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Appendix A Proof of Theorem 1

Theorem 1. When the time efficiency ηj of round j reaches its maximum value, the corresponding fj must fall into the

interval [1,
(Kj+n

′)2

0.5Kj+n′
] where Kj 6 k is the number of active key tags at the beginning of round j, and n′ 6 n is the number

of active normal tags after Phase 1.

Before the proof of Theorem 1, we first state three auxiliary lemmas.

Lemma 1. Given the original vector size fj at the round j, the expected number of the pure slots in the vector should

be

Sj = fj

G′∑
i=1

(
1− (1−

1

fj
)gi,j

)
(1−

1

fj
)Kj+n

′−gi,j . (A1)

Proof. Consider an arbitrary group i. A slot is pure with respect to this group if and only if it is chosen by only key

tags of this group. That is to say, at least one tag of a group selects this slot and the tags of the other groups do not. The

probability of this event is
(
1− (1− 1

fj
)gi,j

)
(1− 1

fj
)Kj+n

′−gi,j . Since there are G′ groups and fj slots, we have the final

result of Sj as shown in (A1).

Lemma 2. Given the original vector size fj at the round j, the expected number of key tags written within this round

should be

wj =
G′∑
i=1

gi,j(1−
1

fj
)Kj+n

′−gi,j . (A2)

Proof. We also consider an arbitrary key group j. The probability that a slot is chosen by only x key tags of this group

is ( 1
fj

)x(1 − 1
fj

)gi,j−x · (1 − 1
fj

)Kj+n
′−gi,j . As there are

(gi,j
x

)
kinds of possible combinations and x ranges from 0 to

gi,j , we have the expression
∑gi,j
x=0

(gi,j
x

)
( 1
fj

)x(1− 1
fj

)gi,j−x · (1− 1
fj

)Kj+n
′−gi,j . Following the properties of the binomial

distribution, we have
gi,j
fj

(1 − 1
fj

)Kj+n
′−gi,j . In addition, there are G′ groups and fj slot, we can thus get the result of

the lemma and complete the proof.

Lemma 3. Given the original vector size fj at the round j, the expected length of the compressed filter can be derived

as follows where log denotes the logarithm to the base 2:

f ′j = Sj log

1 +
1∑G′

i=1

(
1− (1− 1

fj
)gi,j

)
(1− 1

fj
)Kj+n′−gi,j

 . (A3)

Proof. Because the compressive filter uses the number of consecutive zeros as a hint to indicate the positions of pure slots

(i.e., ‘1’s), the filter size is decided by the number of ‘1’s and the length of the longest consecutive zeros. To make analysis

feasible, we use its expectation to approximate the exact value. We have obtained the expected number of pure slots, the

compressive filter length can be derived as Sj log(1 +
fj
Sj

). The lemma follows from algebraic operation.

From Lemma 1, Lemma 2 and Lemma 3, ηj can be rewritten as

ηj =

∑G′

i=1 gi,j(1−
1
fj

)−gi,j

fj
∑G′
i=1

(
1− (1− 1

fj
)gi,j

)
(1− 1

fj
)−gi,j ·

(
log

(
1 + 1∑G′

i=1

(
1−(1− 1

fj
)
gi,j
)
(1− 1

fj
)
Kj+n′−gi,j

)
+ d

)
t1

. (A4)
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As ηj is a function of fj , we should carefully configure fj to maximize ηj . Yet, it is challenging to directly derive the

optimum fj , we instead find a range of fj so that fj out of this range will lead to a smaller ηj , and thus the optimum fj
must falls into this range.

Proof. Proof of Theorem 1. We now start to prove Theorem 1. It is difficult to derive the exact fj that maximizes the

time efficiency ηj , thus a feasible method is to find a rang where the optimum fj falls. The key of the proof lies in finding

such an upper bound f∗j of fj that ηj(f̂j) 6 ηj(fj) for any f̂j > f∗j . If we can find such f∗j , then the optimum fj must falls

into [1, f∗j ].

To this end, we first revise (A4) and get

1

ηj
=
t1fj

∑G′

i=1

(
1− (1− 1

fj
)gi,j

)
(1− 1

fj
)−gi,j∑G′

i=1 gi,j(1−
1
fj

)−gi,j
×

log

1 +
1∑G′

i=1

(
1− (1− 1

fj
)gi,j

)
(1− 1

fj
)Ki+n′−gi,j

+ d

 .

Then the objective changes to find f∗j so that 1
ηj

is nondecreasing for all fj > f∗j . It is easy to check through derivative

analysis that log(1 + 1∑G′
i=1

(
1−(1− 1

fj
)
gi,j
)
(1− 1

fj
)
Ki+n′−gi,j

) + d is increasing with fj if fj >
(Kj+n

′)2

0.5Kj+n′
, f∗j .

The key left is to prove that the left part of the product sign also has the same property. Take the logarithm of this part

and derive its derivative, we have

d ln 1
ηj

dfj
·

1

ln t1
=

∑G′

i=1(1− 1
fj

)−gi,j (1− (1− 1
fj

)gi,j − g
f−1

)∑G′
i=1 fj((1−

1
fj

)−gi,j − 1)
+

∑G′

i=1

g2i,j(1−
1
fj

)
−gi,j

fj(fj−1)∑G′
i=1 gi,j(1−

1
fj

)−gi,j

>
1

fj(fj − 1)
·

 ∑G′

i=1 1.5gi,j(1− 1
fj

)−gi,j∑G′
i=1 fj((1−

1
fj

)−gi,j − 1)
+

∑G′

i=1 g
2
i,j(1−

1
fj

)−gi,j∑G′
i=1 gi,j(1−

1
fj

)−gi,j

 . (A5)

The inequality is established by the fact that 1− xz < (1− x)z < 1− xz + 0.5zx2. Let yj = (1− 1
fj

)−gi,j , we have

d ln 1
ηj

dfj
·
fj(fj − 1)

ln t1
>

∑G′

i=1 1.5gi,jyj∑G′
i=1 fj(yj − 1)

+

∑G′

i=1 g
2
i,jyj∑G′

i=1 gi,jyj

>

∑G′

i=1(fj − 1.5)g2i,jy
2
j −G′fj

∑G′

i=1 g
2
i,jyj +

∑G′

i=1 fjg
2
i,jyj

∑G′

r 6=j yr(1− 1.5
gi,r
fjgi,j

)

(
∑G′
i=1 fj(yj − 1))(

∑G′
i=1 gi,jyj)

> 0. (A6)

The result holds due to the fact that yj > 1 and fj > 3 and yr(1−
gi,r
fjgi,j

) > 1 when gi,j > 1.5. Note that gi,j > 1.5 is true

for a large-scale system. When gi,j = 1, we can treat this tag of group i as a normal tag and poll it with its group data

at last. As a consequence, 1
ηj

is increasing with respect to fj when fj > f∗j . That is to say, ηj is decreasing with fj when

fj > f∗j , and we can thus find the optimum fj within [1, f∗j ].

Appendix B Configuration Rule of h

We search the optimal value of h with the following offline steps: 1) We set an upper bound of h to h̄ establishing n·0.5h 6 1,

and choose an h ∈ [0, ĥ]. 2) We then find the optimum fj for each round. 3) We compute wi and T2, j, and take the remaining

key tags as input to the computation of the next round. 4) We repeat step 2) and 3) until k −
∑R
j=1 wj = 0, and compute

the overall time containing T1 and T2. 5) We repeat step 2) and 3) and 4), and fix h to the one minimizing the overall time.

Appendix C Simulation Settings

In the experiments, we use the communication parameters specified in the EPCglobal Gen-2 standard. Specifically, the

Tari (Type A reference interval) is set to 25µs corresponding the rate of 40 kbps from the reader to tags. Consequently, it

takes 25 µs for the reader to transmit one bit, so we have t1=25 µs. Moreover, we assume key group data to be written

to its member is its group ID and set its length as dlog2Ge bits where G is the number of key tag groups in the system.

Correspondingly, we have group data transmission time 25∗dlogGe. In addition, we consider the time interval of 302 µs

between any two consecutive communications between the reader and tags in the computation of the execution time.
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