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Dear editor,

The classical final size relation of the standard susceptible-

infected-recovered (SIR) epidemic model is based on

homogeneous-mixing population [1, 2]. Recent results have

demonstrated the generality of the classical SIR final size

relation [3]. However, even for an SIR epidemic in static

configuration-type networks, the classical final size relation

may be violated. Therefore, it is still an important prob-

lem to understand how the basic reproduction number, R0,

and the final size, Z, of disease related to each other on

networks [4]. This study aims to clarify the relationship

between them.

SIR epidemic in homogeneous populations. In 1927, Ker-

mack and McKendrick [1] formulated the following standard

SIR model:
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dS(t)

dt
= −βS(t)I(t),

dI(t)

dt
= βS(t)I(t) − γI(t),

dR(t)

dt
= γI(t),

(1)

where S(t), I(t), and R(t) denote the proportion of suscep-

tible, infected, and recovered individuals at time t, respec-

tively. In addition, β and γ denote the infection and recovery

rates of infected individuals, respectively. The initial condi-

tions of system (1) are S(0) = 1 − ǫ, I(0) = ǫ (0 < ǫ < 1),

and R(0) = 0.

The basic reproduction number, which is defined as the

expected number of secondary cases produced by an index

case during its infectious period in a totally susceptible pop-

ulation, of system (1) is R0 = β/γ, while the final epidemic

size, which is defined as the likely magnitude of an outbreak,

is Z = R(+∞)
.
= limt→+∞R(t). The following result sum-

marizes the relationship between R0 and Z [2].

Lemma 1. Let (S(t), I(t), R(t)) denote a solution vector

of system (1). If R0 6 1, then I(t) directly decreases to zero

as t approaches infinity. If R0 > 1, then I(t) first increases

up to a maximum value Imax = 1− 1
R0

{1+ln(R0(1−ǫ))} and

then decreases to zero as t approaches infinity. Moreover,

S(t) and R(t) are nonincreasing and nondecreasing func-

tions, respectively; in particular, there exists a unique limit

S(+∞) in the interval (0, 1/R0) that satisfies the following

equation:

ln

(

S(+∞)

1− ǫ

)

= R0
(

S(+∞)− 1
)

.

If ǫ → 0, i.e., the proportion of infected individuals is

infinitesimal, one obtains the well-known final size relation,

Z = 1− e−R0Z , which indicates that R0 and Z are strongly

connected by a simple relationship.

SIR epidemic in annealed networks. Annealed networks

assume that the neighbors of each node rapidly change at

every moment. By utilizing the degree-based mean-field the-

ory, Moreno et al. [5] formulated the following model:
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dSk(t)

dt
= −τkSk(t)Θ(t),

dIk(t)

dt
= τkSk(t)Θ(t) − γIk(t),

dRk(t)

dt
= γIk(t),

(2)

where Sk(t), Ik(t), Rk(t) denote the relative density of sus-

ceptible, infected, and recovered nodes of degree k at time t,

respectively. It is noteworthy that τ and γ denote the infec-

tion rate along each edge and the recovery rate of an infected

node, respectively. Additionally, Θ(t) =
∑

k kP (k)Ik(t)/〈k〉

(〈k〉 =
∑

k kP (k) denotes the average degree) denotes the

probability that a randomly chosen stub or half-edge points

to an infected node. System (2) is finished with the following

initial conditions: Sk(0) = 1 − ǫk, Ik(0) = ǫk (0 < ǫk < 1),

and Rk(0) = 0.

The infection threshold of system (2) is given by

R0 =
τ

γ

〈k2〉

〈k〉
=
τ

γ

(

〈k〉+
Var[k]

〈k〉

)

, (3)
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where ǫk → 0, for all k, and Var[k] = 〈k2〉−〈k〉2 denotes the

variance of the degree distribution P (k). The connections

between the SIR models in annealed networks and the clas-

sical SIR models in homogeneous populations are presented

in Appendix A.

Using a self-consistent equation approach (see Appendix

B.1 for details), in the limit ǫk → 0, Z satisfies the following

equation:

Z = 1−
∑

k

P (k)e−τkψ
∗

, (4)

where ψ∗ ∈ (0, 1/γ) is unique if R0 > 1, and satisfies the

following equation:

ψ∗ =
1

γ
−

1

γ〈k〉

∑

k

kP (k)e−τkψ
∗

. (5)

To observe the relationship between Z and R0, we ana-

lyze the following three cases.

Case 1. For networks of the regular type, R0 = τkc/γ.

Moreover, it follows that ψ∗ = (1 − e−τkcψ
∗

)/γ and Z =

1 − e−τkcψ
∗

. Hence, we obtain the classical final size rela-

tion.

Case 2. For networks of the Poisson type, i.e., P (k) =

〈k〉ke−〈k〉/k!, for k = 0, 1, 2, . . ., R0 = τ(〈k〉 + 1)/γ. There-

fore, Eq. (4) reduces to

Z = 1− (1 − γψ∗)eτψ
∗

.

Case 3. For networks of the scale-free type, i.e., P (k) =

Ak−l (2 < l 6 3), where A denotes a normalization con-

stant, R0 → +∞ if 〈k2〉 → +∞. Using the continuous

approximation of degree k, we have

ψ∗ =
1

γ
−

A

γ〈k〉

∫ +∞

m

k−(l−1)e−τkψ
∗

dk,

Z = 1−A

∫ +∞

m

k−le−τkψ
∗

dk,

where m denotes the minimum degree. The above two inte-

grals can be addressed in terms of the incomplete Gamma

function; therefore, Z can be approximated as a linear func-

tion of ψ∗ for small ψ∗.

In general, we cannot find an explicit solution of (5).

Meanwhile, we can still obtain some useful information on

estimating Z. If τ is small or γ is large, i.e., ψ∗ is small,

then the exponential term in (5) can be given as follows:

e−τkψ
∗

≈ 1− τkψ∗ +
1

2
τ2k2ψ∗2. (6)

Substituting (6) into (5) yields

ψ∗ ≈ (R0 − 1)
2γ

τ2
〈k〉

〈k3〉
. (7)

Besides, substituting (6) and (7) into (4) yields

Z ≈ 2

(

1−
1

R0

)

〈k〉〈k2〉

〈k3〉
− 2

(

1−
1

R0

)2 〈k2〉3

〈k3〉2
. (8)

Remark 1. (1) Various methods are applied to obtain the

final size equations. The asymptotic behavior of the equa-

tions is analyzed in Appendix B.2. The connections between

them are presented in Appendix B.3. (2) Eq. (8) contains an

epidemiological parameter, R0, which can be estimated from

real disease data, and a network parameter, P (k), which can

be estimated from network statistics. (3) Eq. (8) can be uti-

lized to estimate the effect of control effort on the spread of

an epidemic [6].

SIR epidemic in quenched networks. Quenched networks

assume that the neighbors of each node are fixed at all times.

By utilizing the bond percolation theory, Newman [7] ob-

served that Z (see Appendix C.1 for details) is given by

Z = S(T ) = 1−
∞
∑

k=0

P (k)(1− T + Tu)k, (9)

where S(T ) denotes the density of nodes given by the giant

component in a network, T = τ/(τ + γ) denotes the proba-

bility that an infected node makes disease-causing contacts,

and u satisfies the following self-consistent equation:

u =
1

〈k〉

∞
∑

k=0

kP (k)(1− T + Tu)k−1. (10)

Moreover, the infection threshold is defined as

R0 = T

(

〈k2〉

〈k〉
− 1

)

= T

(

〈k〉 − 1 +
Var[k]

〈k〉

)

. (11)

Its derivation is presented in Appendix C.1.

Next, we give some examples of the specific degree dis-

tribution for calculating Z.

Case 1. For networks of the delta degree distribution,

the basic reproduction number is given by R0 = T (kc − 1).

From (9) and (10), we have

Z = 1− (1− T + Tu)kc , (12)

and

u = (1− T + Tu)kc−1, (13)

respectively.

Hence, u satisfies the following quadratic equation:

Tu2 + (1 − T )u− (1− Z) = 0. (14)

Because 0 < T = τ
τ+γ

< 1 and 0 6 Z < 1, there exists a

unique positive root, u∗, of (14):

u∗ =
−(1− T ) +

√

(1− T )2 + 4T (1− Z)

2T
.

By substituting it into (12), we obtain a self-consistent equa-

tion for Z:

Z = 1−

(

1− T +
√

(1 − T )2 + 4T (1 − Z)

2

)kc

.

Case 2. For networks of the Poisson degree distribu-

tion, the basic reproduction number is given by R0 = T 〈k〉.

Subsequently, from (9) and (10), we obtain

Z = 1− e−T〈k〉(1−u), (15)

and

u = e−T〈k〉(1−u) , (16)

respectively.

It is noteworthy that u = 1 − Z, and by substituting it

into (15), we obtain the classical final size relation as follows:

Z = 1− e−T〈k〉Z = 1− e−R0Z .

Case 3. For networks of the pure power-law degree

distribution, the basic reproduction number is given by
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R0 = T (ζ(l − 2)/ζ(l − 1) − 1), where ζ(s) denotes the Rie-

mann ζ function. Subsequently, we obtain

Z = 1− Lil(1 − T + Tu)/ζ(l), (17)

and

u =
Lil−1(1− T + Tu)

(1 − T + Tu)ζ(l− 1)
, (18)

where Liq(x) denotes the q-th polylogarithm of x.

For networks of the general degree distribution, the

degree distribution can be approximated as P (k) =

Nk/
∑n
k=0Nk, where Nk denotes the number of nodes with

degree k, and n denotes the maximum degree. By employ-

ing (9) and (10) (a polynomial with finite power), we can

numerically calculate the final epidemic size, Z.

Remark 2. (1) The percolation approach is not suitable

for demonstrating the explicit dynamical behavior of an epi-

demic on quenched networks, so an edge-based approach is

provided in Appendix C.2. (2) The basic reproduction num-

ber, R0, and final epidemic size, Z, based on edge-based

approach are respectively equivalent to those based on per-

colation theory.

Conclusion. For the SIR epidemic on annealed networks,

our results demonstrated that the classical final size rela-

tion holds only for the delta degree distribution, or alter-

natively, there exists a specific degree distribution, P ∗(k),

such that the relation holds (given in Appendix B.2). For

the SIR epidemic on quenched networks, it is observed that

the classical final size relation holds only for the Poisson de-

gree distribution. In complex networks with arbitrary degree

distribution, these results are important for estimating the

expected magnitude or an outbreak severity of an epidemic.
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