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Dear editor,

Recently, finite-time consensus of multi-agent systems has
attracted extensive attention of many researchers due to its
wide application in physics, biology, and control engineering.
Cortés [1] provided a signed gradient descent algorithm that
can be used to solve the consensus of multi-agent systems
with undirected connected topology in finite time. Sun-
daram et al. [2] gave a linear iteration scheme for solving
consensus in distributed systems in a finite number of time
steps. In order to control all agents for achieving finite-time
consensus, Wang et al. [3] proposed two simple algorithms
and provided a good framework to prove the effectiveness of
these algorithms. Wang et al. [4] studied multi-agent sys-
tems with switching topology and first-order dynamics, and
constructed several distributed finite-time consensus rules
for solving the z-consensus problem. Lin et al. [5] stud-
ied the distributed constrained optimization problem. The
controller designed by Lin enables multi-agent systems to
achieve finite-time consensus, but minimizes the sum objec-
tive function as t — oo.

In this study, a finite-time convergence algorithm is pro-
posed to solve the intersection of convex sets. The convex
intersection computation problem is important to pose and
solve physics and engineering problems. There are many al-
gorithms for solving this problem; some of them are based
on alternating projection algorithms which are executed by
iteratively projecting onto each set, whereas others are based
on non-affine transformations. Necoara et al. [6] introduced
a general random projection algorithmic framework, which
is used for solving the general convex feasibility problem and
extends the existing projection algorithms to random cases.
In recent years, some distributed algorithms have been used
to compute the intersections of convex sets. Shah et al. [7]
proposed a stochastic distributed algorithm for solving the
intersection of a finite family of convex sets. Shi et al. [§]
solved the distributed optimization problem by computing
the intersections of convex sets.

The motivation of this study is to provide a novel al-
gorithm for finding the intersections of convex sets. The
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algorithm has a consensus part and a projection part. The
Lyapunov method is used to prove that the control algo-
rithm can achieve finite-time convergence. The algorithms
of [5,8] can also be used to solve the intersections of convex
sets, but the convergence rate of these algorithms is asymp-
totic. However, our algorithm can be used to solve the prob-
lem in finite time. Moreover, compared to the distributed
optimization with a common constraint [5], the control law
described in this study can solve this type of problem having
local constraints.

Problem formulation and main result. The multi-agent
system studied in this study consists of N (N > 2) agents.
Each agent is described by the following dynamic equation:

Ti(t) = uit), iEN, (1
where z;(t) € R™ is the state of agent 4, and u;(t) € R™ is
the control protocol to be designed.

We equip each agent i with a constraint set X;. The
global constraint is described as the intersection of all Xj,
expressed by X:

N
X=X
i=1

We assume that, for all ¢, X; is convex and compact.
Further, global constraint X has a non-empty interior.
Then, we consider the following convex feasibility prob-

lem:
N

Find z€ X = [ X,. (2)
i=1

An undirected network denoted by G = (V,&,A) is
considered. The network G consists of a vertex set V =
{1,2,..., N}, an edge set £, and an adjacency matrix
A = [a;;] € RNXN_ The adjacency matrix A is defined
as ay; =0, a;j = aj; = 11if (4,5) € £, or otherwise a;; = 0.
Let the set N; ={j € V : (i,j) € £} represent the neighbors
of vertex ¢. If there is a path from any vertex to any other
one in G, then G is connected. Here we only consider using

static networks for the research.
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Then the following distributed control law is proposed:

ui(t) = = Y sen(zi(t) —z;(t))

JEN;
Tt = Px, (@i()
llzi(t) — Px, (z:i(t)]’ ©

where o > 0 is a constant. Px,(z;(t)) denotes a projection
of a point z;(¢) to the set X;(¢). It is well known that the
projection of z;(t) on the set X;(t) exists and is unique.

Theorem 1. Suppose the graph G is undirected and con-
nected for ¢. For a system (1) with the control algorithm (3),
if a > N, all agents will reach a consensus and the problem
(2) is solved in finite time.

Proof. Note that the control protocol (3) is discontinuous.
Because the signum function is measurable and locally es-
sentially bounded, the Filippov solution for system (1) with
the control algorithm (3) exists [9].
Define the nonnegative function as follows:
Vi(t) =

Slles(®) = Px, o) ()

for all 7. Taking the time derivative of V;(¢), we get

Vi) = (zi(t) — Px,(xi(1))) " d:i(t)
== (@i(t) = Px, (@:(t))) "sgn(wi(t) —z; (1))
JEN;
s () — P (o (e T2 = Px, (@i ()
( z(t) PX-;( z(t))) ||Z‘1(t)—PXl(l‘z(t))”
< (N = a)llzi(t) — Px; (z: ()]l

= —(a— N)V2Vi(®). (5)
It follows that

no_

V2Vi(t)

Integrating both sides of the above inequality, one can

get
\/QW(t) vV 2Vi(to) < (t—to)

If « > N, V;(¢) can converge to zero in finite time. In other
words, there is a constant t; > tg so that for all ¢ > ¢,
llzs(t) — Px,(xs(t))]] = 0. Then for all ¢ > t1, the state
zi(t) of a system (1) will converge to X;. That is, if ¢t > ¢1,
z;(t) € X; under the control (3).

From the above results, if ¢t > t1, we also get

Bi(t) = — Y sen(wi(t) — z;(1)),

JEN;

a—N).

ieN. (6)

Because Xj; is a closed convex set, there is a constant s > 0,
which makes ||z;(¢)|| <'s, Vi € N. Thus, |lz;(t) — z;(t)]| <
lzi(t)|| + ||lz;(®)|| < 2s. That is, ||z;(t) — x;(t)]| is bounded
for the system (1) with the algorithm (3).

Next, let us prove that all agents can attain consensus in
finite time. Consider the nonnegative function as follows:

2

zi(t) - Z 2x(t) (1)

for all ¢t > t1. Taking the time derivative of V(t), we get

Z > |:acl(t ——sz(tr

i=1jEN;
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-sgn(zi(t) —x(t))

:——Z D @i(t) =5 (1) " sen(wi (t) — 5 (1))
i=1jEN;

= EZZHm —z; ()
i=1jEN;

<13 S ) - 50
i=1jEN;

< 0. (8)

Because ||lz;(t) — x;(t)|| is bounded, we can let ||z, (t) —
zjo (t)|| = max; jen [|2i(t) — ()] We get

N
Do e — 20l >

||33i0 () — Tjo Ol
i=1jEN;
and
1 Y 1 Y ’
V(t) = 5 > () — N > an(t)
i=1 k=1

N

N

N

llziq (£) — 2jo (D)

—zjo (D]- )

From (8) and (9), it follows that

VW) 3 Tiew lei) a0

VVE) V2N iz () — 250 (B)|

_ sl () — 2 0
V2N ||z, () — a5 (1)

< ! <0

S V2N '

We integrate both sides of the inequality and get the fol-
lowing inequality:

2/ V(1) — 2¢/V(to) < Jw

Thus, V(t) converges to zero in finite time. That is, there is
a constant to > t1 such that for all t > t2, x1(t) = x2(t) =

-=uxpn(t) € X;. There exists a state z#, such that for all
t>ta, x1(t) =x2(t) = =any(@t) =2zx € X = nzjil Xi
Therefore, for system (1), if a > N, all agents will reach a
consensus and the problem (2) is solved in finite time under
the control algorithm (3).

Remark 1. Our algorithm can be used to solve the prob-
lems of [5,8] in finite time. Compared to the distributed
optimization with a common constraint [5], we extended the
control law with local constraints.

(t —to).
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