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Dear editor,

Despite the development of extensive strategies [1,2], adap-
tive control still requires thorough investigations to improve
its capability and cover more uncertain systems. This study
aims to demonstrate the powerful ability of adaptive control
in compensating multiple serious uncertainties, particularly
those in input powers, by investigating global stabilization
for the following planar nonlinear system with unknown in-
put powers:

{ﬂbl = g1(2) (2] + f1(2), )

i3 = ga(x)[u]P2!) + fa(z),

where []* = sign(-)| - |* for @ > 0; @ = [z1, x2]T € R? is the
system state with the initial condition z(tp) = xo; u € R
is the control input; p1(t) and p2(¢) are unknown smooth
functions, referred to as the input powers of the system;
gi :R2 5 R, i=1,2and f; : R2 > R, i = 1,2 are unknown
continuous functions, referred to as the control coefficients
and nonlinearities of the system, respectively.

The following assumptions are made for the input powers,
control coefficients, and nonlinearities of system (1); these
show that the system undergoes multiple serious uncertain-
ties, particularly in input powers p;(t).

Assumption 1.
satisfy

Unknown input powers pi(t) and pa(t)

1<pi(t) <p, i=1,2,

for Vt > tg, where p is an unknown positive constant.

Assumption 2. The signs of gi(z) and g2(x) are known,
and the following holds for Va € R2:

{algl(ftl) < lgi(@)] < b1ga(x),
azg,(z) < |g2(x)] < b2ga(z),

where a; and b; are unknown positive constants, and Qz()
and g;(-) are known positive smooth functions.
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Assumption 3. There exists an unknown positive con-
stant 0 such that for Vo € R2,

{ |f1(2)| < Ohi(z1)]z1 P,
| fa(2)] < Oha(x)(lz1]? + |22|P),

where h;(-) are known positive smooth functions.

Assumption 1 shows that the unknown input powers have
an unknown constant upper bound; this is essentially differ-
ent from other closely related studies [3-5], where the input
powers are unknown but can be dominated by known con-
stants. Assumptions 2 and 3 show that serious uncertainties
also exist in the control coefficients and nonlinearities of sys-
tem (1); however, related studies [3-5] exclude uncertainties
in control coefficients, although the systems considered in
these studies are n-dimensional ones.

Remarkably, the unknown upper bound of the input
power renders the compensation strategy adopted in [5] (i.e.,
introducing terms of lower and higher powers with respect
to the input powers) inapplicable. In this study, a power-
ful adaptive controller is designed, which has the ability to
compensate the serious uncertainties in the system, particu-
larly those in the input power. Notably, the key to designing
the controller lies in an appropriate design of the adaptive
dynamic and the choice of design functions of dynamic and
system states, that can ensure the existence of solutions and
global stability of the closed-loop systems. It should also be
pointed out that, although similar problems can be solved
by the switching adaptive strategy [6, 7], the designed con-
troller is discontinuous and is more likely to cause chattering
behavior in practical implementation.

Adaptive controller design. Before proceeding to the con-
trol design, we assume, without loss of generality, that the
signs of g1(z) and g2(z) are positive, and hi(z1) > 1 and
ha(z) = 1. More importantly, we introduce design functions
Ai(y,2) > 1,i=1,2, Vy € R, Vz > 1, satisfying

li inf =
L

lim  inf \i(y,2) = +o0,
|y|—=+o0 221
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and

lim inf A2(y, z) = +oo,

z—+oco yeR
A
lim inf M = +o0, (3)
z—+ooyeR\{0}  |y|*
fim  nf 22322 L ves

ly|—+ooz>1  |y|e

Remarkably, A1(-) and A2(+) can be constructed explicitly,
and an example is provided in Appendix A.
The following adaptive controller is designed:

1
N (2122 70y
X (22+€2.K)
,

U= _62($= K)K?]

(4)
S = w2 — (21, K) =: 22 + fa (21, K1,
where K is generated by the following dynamic:
K =l + 6l K(to) =1, (5)

and

B1(°)

1
(g;%l) +g, ““))

A2 (z1, K)hi(z1),

_ 1 (6)
52(.)(22—1(76) g, A (23 +€3.K) ($)>

Ao (23463, K)H (z, K, M (2 +€3, K)),

with H(-) > 1 being a known smooth function to be deter-
mined later and strictly increasing on its third argument.
Remarkably, controller (4) designed in this study is essen-
tially different from those in the related studies. On one
hand, from (5), we see that the dynamic gain K (¢) appears
in the powers of the system state; this provides the con-
troller with the powerful ability to compensate unknown in-
put powers. On the other hand, the design functions on
system states and dynamic gain are introduced, which are
quite critical to ensure the existence of solutions and global
stability of the closed-loop systems, as can be seen in the
later stability analysis.

Main results. Let V(z,K) = %z% + %ﬁ% Then, based
on controller (4), we obtain the following proposition, which
gives the appropriate estimation of the time derivative of
V(-) and whose proof is given in Appendix B.

Proposition 1. There exist H(:) as in (6) and an un-
known positive constant ©, such that under controller (4)
and along the trajectories of system (1), the following holds:

Py (t)

. 1——Pp1tt)
V< _al(gi—m(t)(xl)_i_gl A (21, K) (x1)>)\2($1,K)
“ha (@)l TP 4 (0ha (1) + 2) | THP
+ 20y [P gy |THE gy (Q;—pz(t)(x)
P2 (t)

- etradn
oy IO @) et + 3

1 p2(t)
+A1<z%+s§,f<>

CH (2, K, M (2F + 63, K)) &
+OH (z, K,p) (|2 +P1(®) 4 &'+ K). (7

The main results of this study are as follows.
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Theorem 1. Consider system (1) under Assumptions 1-3.
The designed adaptive controller (4) guarantees that all the
signals of the closed-loop system are bounded on [tg, +00),
and the original system state z(t) and the control input w(t)
ultimately converge to zero.
Proof. From system (1) and controller (4), we see that
the vector field of the closed-loop system is continuous in
(t,z, K). Then, from Theorem 1.1 (Page 14) and Theorem
2.1 (Page 17) in [8], the closed-loop system has at least one
solution (not necessarily unique) starting from the initial
condition (to,zo, K (to)). Let [to, Tf) be the maximal ex-
istence interval on which all solutions exist. The following
proof is divided into three parts.

Part I. K(t) is bounded on [to, Tf). Suppose by con-
tradiction that lim;,7, K(t) = +oo. Then, from (2)~(7),
there always exists 1 such that for V¢ € [t1, T}),

V(1) < —lan ()] — g2 D, (8)

where V(t) simply denotes V' (z(t), K(t)).
process of (8) is provided in Appendix C.
Note that (8) directly implies that for Vt € [t1, T),

The derivation

t
/t (121 ()| + [£2(5) X)) ds
<V(t1) = V(t) < +oo. (9)

On the other hand, by (5), we have for V¢ € [t1, T¥),

¢

KO~ K0) = [ (a1 + |ea(s) <) ds,
t1

which together with lim;_, 7, K (t) = +oo directly contra-

dicts (9). Thus, we prove that K (¢) is bounded on the max-

imal existence interval [to, TF).

Part II. Ty = +oo, and the system state z(t) is bounded
on [tp, +00). Actually, it suffices to prove that the system
state x(t) is bounded on [tg, Ty) with Ty < +oo. Suppose
by contradiction that lim¢_, 1, [|[2()|| = +oo with Ty < +o0c.
Then, from (2)—(7) and the boundedness of K (t) on [to, T),
there exists t2 such that for Vt € [t2, Tf),

V() <o. (10)

The detailed derivation process of (10) is provided in Ap-
pendix D.
From (10), it follows that for Vt € [t2, T),

0< V() < V(t2) < +oo,

which together with (4) and the boundedness of K(t) on
[to, T'y), directly contradicts the fact that lim,r, [[z(t)]| =
++oo. Thus, we prove that z(t) is bounded on [to, Ty) with
Ty < +oo.

Part III. The system signals (z(t), u(t)) ultimately con-
verge to zero.

From (5) and the boundedness of K (t) on [to, +00), it
follows that, for V¢ € [tg, +00),

t
/ (lz1(s)| K 4 |€2(5) K () ds < +o0.
to

Moreover, by the boundedness of z(t) on [tg, +00), we ob-
tain that &2 (¢) and u(¢) are also bounded on [tg, +00). This,
together with (1), (4), and the boundedness of K (¢), implies
that @1 (¢) and £2(t) are bounded on [tg, +00). Thus, by us-
ing Barbélat lemma, we obtain that lim¢ 4o x1(t) = 0
and lim¢— 400 &2(¢) = 0, while lim¢ 400 z2(t) = 0 and
limy s 4 oo u(t) = 0 directly follow from (4).
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Concluding remarks. In this study, a novel adaptive con-
troller has been designed to achieve global adaptive stabi-
lization for a class of planar nonlinear systems with serious
Remarkably, the proposed
adaptive control strategy is rather suggestive, and may be
In addition, the
considered system has some certain practical significance.
When the nonlinearities and input powers of system (1) are
suitably degenerated, system (1) can be used to describe
single-link robot arm systems. Moreover, future work can
focus on how to achieve global stabilization for more general
n-dimensional nonlinear systems with unknown input pow-
ers. Such systems can be used to describe underactuated,
weakly coupled, unstable mechanical systems.

uncertainties in input powers.

used to solve other control problems.
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