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Abstract A robust static output feedback (SOF) Stackelberg game with multiple followers in stochastic
linear parameter varying (LPV) systems is investigated. The conditions for the existence of a robust SOF
Stackelberg strategy set under Hoo constraints are established by the cross-coupled matrix inequality (CCMI).
To determine this strategy set, the optimization problems corresponding to the relevant cost bounds are
defined, and their solution sets are derived using the Karush-Kuhn-Tucker conditions. The results show
that the robust SOF Stackelberg strategy set can be obtained by solving higher-order cross-coupled matrix
equations (CCMEs). Because CCMEs are complex and difficult to solve numerically, a heuristic algorithm
is developed by combining the CCMEs with the CCMIs. The convergence property is proven using the
Krasnoselskii-Mann (KM) iteration algorithm. Finally, two numerical examples are solved to demonstrate
the reliability and usefulness of the proposed heuristic algorithm.
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1 Introduction

The leader-follower hierarchical control problems or Stackelberg games have found many practical appli-
cations in systems science and control engineering fields. In [1], the leader-follower stochastic differential
game based on the open-loop strategy has been investigated. In [2], the robust semi-global leader-following
practical consensus problem of a group of general linear systems has been investigated.

There have been many studies on Stackelberg games (e.g., [3] and reference therein). The basic concept
of Stackelberg games is that players are assumed to be divided into two types: leaders and followers. The
leaders announce their strategies ahead of the followers, and the followers determine their strategies
later. To define a Stackelberg strategy for a game, a leader (or leaders as a group) is assumed to know
the rationale in which the followers are playing. Additionally, the followers are assumed to be rational
in the sense that they will play according to this rationale. Stackelberg games are usually used in a
hierarchical decision situation where players have different objectives. In [4], an asymmetric information
linear-quadratic stochastic Stackelberg differential game for a class of stochastic systems governed by
mean-field type stochastic differential equation has been investigated.

Recently, Stackelberg games have been extensively investigated from practical perspectives. For ex-
ample, a communication network with a single service provider and several users can be formulated as
a Stackelberg game. The service provider sets the usage price as the leader to the users or followers.
In a smart grid, optimal demand response management has been investigated within the framework of
Stackelberg games. The utility company is assumed to be the leader, and the users are assumed to be
the followers [5]. A scheduling problem in a packet switch operation in a ring architecture has been in-
vestigated where a central processor can decide the strategy such that the total throughput is maximized
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by inducing a large number of local controllers for each link [6]. From this background, systems theory
based on the Stackelberg game theory has been developed to solve strategic decision problems in the past
few decades. In [7], a linear-quadratic (LQ) stochastic Stackelberg differential game with asymmetric
information has been investigated. In [8], the demand response management of multiple microgrids with
different and overlapping sales areas has been investigated, where a Stackelberg game model of microgrids
and users is designed. In particular, a noncooperative Stackelberg game between microgrids and users
was discussed.

Uncertainties in systems make it difficult for people to design controllers. These uncertainties may
be caused by modeling errors, system noise, and external disturbances. Researchers have developed
various mathematical models to describe systems with uncertainties. Deterministic and stochastic linear
parameter varying (LPV) systems are one such model that is useful for explicitly describing systems
with uncertain parameters subject to arbitrary smooth or discontinuous variations explicitly (e.g., [9]
and reference therein). It is well known that a gain-scheduled (GS) control is an effective and reliable
control technique to deal with systems having uncertain parameters and to evaluate the performance of
control efforts. In [10], a new robust stability controller based on the GS H,, control for an LPV model
of the electric vehicle was investigated against the parameter uncertainties.

With advancements in the GS control technique in recent years, several dynamic games such as Nash
games and Pareto optimal control problems for systems with uncertain parameters have been studied
using GS strategies [11-14]. However, Stackelberg (or leader-follower) dynamic games, with a hierarchical
structure for systems with uncertain parameters using GS strategies, have not been studied, except
for [15]. Usually, studying a dynamic game with a hierarchical structure is more complex and difficult than
studying a dynamic game with a parallel structure. Moreover, considering the application of dynamic
game theory in the control field, for example, a robust control problem based on the dynamic game
theory, it is impractical to consider a dynamic game under the assumption that players know all the state
information in systems. In a dynamic game, it is more realistic to assume that players observe individual
and/or local information. These are some of the challenges faced by researchers.

Motivated by the preceding challenges, a robust static output feedback (SOF) Stackelberg game with
multiple followers is investigated for stochastic LPV systems in this study. The GS and mode-independent
robust SOF Stackelberg strategy sets are studied. Compared with the GS (or mode-dependent) strategy,
the mode-independent strategy has the advantage of easy design and implementation.

The contributions of this study are threefold. First, the existence conditions of the robust SOF Stack-
elberg strategy set with an H., constraint are obtained in terms of the cross-coupled matrix inequalities
(CCMIs). It is worth noting that the basic idea of this study derives from the Ha/H, controller design
technique [16,17]. Second, an optimization problem is defined to determine the solvability conditions of
the CCMIs, which are established using the Karush-Kuhn-Tucker (KKT) conditions. Third, a heuristic
algorithm based on the linear matrix inequality (LMI)-based optimization problem is introduced to avoid
the computational difficulty of finding the robust SOF Stackelberg strategy set.

Usually NP-hard (non-deterministic polynomial-time hard)") bilinear matrix inequality (BMI) opti-
mization problems must be solved if SOF strategies are used in a robust control problem. Thus, a
computational algorithm for validating the heuristic algorithm is proposed using the Krasnoselskii-Mann
(KM) iterative algorithm [18]. As a result, the robust SOF Stackelberg strategy set can be obtained by
solving the optimization problems of cross-coupled matrix equations (CCMEs) and CCMIs recursively.
Furthermore, it is proved that the convergence of the heuristic algorithm is guaranteed. Finally, two
numerical examples are presented to demonstrate the reliability and usefulness of the proposed heuristic
algorithm.

Notation. The following symbols are used in standard mathematical notations within the formulas.
E[-] denotes the mathematical expectation operator with respect to the stochastic measure. AT denotes
the transpose of the matrix A. block diag denotes the block diagonal matrix. ||| denotes the Euclidean
vector norm or the Euclidean norm of a matrix. N(u,o?) denotes a normal distribution with mean u and
variance o2. L%([0, oo), R¥) denotes the space of nonanticipative stochastic processes with respect to
the filter satisfying E[ [~ [|¢(¢)|?dt] < oc.

1) A problem is called NP-hard if an algorithm for solving it can be transformed into one for solving any non-deterministic
polynomial-time problem.



Mukaidani H, et al. Sci China Inf Sci  October 2021 Vol. 64 200202:3

2 Preliminary results

Let us consider a stochastic LPV system with disturbances:

da(t) = [A(n(t))x(t) + Bu(t) + va(t)} dt + A, (n(t))z(t)dw(t), =(0) = 20, (1a)
z(t) = E(n(t))=(t), (1b)
y(t) = Cx(t), (Lc)

where z(t) € R™ denotes the state vector, u(t) € R™ denotes the control input, and v(¢) € R™ denotes
the external disturbance. z(t) € R"= is the controlled output. y(t) € R? is the output vector. w(t) € R
denotes a one-dimensional standard Wiener process defined in the filtered probability space [16,17,19]. In
this paper, it is assumed that dw(t) satisfies the independent increment property, such as E[z(¢)dw(t)] = 0
and E[dw(t)?] = o%dt. n(t) € R" denotes the time-varying parameters. 7 is the number of time-varying
parameters. Without loss of generality, it is supposed that the stochastic LPV system (1) admits a
unique solution z(t) = x(t, uo, u1, ..., un,v,z(0)). The parameter dependent coefficient matrices A(n(t)),
Ap(n(t)) and E(n(t)) can be expressed as

[AG1) Apn(e)] = D 00) [Ax Ay (24)
E(n(t)) = 6k(t) Ex, (2b)
k=1

where 0y (t) > 0, 22/121 dp(t)y=1, M =2".
The Ho norm is defined as follows [9)].

Definition 1. The H., norm of the mean-square stable stochastic LPV system (1) when w(t) = 0 is
defined as

ILle=  sup Ilzll2 (3)
v € L ([0, o0), R™), ||'UH2
v#0, 29 =0

where

||z|3:=E[ / |z<t>||2dt] ol

The following result has been proved [13].

EUOOO |v(t)||2dt].

Lemma 1. Let us consider the stochastic LPV system (1) when u(¢) = 0. For a given positive parameter
7, if there exists a matrix Y > 0 satisfying the following LMIs (4), then the stochastic LPV system (1)
is mean-square stable with || L||s < 7 under 2° = 0.

YA, + ALY YB, ALY EF

By —v2I, 0 0
v T <0, k=1,..., M. (4)
YAy 0 -Y
Ey, 0 0 —I,,
Moreover, the worst-case disturbance is given by
v (t) = Fya(t) = Y 2BV a(t). (5)

In addition, an optimization problem of the upper bound of the cost functional when v(¢) = 0 or
B, =0 in (la) is defined [11-13].
Definition 2. Let us consider the cost functional:

J(u,2%) = B [ /O T (00 () + T (O Ru()]dt] (6)
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where Q = QT >0, R=R" > 0.
Then, the LQ control problem concerning the GS SOF strategy is to find a control gain K(n(t)):

M

u(t) = K(n(t))y(t) = K(n(t)Ca(t) = Y 8i(t) KxCa(t), (7)
k=1

such that the bound of the quadratic cost functional (6) is minimized.
The following result is an extension of the existing results in [11-13].
Lemma 2. If there exists a matrix P > 0 satisfying the LMIs (8):

Ar(P,K}) := P(Ay, + BEKC) + (Ax + BKC)'P + A}, P Ay
+Q+CTKRK,C <0, k=1,...,M, (8)

then the stochastic LPV system is mean-square stable and the gain-scheduled SOF control (7) satisfies
the following inequality:

J(u,2°) < E[z"(0)Pz(0)]. 9)
Proof.  Let us define a candidate Lyapunov function:
V(z(t)) =« (t) Pa(t), (10)

where P = PT > 0.
The closed-loop stochastic LPV system using the control (7) is given by

da(t) = [A(n(t)) + BE (n(t))Clz(t)dt + Ay (n(t))x(t)dw(t). (11)

The result can be derived along the trajectories of the closed-loop stochastic LPV system (11) by applying
1t6’s formula.

AV (z(t)) = LV (z(t))dt + 22T AT (n(t)) Pa(t)dw(t), (12)
where
LV (a(t) = 2" () [P(A((®) + BK(1(1)C) + (Am®) + BK(n(1))C) " P
+ AT () P A (n(1) | (1)
If there exists a P > 0 such that

P(A(n(t)) + BK (n(t))) + (A(n(t)) + BE(n(t)))" P
+ AT () PA, (1)) + Q + CTK ™ (5(t)) RK (n(1))C < 0, (13)

then, the following equation holds:
E[dV(x(t)] = B[LV ((t))dt] < fE{:cT(t) Q-+ CTKT(n(t))RK(n(t))C):c(t)] <o0. (14)

Therefore, the closed-loop stochastic LPV system is mean-square stable. Moreover, by integrating both
sides of (14) from 0 to ¢y, we obtain

V(z(ts)) — V(2(0)) < —F [/O " (0)Qa(t) + uT (1) Ru(t)] dt]. (15)

Because the closed-loop stochastic LPV system is mean-square stable, E[z(t;)] — 0 as t; — 400 holds
and the inequality on the cost bound (9) is obtained.
Conversely, applying the Schur complement to inequality (13) leads to the following matrix inequality:

P(A(n(t)) + BK (n(t))C) + (A(n(t)) + BE(n(t))C)" P+ Q AT (5(t))P CTK™ (n(t))
PA, (1) -p 0
K(n(t)C 0 R
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M
= (t)Tk(P, Ki) <0, (16)
k=1

where

P(Ay, + BE,C) + (Ax + BKyC) P+ Q AL P CTK[
Fk(P, Kk) = PApk —-P 0

K.C 0 —R!
If inequalities T'y (P, Kj) < 0, k = 1,..., M are satisfied, then inequality (16) holds. Moreover, the Schur
complement means that T'y(P,Kj;) < 0, k = 1,..., M are equivalent to inequalities (8). Therefore, if
inequalities (8) are satisfied respectively, the closed-loop stochastic LPV system is mean-square stable.

It should be noted that the feedback gain can be computed by applying the KKT conditions. The
details will be discussed later.

3 Problem formulation

Consider the following stochastic LPV system with one leader ug(t) and N followers u;(¢), i =1,..., N:

N
dz(t) = [A(n(t))=(t) + Bouo(t) + Z Bju,(t) + Byv(t) | dt + Ay (n(t))z(t)dw(t), (17a)
[E(n(t)z(t)]
Douo(t)
2(t) = | Diwa(t) |, (17b)
L Dvun(t) |
yi(t) = Cix(t), (17¢)

where y;(t) € R™ denotes the i-th output vector. wugp(t) € R™° denotes the leader’s control input.
u;(t) € R™i, ¢ =1,...,N denotes the i-th follower’s control input. In the following, P, is defined to
represent the leader and P;, ¢ = 1,..., N to represent the i-th follower. Other variables are defined by
stochastic equation (1). It should be noted that D; is not dependent on time-varying parameters since
a controller designer can choose a controlled output. Hence, without loss of generality, the following
assumptions are made.

Assumption 1. D!'D; =1,,,i=0,1,...N, D; € RI*mi,

The cost functionals are defined by

To(tosur, . unsv,20) = E[ / TP - |z<t>||ﬂdt} (18a)
B, 2®) = B [T @0@uat) + uF (0 Raust) ] (18)

where i =0,1,...,N, Q; =Qf >0, R, = R > 0.

The problem of finding the robust SOF Stackelberg strategy with the H., constraint for the stochastic
LPV system (17) is formulated as follows.
Problem 1. For any given v > 0, find the GS SOF strategies u;(t) = uj(t) € L%([0, o0), R™),
i =20,1,..., N such that

(i) When the leader’s strategy uo(t) = Ko(n(t))Coxz(t), follower’s strategy u;(t) = K;(n(t), Ko)C;x(t),
i=1,...,N, and a disturbance v(t) = v*(t) = FJz(t) are applied, a follower’s strategy set (u1(uo),. ..,
un (ug)) satisfies the following Nash equilibrium condition:

Ji(u (uo), - -y ul (uo), . .. uly (uo), v*,2°) < Ji(ul (uo), ... ui(uo), ..., uly(uo), v, 2%,  (19)
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where uj (up), i =1,..., N denotes the Nash equilibrium strategy, which depends on the leader strategy

uo(t) = Ko(n(t))z(t) and

Ji(u1(ug), ..., un(ug),v*,2°) = E {/000 [T (1)Qiz(t) + u] (uo, t) Riug(uo, t)]dt

< Ji(u (ug), - - . ,uN(uo),v*,xO) = E[IT(O)Pix(O)],

N
Pi( Ak + BoKoxCo + Y B Kk (Kox)Cj + BUF;>

Jj=1

N T
+ <Ak + BoKorCo + Y BiK1(Kor)Cj + BvFj;> P,

Jj=1

+ AngiApk + Qi + CF K R K, Ci < 0;

(ii) When the worst-case disturbance v(t) = v*(¢) is implemented in a stochastic LPV system (17),
ui(t) = uf(t), i =1,..., N satisfies the following inequality (20):

Jolug,uls - uyy, 0", 2%) = minJo(ug, uf (vo), .-, ul (uo), v", 7). (20)

where

ui (1) = ul (ug) = K (n(t), K§)Cia(0),

?

oo o). - une (o). v, 2°) = E[ | 0ua(o) + () Rauo(0)]

< Jo(ug(ug), ... un(uo), v, 2°) = E[:cT(O)PO:c(O)},

N
Po( Ak + BoKorCo + Y BiK;k(Ko)Cj + BUF;)

j=1

N T
+ <Ak + BoKorCo + ZBjKjk(KOk)Cj + BEFV*> Py

Jj=1

+ AN Po Ay + Qo + Cy K, RoKorCo < 0;
(iii) For the closed-loop stochastic LPV system, the H., norm conditions are satisfied such that
Jo(uy, ..., ul,v,2%) =0 (21)

and u;(t) =uf(t),i=0,1,...,N.

A critical issue for performing the feedback strategy in practical dynamic games is that players can
only access their individual and/or local state information. Although observer-based state estimation
techniques are often used when perfect state information cannot be obtained, a state estimator design
is required. This makes the controller structure more complicated and costly. However, different players
may access different state information. It is desirable to design a controller based on individual and
local state information of each player. An SOF strategy with a simple structure is one of the most
important solutions in control theory for solving this problem. However, designing an SOF strategy faces
the challenge of solving non-convex optimization problems, such as BMI optimization problems. The
related BMI optimization problem is a well-known NP-hard problem for its numerical difficulty. To avoid
the computational difficulty of finding the robust SOF Stackelberg strategy set, a heuristic algorithm
based on the LMI-based optimization problem is newly developed.

A new framework, called “Chemical Game Theory (CGT)”, uses well-known, rigorous principles from
chemical engineering to solve strategic decision problems [20]. In strategic decisions, players each can
choose from among two or more alternative possibilities, and the outcome depends upon the collective
choices from all players. Specifically, a game of N players is represented by IV reactors in parallel. The
concentrations that enter a reactor correspond to the bias that a player enters the game with. The
reactions occurring in the reactors are comparable to the decision making process of each player. The
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concentrations of the final products represent the likelihood of each outcome given the preexisting biases
for the situation. In this way, CGT mathematically solves problems that are difficult for humans to
adjust.

In the following, we first consider the robust SOF Stackelberg strategy set by using GS control and
then the mode-independent control.

4 Gain-scheduled Stackelberg strategy set

In this section, the existence conditions of the GS robust SOF Stackelberg strategy set are derived using
the preliminary results.

4.1 Follower’s Nash strategy set

First, we consider the follower’s Nash strategy set. For a fixed strategy set

ui(t) = Ki(n(t), Ko)Ciz(t) Z5k KiCix(t), i=0,1,...,j—1,j+1,...,N, (22a)
v(t) = Fya(t), (22b)

consider the following closed-loop stochastic LPV systems with the ¢-th cost functional:

dz(t) = ([ Z B;K;(n(t))C; + B, F. } (t) + Biui(t)>dt+ Ap(n(t))z(t)dw(t), (23a)
J=0,j#1
Ji(ui(Kok), $O) =E |:/0 [IT(t)QiI(t) + U;I(KOk)Riui(Kok)]dt] . (23b)

Using the preliminary Lemma 2 and making a term-wise comparison between (23a), (23b) and (1), (6)
with

A(n(t)) + Z B;K;(n(t))C; + B,F,, B By, u(t) < u;(t), Q + Qi, R+ R,
J=0,j#i

we arrive at the following CCMIs:
q)ik(PiaKOk;Klk;"'aKNk)goa k:]-v"'aMa (24)
where

Qi (P, Kok, Kk, - .., Knk) := P2 +H7kp + A wPidpe + Qi + CT K R K Ci,
N

Sk = Ak + Y BjK;Cj + B, F,.
=0

Second, the following optimization problem is defined:
IIgHTI‘ [M()R], El = (P,L, Kil; ey K’LM)
s.t. q)ik(Pi7K0k7K1ka . ;KNk) <0, k=1,..., M, (25)

where, the matrices inside the set of ¥; mean the optimization variables in this problem. Furthermore,
K()k, Klk; ceey K(i—l)k; K(i+1)k7 ceey KNka k= 1, .. .,M are fixed.

In this paper, we investigate Stackelberg differential games with a single leader and several followers.
The leader globally dominates over the followers for the entire duration in the sense that before the start
of the game, he chooses and then announces his strategy to the followers who play a Nash game. The
multiple Nash followers choose their optimal strategies noncooperatively and simultaneously based on the
leader’s observed strategy [5]. Therefore, when considering the follower’s optimization problem, fixing the
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strategy sets of other players and formulating the follower’s Nash problem as an individual optimization
problem, the optimization problem (25) can be defined. Furthermore, we will show that the strategy set
can be calculated independently using an iterative method in the layer section.

In order to avoid the dependence of the initial value, it is assumed that

E[z(0)2T(0)] = Mo. (26)

The optimization problem (25) can be solved using the KKT conditions. The following Lagrangian ¢; is
defined to establish the necessary conditions:

b= (P, G, - Ging, Kok, Kk, - Kng)
M
=Tr [MoP] + ZTI'[Gik(I)ik(Pia Kok, K1k, -, Knw)|
k=1
M
=Tr [MoPi] + > Tr[Gin(PEyk + E5Pi + Ap PiApi + Qi + CF Ky RiK31.Cy), (27)
k=1
where G, k = 1,..., M are the symmetric matrix of the Lagrange multipliers.
By using the KKT conditions [21] and the formula %Tr [AXB] = ATBT where X = X7, the
following coupled-matrix equations are established:

Gi @ik (P, Kok, K1, - ., Kng) =0,

Gik>0; q)ik(Pi7K0k;K1k;"'7KNk)<O7 ’L':l,...,N, kzla"'7M7 (283.)
ol; .
8P :Ai(KOI;-H;KNMaGilaw-;GiM):0; Z:].,...,N, (28b)
[
5 : aK’Lk} = (B’L Pl +RiKikCi)G’ikCi = 07 v = 17 e 'aNa (280)
where
M
Ai(Kor, ..., KN, Girsy -, Ging) i= Mo + Z[EfykGik + GikEl) + AppGir AL .
k=1

It is worth noting that the CCMEs (28b) are the generalized stochastic Sylvester equation with many
unknown variables. The discussion on the solvability of the generalized stochastic Sylvester equation (28b)
is not easy. It is beyond the subject of this paper. Therefore, we assume the solvability of this equation.

If the generalized stochastic Sylvester equation (28b) has a positive definite solution set such that
2119\4:1 CiGiCl > 0, the fixed follower’s strategy set can be obtained as follows:

M

uit) = uf (t) = K; (n(t), Ko)Cix(t) = > k() K Cia(t), i=1,...,N, (29)
k=1

where
5 = =R BT PGy CF (CiGyCF)
4.2 Leader’s strategy set

Second, consider the leader’s strategy set. Assume that the leader uses the strategy with the following
form:

M

’Lbo(t) = KOk(n(t))Cox(t) = Zék (t)KQkCOI(t). (30)
k=1

The closed-loop stochastic LPV systems become

N
aa(t) = (|A0(0) + X B 0OC; + B, o) + Bauo(0) )+ A, (n(0)e(e)du),  (31a)



Mukaidani H, et al. Sci China Inf Sci  October 2021 Vol. 64 200202:9

Jo(Koxx, K1 (Ko, . . ., Kne(Kog)z, v, 2°) = E[ / (27 ()Qox(t) + ug Rouo|dt|. (31b)
0

By using a technique similar to that for deriving the follower’s strategy set, the following CCMIs are
derived:

Dor(Po, Koky K1key - .., Kng) <0, k=1,..., M, (32)
where
Do (Po, Kok, K1k - -, Knk) = PoZyk + E$kPo + AngoApk + Qo + Cy K RoKorCo.
Therefore, the optimization problem for the leader’s cost bound can be defined:
r%iOnTr [MOPO], Yo:=(Po,Pr,....,Pn,Ko1,..., Knm, Giny oo, GNg)
s.t. @or(Po, Kok, K1k, .-, Kng) <0, k=1,..., M, and (28), (33)

where the matrices inside the set of ¥y mean the optimization variables in this problem.

It should be noted that for each fixed predetermined follower’s optimal strategy set satisfying the Nash
equilibrium condition, the leader’s optimization problem can be defined.

In order to derive the necessary conditions, the following Lagrangian ¢ is defined:

by :=Llo(Po, Pry...,Pn,Got, ..., Gnm, Koy - oo Knv U, - Uni)

M
=Tr [M()PO} + ZTr[Gqu)Ok(POa KOka Klk, ) KNk)}
k=1
N M
303 T UG @ik (P, Ko, Ko K]
j=1k=1

Tr[V;Aj (Kot .-, Kna, G, - G )|

+
-

Jj=1
N M
+ ZZT{(B]-TP]- + R;K1C5) GiuCT Wik |, (34)
7j=1k=1
where Uk, Vi, Wig, Gor, k= 1,..., M are the symmetric matrices of the Lagrange multipliers.

Using the KKT conditions [21], the following coupled-matrix equations can be established.

GokPox (Po, Kok, K1k, - - Kng) =0,

G()k}(), <I>0k(P0,K0k,K1k,...,KNk)g(), k:].,...,M, (353,)
G —
55 = 2 [EnGuUi + GuUnEZly + ApGiulin Ay + BWECiGi] =0, i=1,....N, (35b)
tok=1
o - =
6G9k = O (P, Kok, Kk, - - Knk) Uik + ViEqx + :%Vi + AngiApk
+ (BYP, + RiK3C) ' WEC =0, i=1,...,N, k=1,...,M, (35¢)
ot M
a—PZ = Mo+ > [EykGok + GorZy + ApnGor Ay | =0, (35d)
k=1
1 o al
0
5 PR = (B PyGor + RiKinCiGix Ui ) OF + ; B (P;GjxUj + V;G i) CF
+ RWiCiGuClr =0, i=1,...,N, k=1,...,M, (35¢)
1 o ol
= % — (BT Py + RoKorCo) Gor Cf + ZBOT(PjijUjk +V;Gj)Cy =0, k=1,...,M. (35f)
2 0K

j=1
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If the generalized stochastic Sylvester equation (35d) have a positive definite solution set such that
Zkle CoGorC > 0, the leader’s strategy set can be obtained as follows.

g

uo(t) = K5 (n(t))Cix(t) = Y ou(t) K Cia(t), (36)
k=1

where
al 1
ng = —RalBg |:P0G0k + Z(PjijUjk + Vjij)] Cg(CQGQkCE)F) .
j=1

It should be noted that the CCMEs (35d) are the same generalized stochastic Sylvester equations as (28).
Additionally, we assume the solvability of this equation.
4.3 Disturbance attenuation condition
Finally, the disturbance attenuation condition is investigated using Lemma 2. If the strategy sets ug(t) =

ug(t) = K5(n(t))Cox(t), ui(t) = ui(t) = Kr(n(t))Ciz(t), i = 1,..., N exist, the following stochastic LPV
system can be considered:

N
da(t) = [(A<n<t>> Y BjK;<n<t>>cj)x<t> n B@v<t>] at 4 Ayn()a(Ddu(t),  (37a)
j=0
E(n(t))
DoKo(n(t))
2(t) = | DiKi(n(t) | =(b). (37b)
| DnEKn(n(t))]

By comparing (1) with (37), the following conditions can be easily established.

For a given disturbance attenuation level v > 0, assume that there exists a real symmetric matrix
Y = YT > 0 such that the following LMIs are satisfied:

YEri +EkY YB, ALY Eg,

BYY —~2], 0 0
v T ine <0, k=1,...,M, (38)
Y Api 0 -Y 0
Ex 0 0 —1I,.
where
C B ]
N Do K,
=Kk = Ak+ZBjK;ij; FEkr = Dlek
Jj=0 :
DnEKy,

Then, the worst-case disturbance can be calculated as follows:

v(t) = FXx(t) =y 2Bl Ya(t). (39)
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4.4 Existence condition

We are now in a position to state the main result of this paper.

Theorem 1. Suppose that the CCMEs (29) with C;G;CF > 0 and CCMEs (35) with CoGorCq > 0
admit a solution set, respectively. Then, the strategy sets (29), (36) and the worst-case disturbance (39)
are the solutions to Problem 1. Furthermore, these strategy sets satisfy inequalities (19) and (21).

Proof.  The detailed proof of this theorem is omitted as the proof can be completed by tracing the
procedure before the theorem.

5 Mode-independent Stackelberg strategy set

In Section 4, mode-dependent (or GS) strategy sets were used. However, because it is complicated and
costly to implement the mode-dependent strategies, mode-independent strategy sets have become more
attractive and effective. In this section, we derive mode-independent strategy sets.
Assume the players adopt the following mode-independent strategy sets:
ul(t) ZKiCiI(t), 1= 0,1,...,]\[7 (40&)
v(t) = Fya(t). (40Db)

By using the same techniques as those in Section 4, the following CCMEs can be derived:

Hip Vi (X, Ko, K1, ..., Kn) =0, Hy, >0, Yy (X;, Ko, Ki,...,Kn) <0,

i=1,...,N, k=1,...,M, (41a)
M

Mo—i—Z[@kaik + Hi®L, + AprHi ALl =0, i=1,...,N, k=1,...,M, (41b)
k=1

HopVor(Xo, Ko, K1, ..., Kn) =0, Hop >0, Yor(X;, Ko, K1,...,Kn) <0, i=1,...,N, (41c)

M
Mo+ > [k Hox + HokOnk + App Hox Apy] = 0, (41d)
k=1
M
> [0k HikTir + HiTinO%), + App HaTix Ay, + BW, CiHy]) =0, i=1,...,N, (41e)
k=1
Uie(Xi, Ko, K1, ..., KN)Tig + ZiOk + O, Z; + AN ZiApr + (B Xi + R K C;) "W, C; = 0,
i=1,...,N, k=1,...,M, (41f)
M N M
> (B XoHok + R K;C; Hi Ty ) C Z > BIN(X;Hu Ty + Z;H;p,) CF
k=1 j=1k=1
M
+ R,WEC; (Z Hik)c;f =0, i=1,...,N, (41g)
k=1
where

Ui (X, Ko, K1, .., Kn) 1= XiOyp + 05, X + A XiApr + Qi + CF K R K, C,

N
Oy 1= Ap + Y BiK;Cj + B,F,.
j=0

If the CCMEs (41) have a positive definite solution set such that Z,iw:l CiHyCF >0,i=0,1,...,N
and 212/1:1 CoHorCg > 0, the strategy set for each player can be obtained as follows:

wi(t) = K Ciz(t), i=0,1,...,N, (42)
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where
M M -1
K =-R'BFX; (Z Hik> cf (Z CiHikC?> , i=1,...,N,
k=1 k=1
M N M M -1
Ky =-Ry'By [ XoY How+ Y > (X;HuTj + Z;Hji) | Cf <Z COHOkCOT> .
k=1 j=1 k=1 k=1

The next theorem guarantees the existence of the mode-independent robust SOF Stackelberg strategy
set.

Theorem 2. Assume that the CCMEs (41) with ZIICVIZI CiH;,CF > 0 and ZIICVI:I CoHorCy > 0 admit
a solution set. Then, the strategy set (42) and the worst-case disturbance (39) are the solutions to
Problem 1. Furthermore, these strategy sets satisfy inequalities (19) and (21).

Proof.  The detailed proof is omitted because it can be proved by using a procedure similar to that in
Section 4.

6 Numerical algorithm

In this section, a heuristic algorithm for solving CCMEs is presented. Because the CCMEs (35) in
Section 4 are the same as the CCMEs (41), only the numerical algorithm for solving CCMEs (41) is
considered.

Step 1. Set the initial conditions: choose Ki(o)7 i =20,1,...,N and F§0> such that the following
closed-loop stochastic LPV system is mean-square stable:

N
da(t) = [A(n(t)) + 3" B + BFD |a(t)dt + Ay (n(t))z(t)dw(t). (43)
=0

Furthermore, T\ = I,, 2 = I,,,i=1,...,N, k=1,..., M.
Step 2. Foralli,i =1,..., N, carry out the following steps from Steps 2-1 to 2-3, where p = 0,1,2, . ...
Step 2-1. Solve the following optimization problem for Xi(pﬂ), subject to the LMI:

min Tr [My X st U (XY K K KW <0, k=1,..., M. (44)
xtt

Step 2-2. Solve the following CCMEs for HZ.(ISH), k=1,...,M:

Hz-(;f+1)‘1’ik(X§p+1), K(gﬂ), Kfﬂ), o K](\f)) -0, (45a)
M
Mo+ [0 HE + HETVOWT + Ay HYT AT =0, (45b)

where

N
0\ = A+ > BK\"C; + B,FY.
=0

Step 2-3. If Zk . C H(pH)C’T > 0, then compute K(pﬂ)

-1
KPT) = _p-1BTx Pty (ZH”“>CT<ZCH”“ ) . (46)

Step 3. Solve the following optimization problem for Xép +1) subject to the LMI:

min Tr [MoX§T] st o (XY, K KX, KY) <0, k=1,..., M. (47)
x4t
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Step 4. Solve the following CCMEs for HéZ'H), k=1,...,M:
HO(Z+1)\II0k(X(gp+1)7 K(()p)v Kfp)v sy K](Vp)) =0,

M
Mo+ Y [OWHG™ + HTeW + A HT AL] =0,
Step 5. Compute Wi(pﬂ), 1=1,...,M:

M N M
W (S Y 1)
k=1 j=1k=1

—1
+ RiK(P+1)C H(ﬂ+1)T )CT <Z C; H P+1 ) )
Step 6. Solve the following CCMEs for T, 2™ i =1, N k=1,..., M:

M
S [elg i Ty 4 BT 6 Ay VT A
k=1

BwWt T Y] =0,
‘I/ik(Xi(pH),Kép),Kfp), . ,KJ(VP))TZ_(I:H) p+1 @(p) + @(p)T Zerl) + A (p+1)Apk
+ (BT x4 RiKi(”“)Ci)TWi(”H)TCi = 0.

Step 7. If Zk 1 C H(p“)COT > 0, then compute K(gp'H):

M N M
Kéerl) _ —RJIB(T Xéerl) ZH(()ZJrl) + ZZ P+1 P+1)T(P+1) + Z](-erl)Hj(-erl)) C(")f
k=1

j=1k=1

-1
(Z Co H(P-H)CO ) )

Step 8. Solve the following optimization problem for Y (**1) subject to the LMI:

min Tr [Y(p"'l)}

Y (p+1)
Yo ey (i) y it g, AT y (o)) ple T
By (+1 -1, 0 0
5.t. v T <0, k=1,...,M,
YDA, 0 _y(p+1) 0
+1)T
gl 0 0 —1I,.
where
ST
N Dok Cq
oY) == 4, + > BKYc;, EY) = | DK Gy
J=0 :
DyE Oy
Step 9. Set

2P = (1-— Cp)z(p) + pr(z(p))a p=0,1,2,...,

(48a)

(48D)

(49)

(50a)

(50D)
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where z(P+1) = 7 (2(P) with

oo
0<c¢, <1, Zcp(l—cp) = 00,
p=1

2P — {X(p) K® H® 70 70 W Y(p)} ,
X — (Xém x® X}(@)’ K — (K(gm E® .. kW )
H® — (Ho(fl’) Ho(lzgf Hl(‘f) Hl(flgl Hz(\?i Hz(\?z)w)v

0 = (1) TR TP T T T

A (Zf”’ Z%)))’ W) = (Wf”) va”’)-

Step 10. If the recursive algorithm consisting of Steps 2 to 9 converges, the required strategy set
is obtained; otherwise, if the number of iterations reaches a preset threshold, declare that there is no
strategy set. Stop.

Finally, the following convergence characteristics can be concluded in terms of the well-known results
of [18].

Theorem 3. Let C be a closed convex subset of a uniformly convex Banach space. If 7 : C — C is a
nonexpansive mapping with a fixed point, then {z(p)} converges weakly to a fixed point.

Proof.  The proof is omitted because it is derived directly from the result of Theorem 2 [18] under the
assumption of the sequence {c,}5%;.

It should be noted that ¢, = 1/p can be chosen simply, and the numerical section of Section 7 is
selected as it is.

7 Numerical examples

In order to demonstrate the reliability and usefulness of the proposed heuristic algorithm, two numerical
examples are solved.

7.1 Academic example

Let us consider the following values for the coeflicient and weighted matrices in (17) and (18), respectively:
-1 0 -1 0
) Ay =
—4 =5 -1 -5
0.1 0 -1
, B, = , 2(0) =
0.8 0.1 1

7G0:G1:G2:17

, Apr = 0345, k=1,2,

aB2:

LCo=10], ci=ca=o1],

101 10.2
El = ) E2 =
01 01

QO:diag(4 2), O :diag<2 1), Qs = diag (1.5 0.5), Ro=3, Ri=2 Ro—1, v—4.

Using the heuristic algorithm in Section 6, the mode-dependent SOF feedback gains K}, i = 0,1,2,
k=1,21n (29), (36) and F in (5) are computed as follows:

Ki = | —6.7177 x 10—1} . K, = [—6.0638 x 10—1} ,

K [—5.8561 « 10*2} ,

[_
{—9.3002 « 10*2} KD
{_

K3 = |—3.4615 x 10—3} . K3 [—7.2467 x 10—2} :
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0.2
0f LOF x, (GS: mode-dependent)

o —— x, (GS: mode-dependent) ost 4 T %, (mode-independent)
-1 e x, (mode-independent) | ’
0.4} 061
~0.6 04}
0.8 0.2
-1.0 or

L L L L L L L 70'2 L L L I I 1 I
0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0 0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0
Time (s) Time (s)
Figure 1 (Color online) State trajectories for x1(t). Figure 2 (Color online) State trajectories for x2(t).

F = [1.0301 x 10~ 9.1647 x 10| .

The mode-independent SOF feedback gains K}, i = 0,1,2 in (42) and F, are also computed as follows:

KG = |-6.6865 x 1071, Kj = [-7.9850x 102, Kj = [-2.9520 x 102,
P = [79.9391 « 1075 9.1909 x 10*4} .

Using the GS Stackelberg strategy set (mode-dependent Stackelberg strategy set) and mode-independent
Stackelberg strategy set, the time histories under 01 (t) = cos? t and 65 (t) = sin? ¢ for the state are depicted
as Figures 1 and 2.

It should be noted that the increment w(t+ h) —w(t), w(0) = 0 is with the property N(0, h), h = 0.01.
From these figures, it is observed that the difference between these strategy sets is very small, and the
mode-independent strategy set is more suitable and realistic because the implementation is very easy.

Figure 3 shows the result of multiplying the variance h by 100 in order to display the comparison with
the previous results better. It should be noted here that state xo(t) is oscillatory because the variance
to 100 times in the original one-dimensional Wiener process is performed. However, it is confirmed that
the mode-independent control strategy quickly compensates to the equilibrium point.

7.2 Williams-Otto process

In this subsection, a numerical example of the linearized hierarchical model of a chemical refining pro-
cess [22] is presented as a practical case. Without loss of generality, u(t) is assumed to be the leader of
the control input. In contrast, u;(t), i = 1,2 are assumed to be the followers’ control input. A detailed
description of the system and parameters is given in [23]. The system matrices are given below:

M=2 N=2,
—4.93 -1.01 0 0 | —4.93 =101 0 0
_|-820 530 —128 0 _|-820 -5.30 —128 0
YTl 640 0347 —32.5 —1.04] 70 | 640 0.347 —27.5 —1.04
0 0833 11 —3.96] 0 0833 5 —3.96
1] 0 0.1 0.4
App = 0154y, k=1,2, By = 0 , By =By = ! , By = 02 , 2(0) = 12 ,
0 0 ~1 —0.5
0 0 0.5 0.5

C’o:C&:C’g:{OOOl},E1:[0101},EQ:[O2O2},GO:G1:G2:1.
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2 T T T T T T T

x, (GS: mode-dependent)
--------- x, (mode-independent)

i) 1 1 1 1 1 1 1
0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0

Time (s)

T T | T T T
x,(GS: mode-dependent)
------ X, (mode-independent)

1 1 X 1 1
1.0 1.5 2.0 2.5 3.0 35
Time (s)

Figure 3 (Color online) State trajectories for a large noise.
The weight matrices are given by
Qo =diag (4225), Qi =diag (21 13), Q2 =diag (1505 15 1), Ro=3, R1 =2, Ry =4,

The disturbance attenuation level 7 is chosen as four. The gains of the GS Stackelberg strategy set in
(29), (36) are computed after 22 iterations. These values are given below.

K = [ 46159 % 1072] . K, = [5.1076 % 1079

Ky = [-Lommix102] K = [-3.8137x 1072]

K3 = [—5.4961 X 10—3} , K= [—5.8009 X 10—3} ,

Fy = [76.4811 x 1073 1.6257 x 1072 —9.9784 x 1072 1.6676 x 10*2} :

Conversely, the mode-independent SOF Stackelberg strategy set cannot be obtained because of the in-
feasibility of the optimization problem for the leader. Therefore, although the mode-independent SOF
Stackelberg strategy has easy implementation as a feature, its solvability is conservative. The state tra-
jectories are shown in Figure 4, where §1(t) = cos?t, do(t) = sin®t. From this result, even if the SOF
strategy is implemented and parameter variations exist, all the states are mean-square stable.

8 Conclusion

A robust SOF Stackelberg game with multiple followers for stochastic LPV systems was investigated.
In view of practical implementation, it is assumed that players can access only their individual SOF
information in the game. Two types of strategy sets, that is, the GS (or mode-dependent) strategy set
and the mode-independent strategy set, were studied. After the existence conditions of the robust SOF
Stackelberg strategy set were established, the optimization problems corresponding to the relevant cost
bounds were defined to determine the robust SOF Stackelberg strategy set, which were solved using the
KKT conditions. Consequently, it is shown that the robust SOF Stackelberg strategy set can be obtained
by solving higher-order CCMEs. Because CCMEs are complex and difficult to solve numerically, a
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1.5 T T T
X
...... X,
X
1.0 - -x, R
r
0.5 1
0 B P ——
-0.5 - B
-1.0 1 1 1
0 0.5 1.0 1.5 2.0

Time (s)

Figure 4 (Color online) State trajectories.

heuristic algorithm was developed by combining CCMEs with CCMIs. The convergence property was
proved using the Krasnoselskii-Mann iterative algorithm. Finally, two numerical examples were solved
to demonstrate the reliability and usefulness of the proposed heuristic algorithm. From these examples,
it was also found that the difference between the state trajectory using the mode-dependent strategy set
and the mode-independent strategy set is small and they are reliable.
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