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Abstract In this paper, we investigate and analyze the suboptimal adaptive control for finite impulse re-
sponse (FIR) systems with binary-valued observations. As the parameters of FIR systems are unknown and
the measurable observations can only provide limited information, we propose and analyze a two-segment
design method of an adaptive control law. First, we divide the system running time axis into many sections;
each of these sections is divided into two segments. During the short segment, we design the system inputs
for estimating parameters. Thus, we employ the empirical-measure-based technique for designing the identi-
fication algorithm. Second, we introduce a tracking control law to track a given target based on the system
parameter estimates obtained in the short segment. We achieve this using the certainty equivalent princi-
ple in the long segment. As the length of short segments tends to infinity, we observe that the parameter
estimation algorithm is consistent. However, when the length of segments tends to infinity, we find that the
adaptive tracking control law is asymptotically suboptimal. Finally, we demonstrate the efficiency of the
two-segment design method using the simulation results.
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1 Introduction

With the development of science and technology, the theory of system modeling, identification, and control
has played important roles in the fields of metallurgy, chemical industry, biology, medicine, and aviation.
In each measurement, when compared to the regular sensors and accurate measurements, the system
with set-valued observations provides rough information. Regarding this kind of systems, the relationship
between their set-valued observations with states and inputs is not one-to-one mapping; however, they are
essentially nonlinear ([1,2]). Meanwhile, the traditional methods of parameter identification and adaptive
control cannot be directly applied to these systems. Thus, to solve these problems, it is necessary to
modify and develop new identification algorithms and control methods.

In the past decade, there have been a series of theoretical research results based on the parameter iden-
tification with set-valued observations. Ref. [3] proposed and analyzed a two-step identification process
that employed empirical measure, special signals, and recognizable features to formulate a joint identifi-
cation method of rational models. Ref. [4] studied the identification problem with quantized observations
and used the empirical measures and their convex combinations to solve the problem of system gains.
Ref. [5] introduced a concept of joint identifiability and identified the Wiener systems with binary-valued
observations. Ref. [6] proposed the concept of scaled full rank and focused on a novel algorithm that
is designed to identify the parameters of Hammerstein systems with set-valued observations. Ref. [7]
considered the state reconstruction of systems with binary-valued sensors. Ref. [8] investigated a spe-
cial recursive estimation method that has low computational complexity and low storage requirements.
Ref. [9] proposed and analyzed an interesting recursive projection algorithm that is used for identifying
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the parameters of FIR systems with white Gaussian noise and binary-valued observations. A recursive
estimator was proposed and the parameter estimation problem of systems with fixed-rate quantization
was studied by [10]. Ref. [11] proposed a non-truncated method and analyzed its convergence for FIR
systems with white Gaussian noise and set-valued observations. Ref. [12] investigated the parameter
identification of systems with quantized observations and proposed a method for finding approximate
maximum-likelihood solutions. Ref. [13] proposed an iterative deterministic blind identification method
for multi-channel FIR systems with uncorrelated white Gaussian noises and quantized observations.
Ref. [14] considered the identification of FIR systems with event-triggered and quantized observations.
A fusion system identification method for FIR systems with precise and set-valued output observations
from multiple sensors was studied by [15].

The research results of adaptive control are relatively less because it is difficult to realize accurate
control based on rough set-valued observations. This is more difficult with unknown system parameters,
measurement noise, and other uncertainties. However, there has been great improvement in the past
decade. Ref. [16] was first to consider this case and studied the adaptive tracking control for a class of
single-parameter systems with binary-valued observations. Ref. [17] applied the method proposed in [16]
to the case of fixed threshold. Ref. [18] considered the adaptive control for FIR systems with white Gaus-
sian noise and binary-valued observations. They proposed a method for tracking the target that has a
given periodic trajectory. Regarding the online identification algorithm under some assumptions, Ref. [19]
proposed an adaptive control strategy and got a faster tracking speed than the one by [18]. Ref. [20] con-
sidered the tracking control for autoregressive moving average with exogenous input (ARMAX) systems
with quantized outputs and correlated noises, and identified the parameters of linear timer-invariant sys-
tems with multi-threshold quantized observations. Ref. [21] studied and proposed an adaptive iterative
learning control algorithm for single-parameter systems with noiseless and binary-valued observations.

In this study, we investigate the suboptimal adaptive tracking control for FIR systems with known
distribution noise and binary-valued observations. A two-segment design method of an adaptive control
law is proposed for achieving both the parameter identification and the tracking control. First, we divide
the system running time axis into several sections; each of these sections is divided into two segments.
During the short segment, the system inputs are designed for estimating parameters. We employ the
empirical-measure-based technique for designing the identification algorithm. Second, we introduce a
tracking control law based on the system parameter estimates obtained in the short segment, to track a
given target using the certainty equivalence principle in the long segment. As the length of short segment
tends to infinity, we obtain a good convergence effect. When the length of long segment tends to infinity,
the designed tracking control law becomes asymptotically suboptimal.

Compared with the existing research results, the main contributions and challenges of this study are
summarized as follows.

e This study handles an adaptive tracking control method for multi-parameter FIR systems with known
distribution noise and binary-valued observations. This is different from the case of single-parameter
systems as [16,17,21].

e The reference signal considered in this paper is a non-periodic general signal. It is more common in
practice than the periodic one studied by [18,19].

e The tracking performance index employed here is the classical average trajectory of tracking error.
However, it is similar to the index used by the classical self-tuning regulator and it is different from
the expectation-type index of [16-19]. Therefore it can describe the overall effect of tracking, and the
theoretical analysis is more challenging to some extent.

The remainder of this paper is organized as follows. In Section 2, we formulate the problems of
parameter estimation and tracking control for FIR systems with known distribution noise and binary-
valued observations. In Section 3, we analyze a two-segment method that is used for designing the
adaptive tracking control law. Section 4 illustrates the convergence of the identification algorithm and
the performance of closed-loop control systems. The validity and efficiency of the proposed two-segment
method are demonstrated by a numerical example in Section 5. Section 6 is the conclusion.

Notation. Z means the set of non-negative integers, i.e., Z = {0,1,2,...}; Z* refers to the set of
positive integers, i.e., Zt = {1,2,...}; R" denotes the n-dimensional Euclidean space; || - || represents the
Euclidean vector norm; the superscript T denotes the transpose; Pr(-) denotes the probability of event;
E[-] represents the mathematical expectation.
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2 Problem formulation
Consider an FIR system with noise as the following form:
y(k) = ayu(k) + agu(k — 1) + -+ apu(k —n+1) +d(k) = ¢ (k)0 +d(k), k=1,2,..., (1)

where y(k) is the system output and it cannot be obtained directly, ¢(k) = [u(k),u(k —1),...,u(k —n+
1)]T € R™ denotes the input vector and u(k) = 0 for k < 0, § = [a1,az,...,a,]T € R" is the system
parameter vector which includes constant parameters and is to be identified, d(k) represents the system
noise, n is the system order that is assumed to be known.

The system output y(k) cannot be obtained directly, and it is measured by a quantized sensor which
just has a fixed threshold C. This measurement process is described as the following indicator function:

L, y(k)<C,

0, otherwise,

s(k) = Qy(k)) = Iiywy<cy = { (2)

where Q(-) denotes a quantized sensor, C' is a known constant.
To facilitate the analysis of our relevant conclusion, the following assumption is given first.

Assumption 1. {d(k)} is an independent and identically distributed (i.i.d.) stochastic process with

known mean and variance. The mean is 0 and the finite variance is 02. F(-) denotes its cumulative

distribution function and f(-) represents its probability density function. F~!(-) denotes the inverse
function of F(-) and is continuously differentiable.

For a given trajectory y*(k) and the known parameter vector 6, it should be satisfied that

y*(k) = ¢" ()0, (3)

and the tracking control law is designed to minimize the index function:
1k
. * 7 \12
Jk) =+ > [y =y (). (4)

Substituting (3) into (1), it can be obtained that y(k) — y*(k) — d(k) = 0, and we can conclude that

1 F 1 1 F
2 * (. *
= E WO @ = LSS~y i = DG )
=1 =1 =1
Taking the limit of (5) and referring to Assumption 1, we can get
1 F
. T 4 20\ _ 2
dim J) =l 2D &) = o, ©)

which shows that o2 is the optimal performance index of the closed-loop system with known parameters.

However, as the parameter vector 6 is unknown, we have to consider the system parameter identification
and tracking control law simultaneously. In this study, our aim is to get the suboptimal adaptive tracking
performance, that is, for any € > 0, an adaptive control law can be developed to satisfy the following

conclusion:
k
E < 0% +e.

Assumption 2. The unknown parameter vector 6 is bounded, i.e., a constant M; exists and satisfies
that [|0]|* < My < .

Assumption 3. The ideal control input is bounded, that is, a constant My exists and ¢(k) given by
(3) follows that [|¢(k)||? < M2 < oo.

Assumption 4. The tracked signal y*(k) is deterministic, i.e., a constant M3 exists and satisfies that
. k (12
limsup, o £ >iq [v7(0)]" = M3 < oo.

?vl»—*

lim sup J(k) = lim sup
k—o00 k— o0
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Figure 1 (Color online) Two-segment adaptive tracking control law.

Remark 1. The cumulative distribution function of d(k) is given in the mentioned Assumption 1, and
the model order is supposed to be known. These two problems are not the focus of this paper. For the
case that the distribution function of the system noise is unknown, we can employ the parameterization
technique proposed in [22] to handle it. If the model order is unknown, in practice, the order selection
may mainly depend on the experiential knowledge of the system. From a theoretical point of view, the
model order selection could be addressed by means of the parameter estimation technique with quantized
observations and drawing on the classical order selection methods of cross-validation, information criteria,
the F-test and the statistical tests on the residuals.

3 Design of adaptive control law

This section illustrates the design method of a two-segment adaptive tracking control law. We first give
an intuitive description and then do it in detail.

For a given € > 0, let n = L%(2M1Mg + 2Ms3)], where n is the system order, M, Ma, M3 are the
ones in Assumptions 24, and || denotes the largest integer of “ -7, i.e., n = |3.56] = 3. Then, some
sets are defined as

Lk)={1,2,...,k}, ke ZT; (7)
Lo(k)=L(k)N[nl+1,nl+2n—1], l € Z; (8)
Li(k) = Lo(k) n{nl +1,nl +n+1}, I € Z; (9)
La(k) ={T:T € Lo(k), T ¢ L1(k)}; (10)
Ly(k) = L(k)/ [L1(F) U L2 (k)] (11)

We first intercept a certain time period k of the plant operation, the length of which is (I + 1), € Z.
Then, the interval hn+1 <t < (h+ 1)n,h € [0,1] is used for explanation, and here we let h = 1 as an
example, in which n+ 1 < ¢t < (94 2n — 1) is the short segment called the input design segment and
it is the time segment for parameter identification. The interval (n + 2n) < ¢ < 27 is the long segment
described as a tracking control segment, in which the purpose of designing control inputs u(k) is to make
y(k) track the trajectory y*(k). A visual description is shown in Figure 1.

(1) Parameter identification. During the identification segment, “u(k) = 1”7 at moments k = hn + 1
and k = hn+n+ 1, and at other moments “u(k) = 0”. Let 0 = [a1,@2,...,a,]" denote the estimate of
6. We can obtain that

Y(&) kehnsn = ¢ (k)0 + d(k) = [0,0,...,0,1]0 + d(k) = a,, + d(k),
Y(&) kehnint1 = ¢+ (k)0 +d(k) = [1,0,...,0,0]0 + d(k) = a1 + d(k),

Y(k) kehnron—1 = ¢" (k)0 +d(k) = [0,0,...,1,0]0 + d(k) = a1 + d(k).

Define the probability of y(k)|ny+n<k<hnton—1 < C as p(k), which implies that the probability of
5(k)|hn+n<k<hnten—1 = 1 is p(k). In terms of Assumption 1, one can know that Pr(a, + d(k) < C) =
p(k)|k=hn+n and Pr(a; + d(k) < C) = p(k)|k=hn+nti,¢ € [1,n —1]. Then, it can be derived that
Pr(d(k) < C — an) = p(k)|k=hn+n and Pr(d(k) < C — a;) = p(k)|k=hn+n+i, which indicates that F(C' —
an) = p(k)lk=hn+n, F(C — ai) = p(k)|k=hn+n+i- Thus, we introduce the following parameter estimation
algorithm:

0(k) = [ay(k), @z(k),.... an(k)]", (12)
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d(k,)

u(k—1 k s(k Ak
ey B O = Esimmin |0
Given inputs

Parameter estimation segment

. (1

ai(ky=C—-F (E ; s(k )) R (13)
1 h

(k) =C—F1 (E ;s(k )) R (14)

where 1 <i<n—1, hy+2n <k <(h+1)n he 0, [5]]NZ.

(2) Design of the adaptive tracking controller. Using the certainty equivalence principle, it can be
obtained that the adaptive control law satisfies y* (k) = ¢T(k)8(k — 1),k € Ls(k) by replacing 6 in (1)
with its estimate a(k —1). Thus, combining the two-segment method mentioned above, we can get

u(k) =1, k € Li(k),
u(k) =0, k € Ly(k), (15)

o~

u(k) =y [u(k) : ¢* (k)0(k — 1) = y*(k)], k € Ls(k),

where U represents the set that u(k) satisfies Assumption 3, i.e., ||¢(k+1)||?> < Ma, g(-) is a projection
operator defined by Iy (z) = argmin. ¢y ||z — z||.
During the tracking control segment, for example, h € [0, \_%J], hn+2n < k < (h+1)n, it is known that

o~ ~ ~

f(k) is not changed, where we mark that 6(k) = 8(h), and mark that 6(h) = [a1(h),ax(h), ..., an(h)]".
Thus, we can make the following modification:

u(k) = [y* (k) —az(h)u(k = 1) — -+ = @n(h)u(k —n+1)]. (16)

Figure 2 shows the process of designing the two-segment adaptive tracking control algorithm.

~

Remark 2. Based on (12)—(14) and Figure 1, (k) is not changed when h is definite with h = h* €
[0, L%J], h*n+2n < k < (h* + 1)n. Thus, during the long segment, a tracking control law is designed

o~

with a definite (k). When h** = h* 4+ 1 comes and h**n+2n < k < (h** + 1), the new tracking control

~

segment will appear, and each element of the (k)| («+y41<r<(h=+1)y) Will update one time.

Remark 3. It can be seen from Figure 2 that the two-segment adaptive tracking control algorithm
proposed in this paper is essentially different from [16,17,19,21]. In those studies, online parameter
identification and real-time adjustment of control inputs are used to track the given target. In this
paper, the segmented method is similar to the one in [18], but Ref. [18] mainly aimed at periodic control
objectives.

4 Performance of the closed-loop system

In this section, it will be concluded that the two-segment adaptive tracking control law not only guarantees
the convergence of identification algorithm, but also ensures the asymptotically suboptimal property of
the closed-loop system. Next, the following lemma is introduced.

Lemma 1. For the sets Li(k), Lo(k) and Lg(k) given by (9)—(11), the following assertions hold.

(1) hmk%oo ﬁLz(k) - %a
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- Lo(k s
(if) limg— o0 i 219( ) Q”n 3

fL3(k) _ 2n—1
=1 - e

(iil) limg—s o0
where { is used to denote the number of elements in a set.
Proof. In light of the definition 7, (9) and (10), it can be verified that

Y

i Hak) 2 _
im = = -,
k—oo  k 2n—-1)—-n+1 1
i H2(h) _ 2n-3

k—o0 k n

which implies (i) and (ii).
By (11), (i) and (ii), it is known that

lim 8Ls(k) _ 1— Lm iL1(k) lim 1L(k) o — 1.

k— o0 k—o0 k—o0 k n

Hence, (iii) is proved.
From (7)-(11) and the algorithm (12)-(14), we define a;(h) = C — F~'(p;) and @;(h) = C —
“14 Zle s(ki)],1 <1< n,he]0, L%J] The error of parameter estimation is defined as 6(h) = é\(h)fﬁ.
Theorem 1. Considering the FIR system (1) with known distribution noise and binary-valued observa-
tions (2) under the adaptive control law (12)—(15), if Assumptions 14 hold, then the parameter estimates
are strongly convergent to the real values, i.e., limj_ a(h) = # with probability 1 (w.p.1).

Proof. In view of (13) and (14), we have

~ 1 _
a;(h) —ai(h)=C - F~ 7 s(ki) [C-F Y )]
t=1
1
= F 1 i 7F71 - kz 17
)= F7 5 30 a7)
OF ') [ 1y
T oh p’_Etzls(k’) ’
where i = 1,...,n, n; is a value between p; and }_11 Zle s(k;).

From Assumption 1 and the system setup, it can be seen that E[£ Z?Zl s(ki)] = p(i). According to
the law of large numbers, it follows that

bl'—‘

h
Z ) = pi, w.p.l as h — oo,

which together with (17) and (12) implies the theorem.

The optimal tracking control problem with known parameters has been discussed and it is derived that
limy 00 J(k) = o2 in Section 2. Now, we will focus on the suboptimal characteristics of two-segment
adaptive tracking control with parameter estimates.

Theorem 2. Based on the conditions of Theorem 1 and the conclusion of Lemma 1, the closed-loop
control system described in (12)—(15) is asymptotically suboptimal and it can be derived that

1
k—o00 k—o00 k’ -

k
limsup J(k) = limsup Z <o’ +e

for any given € > 0.
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Proof.  From (4) and (9)—(11), we have
(18)

where Ly o = {L1(k)ULa(k)}, Ji = £ 3 icp,, (i) —y* (D)%, Ls = La(k), and Jo = £ Y, (i) —y* (i)™
Thus, we will discuss J; and Jy respectively.
By (1), it can be verified that

— % >[0T 60)60 + d(i) — y*(i)}2

i€L1,2

= S {8 @0 -y O] + ) +2 [0 @0 - ()] dli) | (19)

z€L1 2

=Ju+Jiz+ Jiz
with

ha=7 3 2[6"00 -y (0)] d)

€L 2
By feat of the inequation (a + 3)? < 2(a? + %), it can be given that
2 . 2 2 *
Jin < 7 [QST(Z)G} + = Z ly (Z)]2
i€L1 2 i€L1,2
2 ./
<z [le@)121611°] + Z ly* (i)

i€Ly 2 z€L1,2

By Assumptions 2-4, [|6]|? < My, [|[¢(k)||? < Mz, and limsup;_, . + Zle [y*(i)]* = Ms, we know that

2n —1 2n —1
limsup Ji1 < 220~ My Mo + 220~ 2 My
k—o00
20
2(2n—1) (20)
< T(Mle + Ms).
According to Lemma 1 and Assumption 1, it can be derived that
1
limsup Ji2 = hmsup l Z d2 E Z d2(i)
koo i€L i€La (21)
_ [er 2n3} 52 2n7102'
n n n
Because ¢(i) is F;—1 measurable where JF;_; is the o-algebra generated by dy,...,d;—1, we get

E{[¢"(1)0 — y*(1)] d(i)| Fi—1 } = [¢" (1)0 — y* ()] E{d(i)|Fi—1} =0,

which indicates that {[¢T(i)0 — y*(i)]d(i)} is a martingale difference sequence. By Corollary 2 of [23], it
can be seen that
limsup Jyi3 = 0. (22)

k— o0
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Combining (19)—(22), we can conclude that

limsup Ji < 2L (M, My + 2M; + 02). (23)
k—oco
Next, we deal with J,. It can be derived that
2= 1 3 Ivli) — 6760 + 6T ()0 — v (i)
1€L3
1 1
== > i) =" @0 + 7 Y [¢T 0 -y @)
iELd i€ L3 (24)
+2 3 (I 0] [67(0)0 — y* ()] }
16L3

=Jor + Joz + Jo3

with .
B =3 3 [ = 67 ()],
i€ L3
T =2 Y 600y )]
i€ L3

T =2 3 (o)~ 700 [0~ v 0]}

i€L3

By Assumption 1 and Lemma 1, it is known that

lim sup Jo; = limsup — Z )0 + d(i) — <Z>T(i)9]2
k— o0 k—oo zGLg
= limsup — Z d? (i) (25)
k—oo zGLs

_ (1_2711)02.
n

By virtue of Theorem 1 and (15), it follows that

lim sup Jas —hmsup Z [ )0 — ¢ ()A(i— 1)}2

koo koo zGLg
= lim sup % GXL: {¢T(z‘) [9 —0(i — 1)} }2 (26)
=0.

Similar to the derivative process of (22), we also have

lim sup Joz = hmsup Z { (1)0 + d(i) — d)T(i)@] {fﬁT( )0 — " (3)6 (Z - 1)}}

koo koo zeL3
— timsup 7 > {as™ (i) [o- -] ) (27)
=0.

Thus, it can be given that by (24)—(27)

2n—1
limsup Jo = (1 Ll ) o (28)

k—o0
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Figure 3 (Color online) Estimates of a1 and as. Figure 4 (Color online) Suboptimal adaptive control law.

According to (18), (23) and (28), we have

2n—1
limsup J(k) < r

k—o00

on — 1
(2M1M2+2M3+02)+<1 n >02
n
on — 1
- ”n (2M, My + 2Ms) + o2

:02+€.

The proof of this theorem is finished.

5 Numerical example
Consider an FIR system with noise
y(k) = aqu(k) + agu(k — 1) + d(k),

where y(k) is the system output which cannot be obtained directly and it is measured by a binary sensor,
d(k) is i.i.d. normally distributed noise whose mean is 0 and variance is 0.25, 8 = [a;,a2]T = [1.5,0.7]T
is the system parameter vector which should be identified.

The binary sensor’s threshold is set as C' = 1.7 and s(k) = Q(y(k)) = Iym<cy- Under the binary-
valued observations, the goal is to develop an adaptive control law which makes the system output y(k)
track the given target y*(k) = 6 with the suboptimal allowable error ¢ = 1.5551. The two-segment
adaptive tracking algorithm described in Section 3 is used in this example. The parameters of closed-
loop control system are initially set as n = 100, a1(1) = 1.0, a1(2) = 1.0, a2(1) = 1.0. During the
parameter estimation segment, the inputs are set as u(k) = 1,k € L1(k), and u(k) = 0,k € La(k). The
amplitude of system input is limited as w(k)max = 8.

The parameters are identified by (12)—(14), and the convergence of the estimation algorithm is shown
in Figure 3. Figure 4 detailly describes the input trajectory of the suboptimal adaptive control law, and
it can be seen that the control inputs are stable with the fixed given target in the long segment and the
design inputs are fixed in the short segment. Figure 5 shows the adaptive tracking process. During the
tracking control segment, if the curve of the tracking process looks like white noise with mean 0, then it
explains that the given reference signal y*(k) is well tracked.

As we know in Section 2, when the system parameters are known, the performance index will be
obtained that limg_,~ J(k) = 0% = 0.25. Here, the parameters are unknown and need to be estimated
in the process of adaptive tracking control, and we can conclude that limsup,_, . J(k) < 02 + ¢ from
Theorem 2. Figure 6 describes the performance index curve of J(k).

Table 1 lists the different values of  when e takes the different values. It is shown that the smaller

the value of ¢, the larger the value of 1, and the J(k) is closer to the noise variance o2.
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Figure 5 (Color online) System output with tracking target Figure 6 (Color online) Performance index curve of adaptive
y = 6. tracking control.
Table 1 Performance comparison of adaptive tracking control
k Jmin a2 €

n = 100 0.8 x 10* 1.8051 0.2500 1.5551

n = 500 4.0 x 10* 0.6127 0.2500 0.3627

n = 1000 8.0 x 10* 0.4074 0.2500 0.1574

n = 2000 1.6 x 10° 0.3320 0.2500 0.0820

n = 5000 4.0 x 10° 0.2811 0.2500 0.0311

6 Conclusion

In this paper, we propose and analyze a two-segment design method of an adaptive control law for FIR
systems with known distribution noise and binary-valued observations. During the short segment, the
parameter estimation algorithm is proposed, and an adaptive controller is introduced for tracking a given
target using the certainty equivalence principle in the long segment. The results show that the estimation
algorithm is asymptotically convergent and the adaptive control law is asymptotically suboptimal.

Future work can extend the two-segment design method to systems with multi-threshold quantized
observations and more general nonlinear system models. Regarding the parameter identification for
FIR systems with multi-threshold quantized observations, the corresponding solution is provided by [24].
Improving such methods to achieve optimal tracking is also an interesting prospect.
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