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Dear editor,

The technical limitations on sensors mean that some state
variables will not be detected in any controlled system, so
the actual values of an output function will always deviate
somewhat from the nominal values. A practical example
was given in [1], where the output of an infrared sensor that
measures the distance between parts in a magnetic bear-
ing suspension system suffers from measurement error [1].
Such systems require a novel approach for finding the ef-
fects of measurement error in global output feedback stabi-
lization [2-5]. However, as pointed out by [1], unknown non-
linearities hinder the design and analysis of output-feedback
control strategy, and as a result there are many unsolved
problems that are worth studying from theoretical as well
as practical perspectives.

On the other hand, control schemes that stabilize non-
linear systems with uncontrollable linearization around the
origin have yielded interesting results by adding a power
integrator method, like the one mentioned in [6].

This study considers the problem of global output
feedback stabilization of a nonlinear system, which is
described as

#1(t) = 2h(1),
ia(t) = uP(t), (1)
y= 9(1‘/)1‘1,

where © = [a:l,zg}T € R2?, u € R is the control input, y € R
is the measured output, the continuous function 6(t) is un-
known and bounded, and the initial condition is z(0) = zo.
p € deld =3 {%\m and n are positive odd integers, and
m < n} is the order.

The following assumption is needed.

Assumption 1. For the continuous function 6(t), there
exists a known positive parameter § that satisfies |1 —6(t)| <

0 < 0* < 1, where 6* is the allowable sensitivity error of 6.
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The function 6(t) represents the unknown measurement
sensitivity, which describes the possible deviation between
the state z1 and the output y. An ideal case is 0(t) = 1;
that is y = x1. However, in industrial applications, lim-
itations on measurement techniques and tools mean that
actual values of the output function could deviate from
their nominal values to some extent inevitably. As a result,
Assumption 1 is proposed to demonstrate such phenomenon.
The condition |1 —6(¢)| < § < 1 serves as the observable cri-
teria of system (1). Information from 6(t) must be used
in the design of the output feedback controller, so that a
feasible range of 0(¢) has to be determined in priority.

Lemmas 1-3 play a crucial role in the design and theo-
retical analysis of the controller.

Lemma 1 ([7]). For r € deld, the following inequality
holds for any 0 <! < 1 and ¢:
4+ (1 =) 12T > (2n — it

Lemma 2 ([7]).
~(z,y) > 0 be a real-valued function. Then,

Let ¢, d be positive real numbers and let

c d -c
|z[°ly|* < mv(% y)\x\c+d+c+7dv T (2, )|yt

For p € RS}

Lemma 3 ([8]). odd?

hold for any z,y € R:

the following inequalities

2P —yP| <2V Pl —ylP, |z +ylP < |2P|+ |yP.

Main results. The main results of this study are summa-
rized as follows.

Theorem 1. For system (1) with Assumption 1, if p €
[p*,1) is odd, where p* is a known positive constant, then
there exists an output-feedback controller, and it guaran-
tees that the closed-loop system is globally asymptotically
stable.

Proof. The proof is composed of three parts.
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Part 1. Construction of the observer. Let < egﬂ+£§+1+(6+01Lp)§f+1+§1a€, (12)
zp = w2 — Lx1, ez = zp — Z2; (2)  wherec; =2'"? > 1,and ¢ = %(#)%Trl. The virtual
control o is chosen as
then
1
— Py= D L .
{22 =9 — Liy =uP — Lab, - ar=—(c1LP+c+2L +¢(L))? &1 = —g1(L)én; (13)
Z2 = uP — Lé; then, this inequality follows:
where L > 1 is a gain thit will li)e specified léter. F‘rf)m VH <-(2L +c(L))§f+1 +§§+1 + ngrl. (14)
Eqs. (2) and (3), and ez = 22 — 22, the following relation
. 2
holds: Furthermore, the choice of Vi = %2 + Vi1 yields
o — 3o — B0 = L(5P — P . .
2= (2 :1;2) Viz < Vi1 + &uP + L|&a| - &2 — g1&1|P
- _I 5\P _ 3 L 50\P
((e2 +22)" = 25) + L((e2 + 22) +arlsl |2 —quErteatLEP.  (15)
— (e2 + 22 + La1)P). 4
Some terms need to be eliminated from the right hand
2 . .
Set Ve = %2, and the time derivative of V. along the side of (15). Firstly, Lemmas 2 and 3 mean that

trajectories of system (1) is
Ll&] - |2 —g1&1 1P +g1]&2] - [€2—g1&1 +ea+ Léa|P

. 50\ P 50\ P
€2 €2
+Lez((e2 +22)" — (e2+ 22+ Lan)P) . (5)  wherec(g1) = 47 (557)P(00 M +(gh Lot +LPg1)PH1 )+
. L + g1. Substituting (16) in (15) leads to the following in-
Lemma 1 implies that if we take t = 72—2, r = p, equality:

0<l<1,then1—t:1+j—§.Thus . " " "
Vig < &u*P +c(g1)8™ + 2657 — Lel

— Lef*! ((1 + 2—2)? - (Zj)p) + (WP —uP)er + LET — e(L)EPT
e €2
— ~ 1 .
< —L(2P — 1)1 PRt 4 L2sE T (6)  Tfu* = —(c(g1) +20)P&a 2 —galo, then, Vig < —L(€PT +

8T 1 2eB ! 6o (uP —uwP) —(L)EPT! . Let Vi = Ve + Vig;

and from Lemma 3 it was observed that then the following inequality holds:

Leg ((e2 + 22)” — (e2 + 22 + La1)") Vi <— L(2P — 1)i1Pebtt 4 L1258+
< Llea]- 2 Ples + 25 — ez = £ — Lo " S LET ) + 36T 4 g — ).
< egﬂ + c(L)a:zthl, (7)
The choice of | = \/ﬁ leads to
where ¢(L) = #(ﬁ)%(T*PLPJrl)pTﬁ, Substituting the e
estimates (6) and (7) into (5), we find that leéngl = LI%(&y — g161)PT!
Vo < — L(2P — 1)I Pl tt 4 Bt SPLPET + oI
N AT ® <Ligrian,
Part II. Construction of an output-feedback controller. Choose

Considering the system

u* = —g2(L)é2 = —g222 — g291&1,
1 = :Eg = (ZQ —+ L{L‘l)p = (22 +eo + L:El)p, . (17)
: ) u = —ga222 — g2g101.
2o = uP — L28,
It follows from Lemma 3 that
we introduce the following change of coordinates:
R E2(uP —uP) <2'7PIEa| - |ga|” - |1 — 0P - €17
& =z, &=2%—o, (10) 1—p » v P
<277 P)&] - |g2g1|P - OF - &P (18)

where a7 is the virtual control, which will be specified later. L

. _ p—1
Then, there is If 6 < 27 |gogi|~! is selected to guarantee 2'—P
‘|g291|POP < 1, then Eq. (18) can be rewritten as

€1 = (€24 a1 +e2 + Lay)P. (11)
2 L(uP —u?) < || -Gl <g +adt, 9)
Now, consider the scalar function Vi; = %1 From Lem- ! 2
mas 2 and 3, the time derivative of V11 along the trajectories  where é = —1—(-2-)P is a constant, and 0 < & < 1. Then,

of (10) is

. L
. 1— p+1 p+1
Viin=& ((§2+a1+62+Lz1)p7a€)+§1a€ Vi <_([/(21)_1” p_3)52 - (5 _1) 51
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- (% - 5) Pl (20)

Part III. Determination of L and p*. The inequalities
LF—1*?P-3>1,2-1>1,L-¢>1,0<é<1
guide the choice of L as

4
L>maxq-———— 4. (21)
(2r — 1)I1-p
Considering the selection of [, the inequality L > m
is equivalent to
5—p? 1
L2 2 (14(errserort 2 (17
> c c —— —
2v — 1 ! P+1\pt1
122 a2 B\ 1P
27 L p ) (22)

Now, by choosing p* = 0.7836, it is easy to verify that
r1)*(1-p?) < 1 for all p € [p*,1). This in turn implies
2p2 ’ .
that the degree of the polynomial of L on the right hand
side of (22) is less than 1, which ensures the existence of L.

With this in mind, a delicate selection of L leads to
Vi < —eptt— gttt (23)

Therefore, global output feedback stabilization can be guar-
anteed based on the stability theory.
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Figure 1 (Color online) Trajectories of x1, x2, and u.

Stmulation. To confirm the validity of the control design,
we consider the following nonlinear system:

9
1

9
T =wxyt, 2 =ull, y=0(t)zr1,

where 0(t) 1 + 0.25[sin(10t)|. Assumption 1 is satis-
fied with |1 — 6(t)] < § < 6* < 1. Following Theorem
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1, the output feedback controller is constructed as follows:
u = —g2g1y — g222. For demonstration, initial values are
chosen as [21(0),z2(0)]T = [~2,3]T, and L = 4.9. Figure 1
illustrates that the controller globally stabilizes the consid-
ered system.

Conclusion. This study solves the problem of global sta-
bilization by constructing a novel continuous controller for
a class of nonlinear systems with time-varying continuous
output function. An extension of the above controller could
be applied to develop an output feedback control scheme for
higher-order nonlinear systems with uncertain output func-
tions.
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