i=1,...,n}, ¥Vt >0, (2)

where x = (z1,...,2,)T € R" is system state; for i = 1,...,n, &; = (z1,...,2;)T, 2 = Zpn; pi > 1 € Roaq
is called the power of system; 6 € R! is an unknown parameter vector; v € R is the control input; w is a
g-dimensional standard Wiener process. f; : R x R — R, g; : R! x R? — R? are local Lipschitz functions
with £;(0,0) = 0, g;(0,0) = 0. h; and h; are pre-specified positive constants.

Control objective of this paper is to design a state feedback controller for system (1) such that all the
closed-loop signals are bounded almost surely, asymmetric full-state constraints are not violated almost
surely, and the trivial solution is asymptotically stable in probability.

For system (1), we need the following assumption.

Assumption 1. There exist nonnegative smooth functions f;1(z;) and g¢;1(Z;), i = 1,...,n, a constant
1

pte 1 and an unknown constant 6 > 0 such that

w € Reven > d with d = maxagicn{l, g2 —
J=1 pj---pn

i ritw i 274w
il SOfa (@)Y lal o ol <09 (@)Y lay| >, (3)
j=1 j=1
where 11 =1, 741 = ”;r“’. Let » = maxi<i<n{ri}, and then one of the conditions should be satisfied:
(i)if = =1or =22 thenrptw>r,i=1,...,n

(i) otherwise, ry 4+ w > 2r;.
Remark 1. Conditions (i) or (ii) of Assumption 1 will be used to guarantee the local Lipschitz condition
of the closed-loop stochastic system.
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3 Main results

3.1 System transformation

Construct the nonlinear transformation:

x; = .
& = (Iz) = ! R hl(.ﬁl) = (ﬁl—l—xl)(hl—xl), 1=1,...,n. (4)
hi (Iz)
. d¢; _ by hi +17 . . . . . .
Fori=1,...,n, o = > 0 means that &;(t) is strictly increasing with respect to the constrained

state x;(t). By the contlnmty of x;(t), it is easy to know that &;(t) is smooth with respect to the
constrained state x;(t). Besides, { — oo when z; — h; or z; — hi. Hence, for any initial state
x(0) € Q,, as long as &, i = 1,...,n, are bounded almost surely, full-state constraints are not violated
almost surely.

By (1) and (4), we obtain the unconstrained system:

d&; = K, (2} (At + fi(0, ;)dt + gz T, z)dw), i=1,...,n—1,

dé, = Ke,, (uPdt + fo (0, z)dt + g, T, z)dw), (5)
hhita?
HE
Remark 2. As mentioned in [30], the validness of (4) can be guaranteed if the zero divisions must
be events of probability zero. This fact can be established by proving almost sure boundedness of &;,
1=1,...,n,ie, h; <z; < hi,i=1,...,n almost sure in this paper.
Remark 3. In what follows, we first assume x(t) € Q,, € Q,, Vt > 0, where Q,, € 2, is a closed set
which will be given later. With this priori knowledge, the following control design and stability analysis
are true and any given smooth function with respect to z1,...,z, has known lower and upper constant
bounds in €2,,. However, z(t) € ., needs to be verified for a closed-loop system. By choosing z(0) € €,
and a Lyapunov function, x(t) € Q,, for any ¢ > 0 can be proved in Theorem 1, and then the circular
argument does not happen, where ﬁxo only depends on the initial values and the Lyapunov function.

Remark 4. In view of z(t) € Q,, € Q,, Vt > 0, we derive 0 < b; < h;(z;(t)) < a; < o0, Vt > 0, where a;
h;hi

where K¢, =

and b;, i = 1,...,n, are constants, and then K¢, (t) > =iz, i = 1,...,n. Define Ki(z;, xi11) = K¢, bt
i=1,...,n—1, and K,(z,) = K¢,. From the continuity of K, it follows that 0 < v; < K;(t), ¥t > 0,
i=1,...,n, where ~;, t = 1,...,n, are positive constants. The introduction of ; is to compensate the
influence of p; > 1.
3.2 Controller design
To begin with, we specify a constant A by the following way:

(I) If condition (i) of Assumption 1 holds, then maxi<;cn{ri} =

(IT) If condition (ii) of Assumption 1 holds, we can select ¢ > 1 and )\ € Roaq satisfying max; ¢;j<pn{™ +w
2r;} < A<y, +w.

dsh—w ~ A
Step 1. The first Lyapunov function is chosen as Vi = ;5trz; » + 102(t), where &' = 2,

~ ~ EIDN 8¢
O = O — O(t) is the estimation error and © = maxi<;<,{1,6,62, 0%+ 0%+27 }. In view of (5) and Itd’s
differentiation rule, one has

AdsA—w—ry dsA—w—ry dsA—w—ry
LV <z 2 Kl( glfagl)Jrzl YOKoh 4z Y Kefi—
K§1(4§)\—UJ—7“1) der—wo2ry

+

X T 6
2 Z1 g1 91- (6)
From Assumption 1, it follows that
dcA—w—ry “’*” de
5 0 Kefi SOKelal & fuhy < OB11(&)|al™, (7)

where 31 1(&1) is a nonnegative smooth function. Similarly,

K2 (4§)\—w—r1) dsA—w—2r] 4eA—w—2r] w427
. o > gtg <€)l x lal T <0826, 8)

27‘1
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where gy; and (1 2(§1) are nonnegative smooth functions. From (7) and (8), Eq. (6) is rewritten as

A—w—

A —w—r 4g Is ~
i<z > K& —ad)+z * Kiod +0pi(&)|al* - 08, (9)

where 51(&) = B1,1(&1) + S1,2(&1). Note that 0 < 41 < K3 in Remark 4, the virtual controller is chosen
as

r2e1 (] ~ r2p1 ~ rapy
o == (L 8ae)) £ -2 @)% (10
Substituting (10) into (9) yields
AsA—w—ry i —~ i Py
LRi<z * Ki(§ —ah) —nat 4+ (O +m) (Bl - ), (1)

where v1 = 0.
Step i (i =2,...,n). Suppose that Steps 2,...,7 — 1 have been completed and there is a set of virtual
controllers:

such that

dh—w—r;_q - izl _ DS
LV <2y * 0 Kia(€ 7 =al )+ (8 +vi) | X Bi(E- 1)l - ©
j=1
i—1
—(n+2—14)> 2k, (13)

j=1

where v;_1 = — 23;12 aagj . In what follows, we prove that Eq. (13) still holds at Step i.

The ith Lyapunov function is chosen as V;(&;) = Vi1 + Wi(&;), where

A A

Z; = " r_i, (14)

=& o
& N N 4g>\7;ufv~7y
W, = / (57'7, — al”> ds. (15)
By (5), (13), (15) and It6’s formula, one has

dsA—w—r;_1

i1 _
LVi<zq * Kia (& —a]™") + (@ + 1/141) Zﬂj(gjflﬂzﬂk -6
j=1

A —w—r, s s dshA—w—r, s i1 6WIL D
+z, K€ o) 4z Y Ky + Z D€, Ke, (%‘11 + f5)
j=1 >
aWi;\ il 4 K§ K§ i 82W1
+—0—-(n+2—1i))y 2+ —2L—= —————g7 gj,- (16)
06 ; ’ 2G5 960G, e
For ¢ =2,...,n, a direct computation leads to
A
T—i N ASA—w—ry—A

ow; 4\ —w —1r; O, SIVASY o U S
— ? i — ot 1
7, y 7%, /a (5 Q; ) ds, (17)

i

00 A 00

Py
ow; 46\ —w — 7 0oy /57' ( By ol W S—
_ 57 ,
[e7)
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GWZ 4sA 7;/ —r;

=z 19
agz ZZ ? ( )
A o
(4§)\ w—m)( Do )/E( 2 2 Md
sT—ayt S
agﬁ af]2 agjl agjz a;
X N
+<4g>\ — 7 ) (4g>\—w—ri—)\) Oa;"  Ooy”
A 08, 0&,
&7, 4g>\7w;7~7,72)\
/ st — a; ) ds, (20)
2 . Ac ) — -7y dh—w—r; =X s
0*W, ES A AW 0z ’ (21)
08,0 A ! 9,
32Wi 4eh —w — 1y d4A—w—ri=x /9 5
e () s T (50 (22)
0&; A 0&i
oo o 2
where j, j1, jo =1,...,i— 1. Observing a; = —2> ;9> and z;_1 = &' —a, 7', i=2,...,n, we get
2 -)\ 7‘-A r'i %
o = =i 1§ —pim1icezico = —0ic1& 1 — pic1pi—2€ 5" — - — pic1pi—2 -+ p1&]" . From (14)
and Lemma 2 in [18], it follows that
A i1
da/’ < Acry
a€ \?/111(& 1, )Z|Zk| XJ? (23)
J k=1
, 2
| < Yi2(&i-1, 24
96,05, < ip(&imr Z|Zk| (24)
where j, j1, jo = 1,...,i—1,; 1(&-1, ) k = 1,2, are some nonnegative smooth functions. By using (14)
and Lemmas 2—4 in [18]
A —w—r;_q ) ) pi_ 1 " Adsh—w—r; 1  w+r;_q
Ziq O Kia(&§ —al™") < 217 Kiiz,_y ° z; 2
1 ) o~ )
<3 Z 251" + ©Bi1(&i, ©)|zil*, (25)
j=1

where 3; 1(&;, é) is a smooth nonnegative function. From (14), (17), (23), Assumption 1 and Lemmas 2—4
in [18], it follows that

S aWiK i \ < 2 A —w— 7y aa? & 2 P D d
22 pg; (#5 + fi) < 2 o /a (5 T ) ’
'fjl <|ZJ‘PJ +Z]+1| +92|2k| )
(i 46 —w — 1y aa? der—w=2
< J; 3 . aé‘j . |Zz| Py

(Izml a5 +HZIZk| )

7—1
<2 D 1zl + 0Bi2(&, ) i]", (26)
=1

ol =
<

where fjl and f; o are some nonnegative smooth functions. Similar to (26),

aW — dsh—w—r; :
afz K&ft x ole ] A

1—1

1 _ o~

<3 D1l + 0B(&, O, (27)
7j=1

k=1
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where f;; and B; 3 are some nonnegative smooth functions. By (14), (2

n [18],

1—1 a 1—1 4§)\ w
K¢ K < K¢, Ke. (7
jzzl f] ag ag gz g] j; fz f]

i
w+
. (9%1 Z |z)| 27

1—1
4G —w —1;
P (—
Jj=1 A
11—1 i o n
< 3 |zi|* + OB 4(&, ©)|2i]™,
j=1

where gj; and f; 4 are some nonnegative smooth functions. By (14), (2

n [18], one gets
2
Kﬁq O*W, T K&i (4§)‘ —w— )l |
)\ 'L

g <
5 8512 gzgz 5

) ar—w—r;=x 02
|2i

4A—w— 717)\ 07

9&i

October 2021 Vol. 64 200203:6

1), Assumption 1 and Lemmas 24

€,

2ry w2r;
0951 Z k| 2

T > |Z|4s)\ wW—T; — Aaa”
7

w+r +7;
Z sl =

9€;

(28)

2), Assumption 1 and Lemmas 2—4

wt2r; wt2r;
<99112 |xk| PIa ) (99112 |Ik| PI )

4 —w — SR
< PG || ———— ) |2 Zer
i | (S22
i—1
1 . — ~ N
< 3 |2 [* + ©8i5(&, ©)]zi*,
j=1

where g;; and f; 5 are some nonnegative smooth functions. In view of (14), (20), (23), (2

and Lemmas 2-4 in [18], we have

w27

(29)

4), Assumption 1

i—1 72
Z Re, Wi v,
2 oz 99
dsA—w—r; —A A
izl K§2 SNVEN AN\ T A 0%a A4 —w —r;
— st —a” ds - 5
2 afj
2 2
n <4§)\ w — 7’1> <4§)\ w—7r; — )\> da;’
9¢;

s)\wrl

[

4o —w — 1y
292%3 ‘(f

4 —w — 1y 4\ —w —
+( ) (U

i1
|2 |* + ©B8,.6(&:,0)| 2",

J=1

<.

OOIP—‘

where gj;, ¥ij, ¥i; and (; 6 are some nonnegative smooth functions.

assume i1 > io. Similar to (30), we have
i—1

O2W;
K K Ta;
Y K Ke, TR

i1,i2=1,i1#12

J wt2r; wt2r;
ds| - 99j12|$k| 7T 99J12|$k| T

(%Zw )
Ty — )\ - _ i 4deA—w—2X
) . <¢Z7JZ|Z]€| ~ ) |ZZ A— s w—— A
k=1

w+27

Z |2k |

(30)

Without loss of generality, we
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i—1

dsA—w—r; =X
2 ~
< E 0% - Givio

i N AN T x _ ol PR ——
/ <Sl - Oéi”> ds - (%‘,ﬂ(&'l, 0) Z B )
i1,i0=1,i1 #Zio i k=1
46 —w —1; n 46 —w —1y A —w —1r; — A
A A )\
<wz 2 fz 17 (1/}1 3 gz 1;

fi N N 4§k w—"; =2\ w+7 +7
Fe ]
Qg
1 i—1
<D Il + OB €, O) ", (31)
j=1

where Giyiy, Vi1, Yiji2, Yiiz and ;7 are some nonnegative smooth functions. By (25)-(31), Eq. (16)
can be rewritten as

i—1 i—1

~ _ dc S 9 . de o~ dc

LV; < (@+Vi—1) ;ﬁj(fj—lﬂzﬂ -0 | - (n—i— g ¢ z;zj‘ + 05i(&,0)|z]™
— i=

s A—w—r; _ _ 4 A—w—ry oW, ~
+z; * Ki(& —ol) 4z Y Kl + 50 o, (32)

?

where f3; = 25:1 Bij. From (18) and Lemma 3 in [18], there is a nonnegative function x; such that

i—1 i—1
1
—vi 1 BilE, ©)]z + Zﬁj Z 25+ < S Yl iz (33)
Jj=2 8 j=1
Hence,
~ il _ BN oW ~
(9 + VH) > Bzl -0 + —=6
= 00
~ ‘ _ 2 1t ~
< (@JFW) Zﬁj(fj—1)|2j|4‘ -0 +§Z|Zj|4‘ + Rz — Ofizl*, (34)
j=1 Jj=1
where v; = Z; — %Vg The virtual controller is chosen as
. rigari (] , .
o =—z ?(n—i—l—z—i—m—l—@ﬁi) . (35)

Substituting (34) and (35) into (32) yields

dh—w—r; _ _ - i _ P
LV <z 7 K€ —ali) + (84 m) [ D 8§l -6

j=1

At Step n, we choose V;, (&) = Vi _1(&n_1) + W, (€) and design the controller and the adaptive law:

n+1Pn 1 ~ N T"n+1Pn  Tn41Pn
uPr = —z, * 7— (1 + 9, + @Bn> S —zn * on N, (37)
n

n

Z 25, (38)

=1
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such that
LV, <= 2. (39)

3.3 Stability analysis

Theorem 1. If Assumption 1 holds for the system (1), then for all initial values x(0) € €, there exists
a state-feedback controller such that

(1) The closed-loop system has a unique strong solution on [0, c0);

(2) All the closed-loop signals are bounded almost surely and asymmetric full-state constraints are not
violated almost surely;

(3) The trivial solution of the closed-loop system (1), (4), (37) and (38) is asymptotically stable in
probability and P{lim;_,. ©(t) exists and is finite} = 1.
Proof. (1) Substituting (37) and (38) into (5) yields

d¢ = h(0, &, u)dt + d(0, &)dw, (40)
where h(6,&,u) and d(6, &) are continuous functions with £(0,0,0) = 0 and d(0,0) = 0. By (37),

OuPr _ Tut1pn (&pAn Doy el Ozn Zn"—”t”’L_1%"—”t”’L) 7
00 A 00 00
ouPr Tn+1Pn 6(Pn Tn+)\1pn 1 rn+>\1p71 8Zn n+11>n _1 Tm+1Pn
=— Z 4+ —=z 5 . 41
3§j b\ afj Pn n agj n Pn ( )
Since ¢, is a smooth function with respect to é, éj, j=1,...,n,and
0zn  O0pn_1 OPn—2 Jp1
— = — 1+ Pn-1——=2n-—2+ "+ Pn-1P2—x21,
06 oo T ee ! 00
0zn  Opn_1 OPn_2 N
— = Zn_1 + _ z 4+ o+ e —E 7
8€j 85] n—1 Pn—1 86] n—2 Pn—1 ®j T EJ )
0zn A Ao
— ==&, 42
by the continuity of Z‘g, g‘g? and g_?’ i=1,...,n—1,j=1,...,n, we know that uP» € C'. Since f3
J J
and gi, k = 1,..., n, satisfy local Lipschitz conditions and Eq. (4) is an equivalent transformation, by

Lemma 1 in [17], the closed-loop system (1), (4), (37) and (38) has a unique strong solution on [0, c0).

(2) It is divided into two parts.

Part I. Because V;,(€) is positive definite and radially unbounded, we have as(|¢]) < V,.(€) < aa([€]),
where a3 and ay are K., functions. Define the closed set C' = {£(t) € R™ : [£(t)] < agz  as(]€(0)])}, the
stopping times 7' = inf{t > 0;|£(t)| > a3 as(|£(0)])} and 7, = inf{t > 0;|£(t)| = n}. The sample space
) can be decomposed into the following two mutually exclusive events:

Q= {€(t) € O, =0}, Qy={€(t) ¢ C,Vt >0} (43)

Next, we prove P{Q2} = 0. Suppose that P{Q} > 0. For almost all w € s, by (14) and Dynkin
formula, one has

T NT AL
EV,.(&(tn AT A L)) = EV, (5(0)) + E/ LV, (E(s))ds <V, (5(0)), vVt e [0,T]. (44)

Setting n — oo, we have P(T < t)V,(£(T) A1) < V,(£(0)) < aq(|€(0)]). However, by the
definition of the stopping time, P(T < t)V,(§(T)) > P(T < t)au(|£(0)]), we have P(T < t)au(|€(0)]) <
P(T < t)V,(&(T)) < EVL(E(TAt)) < Vi (€(0)) < aa(J€(0)]), which means that P(T < t) = 0. Let t — oo,
and then P(T < o0) =0, i.e., P{Qs} = 0.

For any given initial value x(0) € €, and the corresponding Lyapunov function, x(t) € Q,, € Q,
almost surely is proved for any ¢ > 0, where Q,, = {z(t) € R" : |z(t)] < |H 'a; a2(|€(0)])|} and
H Yo7 aa(|€(0)]) = (Hy rartaz(|€0)), ..., H; Yoy az(|€(0)]). By choosing x(0) € Q, and repeating
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the process from (6) to (37), z(t) € ., almost surely for V¢ > 0 can be guaranteed, which prevents the
circular argument. Hence, control design and analysis are valid. It is worth mentioning that €, can be
chosen prior to control design when Lyapunov function and initial values are specified.

Part II. We first prove

4ds A —w 4 —w

cinl& —ai| T <KWy <ciolzlT >, (45)
2 T .. .
where ¢; 1 = 4<;"_w21 7 and ¢; 5 = 217X are positive constants. By Lemma 4 in [18], one gets
T 4 —w
W, < 2= Zz| A (46)

We divide into two cases to prove the left-hand side of (45).
Case (i). If oy < &, by Lemma 4 in [18],

S s P 1 [S dsA—ri—w
R I P e A T e (LR
« «

i i

i 1*4 4sh—w .
— —t 9lT (S—Ozi) |G

46h —w - i
T 1-2 T
I —w &i — ol (47)

Case (ii). If oy > &;. Similar to Case (i),

SN P - % dA—ri—w
st —a)t ds > =277 (; —s)” 7 d(a; — )
Qg i

Ti 1— A —w -
— 2 T R T i

e L

i 1—2 SAZw
= TlE -] T 48
2 g -l (15)

Hence the inequality (45) holds. By Dynkin’s formula, one gets

B{VA(&(r A D)} = Va(€0) +E | " LVa(e(s)ds
< Vi (€(0)). (49)

EIN

From (45) and V;, = 2?21 Vi, it follows that V;,(§) > %é2(t)+cl71|€1| T +c2.1/82 — gl n +e31l€5—

a3|4s¢'—3w + ot enalén — an|w;w By setting n — oo and (49), & (t) and O(t) are bounded almost
surely. Hence, aa(t) is bounded almost surely by its continuity. It is easy to deduce that &2(¢) is bounded
almost surely. Recursively, as(t),&3(t),. .., u(t) are bounded almost surely. By the discussion in (4) below
and one-to-one mapping between £(t) and z(t), asymmetric full-state constraints are not violated almost
surely. N

(3) By almost sure boundedness of & (),...,&,(t) and (38), P{lim;_,oc ©(t) exists and is finite} = 1.
Since V;,(€) is a C?, positive definite and radially unbounded function, it follows from (14) and Lemma 1
in [18] that

4 —
T2

P{ Jim (j& (5] ++++ [6a(®)) =0} = 1. (50)
Since Eq. (4) is an equivalent coordinate transformation, the equilibrium of the closed-loop system (1),
(4), (37) and (38) is asymptotically stable in probability.
4 Simulation example

Consider a stochastic nonlinear system:

dl’l = (1,;!2?1 + fl) dt -+ gldw,
dl’Q = (Up2 —+ f2) dt -+ Qde, (51)
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Figure 1 (Color online) Responses of the closed-loop system (51)—(53).

with asymmetric full-state constraints:
x(t) € Uy = {x(t) € R?*: —h; < x;(t) < hy, i =1,2}, ¥Vt >0, (52)
where z1 and xo are system states, u is control input, w is a 1-dimensional independent standard Wiener

5
process, hy = 2, hy = 2, h2 = —1.5, hg = 1.8, p1 = %, py =3, f1 = l@sin(xl)xf', g =0, fo =

—9 cos(avl)ac2 and go = 19$2 By choosmg ri=1w= g, ro = 1 and T3 = 9, Assumption 1 holds.
Weset A=1,7=1and § = 755,01 =1,2, Where hi(z;) = (h;+x;)(h; —x;), and choose the Lyapunov

function Vi(z1) = sz Y+ %éQ(t) with & = x1. The first virtual controller 0423 = f—zl 7 (24 0) leads

7 BY
to LV4 <zf’K1(£23 —a23)—22%+(@+V1)(51(£1)|zl|4— ©). By choosing V5 = V; + fsz s—ag)Eds, the
controller and the adaptive law:

Wl

1 3
u= -z 1+Zﬂzj :

6= Zﬁzﬂé +24, ©(0) =1, (53)
i=1
4 4 _ hhital . _ P1 _ _ 2
such that £V} < —z7 — 25, where Kg. = lT, 1 =1, 2, Ki = K¢ hy', Ko = Ke,, 1 = K{°,

5

Paz = 2K§2h2, Pz = 20(Ke,h SO E, Baa = 3(Kehiwiva)?, Bas = 3Ke,hi o, Bas = B(Ke, hiva) 7
Par = 2K 2h2 , Bag = 2(KZ h3) and 1 = ¢y = 2+ ©.

By choosing 21 (0) = 0.8, 22(0) = —0.6, 0 =1, v1 = % and vy, = %, Figure 1 shows the effectiveness of
this control scheme.

o

5 Conclusion

A new scheme for the adaptive state-feedback control of state-constrained stochastic high-order nonlinear
systems without feasibility conditions is provided in this paper.

Two problems are considered: (1) How to design an output feedback controller for a state-constrained
stochastic high-order nonlinear system (1) under more general assumptions compared with those in [18]?
(2) For constrained multiple systems in [31], can we design an output feedback tracking controller?
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