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Appendix A The explicit construction of A\;(-) and Aa(+)
Choose A1(y,2) = z(1+ y?) and A2(y,2) = (1 4+ y2)* (1 +exp (1 + y?)). Clearly, A\1(-) satisfies (2) and Az(-) satisfies the
first relation in (3), and the last two relations in (3) can be verified as follows:
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Appendix B Proof of Proposition 1
We first introduce the following lemmas, which would be frequently used in the proof.

Lemma 1. If p; >0, p2 > 0 and ¢ > 0, then there holds for Vz, y € R,

P1 + -2 p2
I —_— 1 _— .
|z|Pty|P? < ¢ |z|PrTP2 4 ¢ P2 |y|p1+p2
P1 + p2 p1+p2

Lemma 2. Ifp > 1, then there holds for Vz; e R, i=1,...,m,

m m p m

Sttt < (k) < ot S

i=1 i=1 i=1
Lemma 3. If p <p < p, then there holds for Vz € R,

|z[P < |22+ |afP.
Lemma 4. If p > 1, then there holds for Vz, y € R,
|2 = [WP| < |z = yl? +ple —yl (2P~ + yP~ ),

with []P = sign(-)| - |P.

The next proof is divided into the following two steps.
Step 1: Let Vi(z1) = %$% Along the trajectories of system (1) and by Assumption 3, we have

Vi = gi(@)z[z2)”'® + 21 fi(2) < gr(@)za[2a]Pt P + Ohy (1) |z VTP (B1)
Then, by (4), (6) and Assumption 2, and noting A2(:) > 1 and hi(z1) > 1, we have
Vi < gi(@)zafe2]?t ) + 6ha(21)]e1|'FP — g1 (2)w1[an 71O
1
+g1(x)z1 [_ (gl—l(xl) +9g X1 (z1,K) (11)> A2 (z1, K)hi(z1)z1

< qi(@ar (o2 ®) = [aa]? ) 4 0k (1) 21| P

p1(t)

* Corresponding author (email: lygfr@sdu.edu.cn)



Man Y C, Liu Y G, et al. Sci China Inf Sci 2

1 —p1(®)
- <91p1(t)(11) +g, T (901)> o (@1, K)ha (@) s [P0, (B2)
Step 2: Along the trajectories of system (1), and by (4) and V(-) = Vi(-) + %{g, we have

V = Vi + ga(2)€a[u)P2® + &2 fo(z) — 52%(91(93)[332]“(” + fi(z)) — 52%K~ (B3)

We next give the appropriate estimations for the last three terms (denoted by @, @, (®, respectively) on the right-hand
side of (B3).
By Assumption 3, (4), and Lemmas 1 and 2, we have
®© = &f2(z) < Oha(zpg) (Jo1]P + |z2|P) &2
< Ohz(a) (ol + 2771 (Il + BLla1|7) ) leal
< 027 ha(pa)) |62 FP + 027 ha(ap) (14 (14 B1) o Pl
< 21" 4+ ©1Hi(, K)|&2| P, (B4)

where ©1 = #2P=1 4 20°~19147 is an unknown positive constant, and
. o\ 1+P
Hi() = ha(@) +hy P (@) (14 (14 61)7)

is a positive smooth function. Remark that H1(-) > 1 is strictly increasing on the unknown positive constant p. Then, to
show the dependence on p intuitively, we let Hy(x, K) = Hi(x, K, p) with some abuse of notation.
By (1), (4), Lemmas 1 and 2, and noting pi(t) < p, we have

@ = ~& 32 (1@ + ()
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1

N

0 0
2P1(t)*1b1§1(z)‘%‘ &2 HPI®) 4 2P (O =1p G (z) 8;2’(1 + 51)p1(t)|x1|P1(t)|€2|
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+9h1(1‘1)‘7
o1 [7FP1 ) 4 @y Hy (@, K)[€2] TP ) + |1 |'1P + O3 H3(x, K)|€2| TP, (B5)

N

where ©y = 2P~1p; + 2132_1b}+15 and ©3 = A11P are unknown positive constants, and

_ o (Da1y2) B p1(H)(1+p1(8))
Ha() = (1+3@)(52)°) (1+(+8) ).
145 -
Hs() = (1+(521)%) 7 AP (@)

Similar to the discussions on H; (-), we see that Ho(-) and H3(-) are strictly increasing respectively on the unknown positive
parameters p1(t) and p, and let Ha(z, K) = Ha(z, K, p1(t)) and Ha(z, K) = H3(z, K, p).
By (5) and Lemma 1, we have

o

(07
1o (21 1) < Jan T 4 Ha(er, Kl K, (B6)

® = *528

where

1+ K

mo= (1 G)) (0 G

Moreover, by (4) and Lemmas 1, 2 and 4, we have

g1 @1 ([z27 O — [} ®) < i @] (J621 @ + pr©l2] (fe2)™ O 4 o 10 71))
< g (@l (el @ +pr@lal (22407 (Jeal O 4+ 87O aa [ O71) 4 |1 1071
< o PP 4 04 Hy(z, K)|ga |71, (B7)

where ©4 = b2 (4 + 2Pp?) + 4P (b1p) P (1 + 2152’1) is an unknown positive constant, and

Hs(-) = (1 +g1(:1;))2 +( +,31§1(:L‘))1+p1(t) +(1 +§1(x))1+p1(t)(1 _i_Bl)P%(t)*l

is a positive smooth function, and strictly increasing on p1(t). Similarly, we let Hs(z, K) = Hs(z, K, p1(t)).
Thus, substituting (B2) and (B4)—(B7) into (B3) yields

p1(t)

. 1— 7 _
e <91_p1(t)($1) +g, (931)> Aa (1, K)ha (@) [ TP1 ) 4 (6hy (21) + 2) [ 117

+2|z1 |["HP1®) |2 YK 4 (01 Hy (2, K, P) + O3 H3 (2, K, B)) €2 TP
+(02Ha(w, K, p1(t)) + OaHs (x, K, p1(t))) |62 71 + Hy (1, K)[€2|"5 + ga(x)€a[u]?2®).
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By this, (4), (6) and noting (by Lemma 3)

H2($7K7P1(t)) < H2(337K1p)1
Hs(z, K,p1(t)) < Hs(z, K,p),
EATNISESION

we obtain (7) with © =1+ Z;‘l:l ©;, and
B

H() = (Hl(z, K,p) + Hs(z, K, ﬁ)) (1+€3)% + Ha(x, K, p) + Hs(x, K, p) + Ha(z1, K).

Clearly, it is not difficult to see that H(-) is a positive smooth function and strictly increasing on p.

Appendix C Proof of (8)
From (2), (3), and lim;—,7; K(t) = +o0, there always exists ¢1 such that for Vt € [t1, Ty)

K(t) > p+2,

A(z1(t), K1) > p,

A (23() + (1), K(1) > b,

sade(z1(t), K(1) = (140)(4lz1 ()% +6),

Sazda (23(t) + E3(1), K(1)) > (1+©)(2+ 2/&2(t) K ™).

Actually, the first three relations can be seen directly from the first relation of (2) and the fact lim¢_, 7, K(t) = +oo, and

the last two relations can be shown by the first two relations of (3) and lim;—, 7, K(t) = +oo0.
From the first three relations in (C1), and Lemma 3 in Appendix B, it follows that for Vt € [t1, T})

1-py(t) T RO <O
91 P (ac1(t))+g1 e (xl(t)) = 1,
p2(t)

23 (1) +£3 (1), K (1))

1—
P2 (o)) 4 g, (2(1) > 1,

1+ pa(t)
€171 + @ HEO < (2420 FO)le()] M ETOTEOKO),
Again by using the first relation in (C1), and Lemma 3 in Appendix B, we have for Vt € [t1, T)

(0h1(z1(1) + 2) |21 (B TP + 2z () TP 4 [z (1)) O
< (1+ e)hl(zl(t))(3|x1(t)|ﬁ—m<t> +24 |x1(t)|K<t>—m<t>) |z (£)| P2 (®)
< (1 +0)ha(z1(t) (4z (@)K +6)zy (8)[FP1 O
Then, from (7), (C2), (C3), and noting h1(z1) > 1 and
H(z(t), K(8), M (21(t) + €3 (1), K(1)) > H(z(t), K(t),p) > 1,
it follows that for Vt € [t1, T)

. 1+p2—(f‘)
V() < —gonda(r (0, K)o 0710 = Zaada (530 + G0), K0)leal - 1 CTOTEOKD),

By this and noting that the last two relations of (C1) directly imply (by Lemma 3 in Appendix B)

(t)— p2(t)

satde(@1(t), K(1)) > 1+ [z ()| K0 > |ai(6) KO PO,
K(t l_ﬁ
%ag)\g(z%(t)+fg(t),K(t)) > 1+‘€2(t)‘K(t) > ‘fg(t)| >\1(zl(t)+£2(t).K(t))7

we thus obtain (8).

Appendix D Proof of (10)

(C3)

Noting the boundedness of K(t) on [to, T), we have K(t) < M, t € [to, Ty) with M being some positive constant. From

lim¢ 7, [[z(¢)|| = oo with Ty < 400, the next proof is proceeded in the following two cases.
Case I: limy_,7; [z1(t)] = +oo. From (2) and (3), and the boundedness of K(t), there exists ¢3, such that for
Vt € [ts, Tf),
lz()] = 1,

A (z1(t), K(t) > p,

A (23(1) +€3(1), K(t) > b,
arda(z1(t), K(t) = (1+6) (3 + 4|z (B[P + |x1(t)\1+M),
azd2 (a3 (t) +€5(1), K (1)) > ©(2+ [&2(0)IP +[&2(6)[M).

(D1)
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Actually, the first three relations can be obtained directly from the second relation of (2) and the fact lim¢_, 7, |z1(¢)| = +o0,
and the last two relations can be shown by the last relation of (3) and lim¢_, 7, |z1(f)| = +oo.

From the second and third relations in (D1), Lemma 3 in Appendix B, and K(t) < M, t € [to, T¥), it follows that for
Vt € [ts, Tf)

1— p1(t)
1— T B
Ih pl(t)(zl(t))-l—gl X1 (@1 (%) K(m(axl(t)) > 1,
pa(t)

22 (£)+€3 (1), K (1))

1—
gé—Pz(f)(x(t))+g2 ’\1( (D2)

(z®) = 1,

1 p2(t)

_ T e (e
[E2(8)[HP1 D) () PHE® < (24 [E2(8)P + [€2()M)|€2(t)] M ETOFEOKO)
Then, by (7), and noting for Vt € [t3, T)

(0h1(21(8)) +2) ko1 (B)]FP + 201 (O] HP1O) + [ (1) KO
< (L 0)h1(@1(D) (3 + 421 (O + a1 (D] M),
H(a(), K(8), (@3 (1) + (), K®)) > H(t), K1),p) > 1,
we obtain
V(t) <0, Vt€lts, Tf).

Case II: SUPye[1g, Ty) |z1(t)| < +oo and limy_, 7, |z2(t)| = +00.  From (4) and the boundedness of K (t) on [to, T¥),
it follows that

limy 7, [€2(2)] = + o0,
(Ohl(xl(t)) + 2)\x1(t)|1+5 + 2|J}1(t)|1+p1(t) —+ ‘1‘1(t)|1+K<t) < M, Vit € [to, Tf)7

where M > 1 is some constant. Then, there exists ¢4, such that for Vt € [ta, T}),

A (#3() + (1), K(1) > b, (D3)
3a2da (23 (t) +€3(1), K(t) > ©(2+ &) + |&0)M) + 1.

Actually, the first two relations can be obtained directly from the second relation of (2) and the fact lim_,r, [£2(¢)] = +oo,
and the last relation can be shown by the last relation of (3) and lim;_, 7, |§2(t)| = +oo.
By (D3) and Lemma 3 in Appendix B, we obtain that for V¢ € [t4, T}),

P2 (t)

@3 (1) +€3 (), K (1))

1—
g O @) + g, (@) > 1,

1+ . pz(;)
LOIPO +Ha@PRO < @+ e +laOM)am] N IO RO),
H(z(t), K(8), M (2(t) + €3(1), K1) > H(=(t), K(t),p) > 1,
which together with (7) implies
V(t) <0, Vt&l[ta, Ty).

Thus, combining the above two cases and letting t2 = max{¢3, t4}, we obtain (10).



