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Dear editor,

Output tracking control is currently receiving increased at-
tention because of its applications in various fields [1-3].
Controller design for nonlinear systems with unstable lin-
earization [4] is essential because such systems have several
applications, including a class of underactuated mechanical
systems. For the output tracking control for systems with
unstable linearization, the global practical output tracking
controller design was developed using the backstepping de-
sign method [5] and the asymptotic tracking control prob-
lem for a power-integrator planar system was addressed [6].
However, these studies did not consider quantization [5,6].
However, signals are transmitted over communication chan-
nels and must therefore be quantized to model systems with
quantization [7]. Unfortunately, a quantized tracking con-
troller design for nonlinear systems with unstable lineariza-
tions has not been reported yet despite its potential in prac-
tical applications. This study provides a solution to address
this problem.

The two main contributions of this study are as follows.

(1) This study is the first to present results on the quan-
tized tracking control for nonlinear systems with unstable
linearization. Quantization is inevitable and useful for con-
trol systems and quantization schemes that require a low
communication rate; therefore, the results reported herein
are more practical than the corresponding non-quantized
control solutions [5,6].

(2) This study considers systems with unstable lineariza-
tion, including the linearizable nonlinear systems [7], as spe-
Because the Jacobian linearization of systems
studied herein may have eigenvalues with positive real parts,
some new techniques can be developed for the controller de-
sign and stability analysis.

Problem formulation. This study aims to design con-
trollers to obtain the output of the following system:

cial cases.

1 = d(t)zglv To = q(up2)7 Yy=1x, (1)
and track the signal v generated by
01 = d(t)’vgl, Vg = —’U?z, (2)
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where p1,p2,q1,q2 € RZ}; = {s € R: s > 1 and s is a ratio

of odd integers}, d : RT — R is an unknown time-varying
control coefficient with a known sign, and ¢(uP?) denotes
the quantized input. The hysteretic quantizer [7] is used to
avoid chattering considering the following expression:

g(uP?) = uP? + d,

d? < §2u?P2, V|uP?| > uP2

min’

V|uP?| < uP? (3)

min’

2 2
& <2,
where upmi, > 0 is a parameter of the hysteretic quantizer.
For the unknown time-varying control coefficient, the fol-
lowing assumption must be considered.

Assumption 1. d(t) is positive and

A<d(t) < p,

where A > 0 and p > 0 are constants.

Remark 1. pi,p2 € Rfdld [5]; therefore, system (1) may
have unstable modes with eigenvalues having positive real
parts, thus rendering the existing tools for the quantized
control of nonlinear systems [7] invalid. Hence, new con-
troller design tools should be developed.

Controller design and stability analysts. Let V = %(xl —
v1)2 + %(1‘2 +kiz1— vgl )2. The following results are for the
controller design whose proof is included in Appendix A.

Theorem 1. If Assumption 1 and g1 > p; hold for sys-
tems (1) and (2), then

) kPl 1 kPlfl
V < —ﬁkz{”*‘ — (;Tk-i-kd)zg

220 + 22q(uP?), (4)

where k1 > 0 and kg > 0 are the design parameters;
v = % > 1 and

3

1 p1—1
v = Mﬁl(-)zfl +( 12;71 )\—f—kd)ZQ

+’ylv;’171v32 + kiplaBt — 03t |sign(z2). (5)
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We choose the controller as Substituting (11) into (10) gives
. " S G G
v < - — = %P2
U= — # , (6) Vv = op1 AZl op1 )‘ZQ + 4kd Unin + n + ﬁO
(1 —68)y/2302 +n?2 < —kV 4 b, (13)

where 7 is any positive constant. where

The stability analysis results of the proposed quantized
tracking control for nonlinear systems are presented in the Fp\ P11 1 o,
following. K= (?) A b= %umin + 1+ Bo. (14)

Theorem 2. If Assumption 1 and the condition q1 > p1
hold for systems (1) and (2), then the following statements
hold using controller expression (6) with any positive design
parameters k1, kg and n:

(1) For any given § € (0,1), all the states of the closed-
loop system are globally uniformly bounded;

(2) The output tracking error |z1 —v1| can be made arbi-
trarily small by accurately choosing the design parameters
k1, kg, and n.

Proof.  zouP? < 0; therefore, from g(u?2?) = uP2 + d in (3),
using the inequality zy < % + ay? with a > 0, we have
20d < 8|zauP?| 4+ uP2 |2o|

min

1
< —bzpuP? + — P2 4 k423 (7)
kg

Substituting (3) and (7) into (4) yields

AU NP bW
p _
V < —%Azll — QTAZQ + 220

1
+(1 = 8)zouP? 4 — P2

4'I€d min” (8)
Note that
zgf)z
2202 + n?
(220)* (220) = n? _
— — — — <N — 220.
229 + 7 |z20] +n
Using this above expression and (6), we obtain
2-2
(1 —=98)zuP? = R L — <n— 220. (9)
£/ 2302 4+ n?
Substituting (9) into (8), we get
kY b K, L oo
1 \,P1 1 ) )
V< o Azy o Azy+n+ 1, u 2. (10)

In the following proofs, two cases are discussed.
(1) The case of p1 > 1. By applying Young’s inequality,
we have
p1—1

kPl
1 2 —1 1 +1
o Az71Pt < o7 )xzfl + Bo,

which yields

R it T
oM S e+ o, (11)

where

p1—1 2
Bo=
p1+1 \p1+1

2
=1 /1\Pt —p1tl
)“ (5) ey P (12)

Using (13), we have

0<SV() < % + (V(O) - %) e ",

which implies that

V(t) <Z+‘V(O)—g‘,

b
i < —.
Jim sup V(e) < — (15)

Using (15) and considering that V = %(a:l —v1)? + %(])2 +
k1z1 — v;“ )27 we can verify that all the states of the closed-
loop system are globally uniformly bounded.

From (12) and (14), we can confirm that

_2 2
b:pl—l( 2 )plilkiﬁ
£k 2p14+2\p1+1 !

op1—1

ey 1
Tk R (%Uiﬁfﬁw)- (16)

Using (16), considering p1 > 1 and k; as a design pa-
rameter independent of p1, A, Umin, k4, and 7, we can find
that choosing a sufficiently large k1 value will result in an
arbitrarily small %. From Egs. (15) and (16) and the defi-
nition of V', we can conclude that the output tracking error
|z1 —v1| can be tuned to an arbitrarily small value by choos-
ing a sufficiently large kj.

(2) The case of p1 = 1. From (10), we have

V< —?Az% — 5)\25 +n+ %uiﬁf‘
= —koV + bo, (17)
where
. 1 2p
ko = min{k1 X\, A}, bp = —u "2 4+ 1. (18)

4kd min
Similar to (15), we can prove that

Vi < 2 4 ‘V(O) D
Ko

)

KO
1 ,2p2
Tk Ymin T 7

min{ki A\, A}’ (19)

i <
Jim_sup V(1) <

From (19), we can confirm that all the states of the closed-
loop system are globally uniformly bounded. Moreover, be-
cause kg and n are independent of k1, A, and upi,, the out-
put tracking error |1 — v1| can be tuned to an arbitrarily
small value as in the case of p; > 1 by choosing sufficiently
large kg and small 7.
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Remark 2. When ¢(uP?) = uP2, the results in this study
reduce to the nonquantized case. In this case, d = 0. By

. P1
choosing u = —T'/P2 in (4), we obtain V < 7%)\’21171-%1 —
p1—1
+ kq)z3, which implies that the asymptotic outpu
M1 A+ ka)22, which implies that the asymptotic output

tracking control of system (1) is achieved. Therefore, the
results presented herein are more general than that in [5],
which can not get the asymptotic output tracking but a
weaker result (practical output tracking).

The simulation example is included in Appendix B.

Conclusion. We studied the quantized tracking control
problem for nonlinear systems with unstable linearization.
Our future work will focus on generalizing the presented re-
sults to multiagent systems [8,9] or systems with unknown
growth rate.

Acknowledgements This work was supported by National
Natural Science Foundation of China (Grant No. 61573179)
and Young Taishan Scholars Program of Shandong Province of
China (Grant No. tsqn20161043).

Supporting information Appendixes A and B.  The sup-
porting information is available online at info.scichina.com and
link.springer.com. The supporting materials are published as
submitted, without typesetting or editing. The responsibility
for scientific accuracy and content remains entirely with the au-
thors.

References
1 Yan X H, Liu Y G. Global practical tracking by output-
feedback for nonlinear systems with unknown growth rate.

July 2021 Vol. 64 179205:3

Sci China Inf Sci, 2011, 54: 2079-2090

Jin S L, Liu Y G. Global practical tracking via adaptive
output-feedback for uncertain nonlinear systems with gen-
eralized control coefficients. Sci China Inf Sci, 2016, 59:
012203

Li W Q, Zhang J F. Distributed practical output tracking
of high-order stochastic multi-agent systems with inherent
nonlinear drift and diffusion terms. Automatica, 2014, 50:
3231-3238

Lin W, Qian C J. Adding one power integrator: a tool for
global stabilization of high-order lower-triangular systems.
Syst Control Lett, 2000, 39: 339-351

Qian C J, Lin W. Practical output tracking of nonlinear
systems with uncontrollable unstable linearization. IEEE
Trans Autom Control, 2002, 47: 21-36

Wang N, Qian C J, Sun Z Y. Global asymptotic output
tracking of nonlinear second-order systems with power in-
tegrators. Automatica, 2017, 80: 156-161

Zhou J, Wen C Y, Yang G H. Adaptive backstepping sta-
bilization of nonlinear uncertain systems with quantized
input signal. IEEE Trans Autom Control, 2014, 59: 460—
464

Li W Q, Liu L, Feng G. Cooperative control of multi-
ple nonlinear benchmark systems perturbed by second-
order moment processes. IEEE Trans Cybern, 2018. doi:
10.1109/TCYB.2018.2869385

Li W Q, Liu L, Feng G. Distributed output-feedback
tracking of multiple nonlinear systems with unmeasurable
states. IEEE Trans Syst Man Cybern Syst, 2018. doi:
10.1109/TSMC.2018.2875453


info.scichina.com
link.springer.com
https://doi.org/10.1007/s11432-011-4253-4
https://doi.org/10.1016/j.automatica.2014.10.041
https://doi.org/10.1016/S0167-6911(99)00115-2
https://doi.org/10.1109/9.981720
https://doi.org/10.1016/j.automatica.2017.02.026
https://doi.org/10.1109/TAC.2013.2270870

