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Appendix A Preliminaries
The n-dimensional FRFT with rotational angle « of f(t) on t € R™ is defined as

(Fahw) = Fa@) = [ fOKatw)dt, wer,

where
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The corresponding inversion formula is given by

0= FFI0 = [ Fa@Ralbwdo, teR™,

where
—i(|t]?+|w|P) cota ;
- C&e%%“(t’“) sea o nm,
Ko(t,w) = pilt.w) -
ol a=71
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C!, = (2misina)Ze 2 =[r(l—e %)%,

Let f,g € L?(R™), the convolution of f and g is defined by [1]

(0@ = [ f@a—va.

and the convolution operator of FRFT is defined by [2]

(f*9)(a) = Ca / emilba=t) cota r(1)g(a — 1)t

R™
= Cae™ ™ ' (f1 % g1)(a), a€R",

where f1(t) = et f(1), g1(t) = e¥t® ©t@g(t) and C, is given by (A3). According to (A1) and (A7), we have

—i]w|? cot o —~

Fal(fx9lw) =™ "2 fa(w)ga(w).
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Let f € LP(R™), g € LI(R™), % + % =1,1<p,q < oo, then

1 *glloo < IflInllgllq-

(A9)

By multiplying the function f € L?(R™) with a window function ¢ € L?(R™) before taking the FRFT, the WFRFT is

obtained
(Sonw) = [ FO7HE-wka(t.Odt uger
Let h(t,u) = f(t)y(t — u), then
(SeD) @ = [ htwKa(t Ot = (Fah)(w).

According to (A4), we have

FO =) = [ (S0 Ralhw)de

Multiplying both sides of (A12) from the right by (¢ — u) and integrating with respect to du, we get

/ FOB(E — u)b(t — u)du = / / (S F) (1 ) Rl )bt — w)duco.
R"L R”L R”L

Hence, we have
I3 = [ [ (Suh) O Rawi(e - wdude.
Let ||¢]]2 # 0, then we obtain the inversion formula of n-dimensional WFRFT
1 -
10 = [ Sen O Ralaitt - wdude.
9113 Jen Jrn
According to (A7) and (A10), the WFRFT can be expressed in term of convolution
(S5 £)(w,€) = (Je * bu) (w),

where

i(1€124t]%) cot
2

Je() = f(v)e

The window convolution product associated with the n-dimensional FRFT is defined by

Sy (f @ g)(u, &) = (Syf)(u, £)(Syg)(u, ).

—i(t,&) Csca; ’L’/)\;(t) — E(_t)ei(u,ﬂ cot a—i|t]|? cot a

(A10)

(A11)

(A12)

(A13)

(A14)

(A15)

It is shown that the application of the WFRFT to the convolution of two functions yields the product of their transforms.

Appendix B Proof of Theorem 1

Proof.  Using (A1) and (A13), we have

Fal(Spf)(u, ))(w) = Fal(fe * tu)(w)](w).

Applying (A8) to (B1), we get

7i|w\2coto¢ = _—
U,

Fal(SpNwOlw) =e™ 2 fe.a(W)u,a(w).

Using (A15), we have

FalSy(f @ 9)(u, ))(w) = Fal(Syf) (1, €)(Syg)(u, )] (w).
From (B1), we obtain

FalSy(f ® g)(u, )](w) = Fal(fe * tu) X (Ge * tu)l ().

Applying (B2) to the above expression, we get

7'i\w\2cota

eI E (4, 6)(f © )] (@) = Fal(Fe % ) % (5 % tu)](@),
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(B2)

(B3)

(B4)

(B5)
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e+ cota iy ey ooc .
where U(t,§) = e 2 ’ . Therefore, we obtain

ilw]? cot a

FalU(L(F ® 9))(w) = o Fal(fe ) X (Ge %)l (@),
Yu,a (W)

provided, zm(w) # 0. Hence

i\w|200ta

U(LE)(f @ g)(t) = Frl {e;;m(fg * ) X (3 *m} (@).
Yu,a(w)
Applying (A4) to the above expression, we obtain

z\w| cot o

U, €)(f ©g)(t) = /Ka(tm C L Ful(fe+ Ba) X (G * )]
wua( )

z\w| cot o

- Ka(t,w)eT/ Ko(@,w) (e 0u)(@) X @ * Pu) (@) dadw.

" wu,a(u}) "
Using (A7), we have
w
U E(f ®9)®) —/ Kalt,w) — — Ka(@,w)Ca | i) ot T (N (0 )dy

Yu, a( ) R R™

x Ca Zime =) ot oG ()i, (x — n)dndwdw

/ / / Rl K, )0 Co P00 ) e
n Jan Jan Jan

wua(w)
x emilnemw) cotagitnas) oty y, £ £(y)U (1, €)g(n)dadydwds.

Hence

wu T — "Z’u(x _77) U(y E)U(ﬂ 5)
(f®g) (”*/n/n/n N = e Ralt ) Ka(e,)

L\u\ cota

% CQ e—i(y,x—y) cot ae—i(n,x—'r]) cot O‘dxdwf(y)g(n)dydn.

By (A2) and (A5), we obtain
(F® o)t / / / wu(z—y)zpu(:c—n) |'I2+|y\2+\wz\2+\"1I2+I£\2 cot & y—i(n1+y.a) cot o
n n n JRn N

(W)
x ez(t z,w) csc a—i(y+n—t,§) csc D‘da:dwf(y)g(n)dydn.

Appendix C Proof of Theorem 2

Proof. From Lemma 1, we have

[¥ll2llf @ gllz = 15y (f © g)(u, &)l|2-

Applying (A15) to the above expression, we obtain

llr @ slls = 1Sun)Sual = ([ [ 16500000 O Pdude)
Using (A13), we obtain

(Sp9) (1, )] = | (Ge * vu) (u)].

Hence, by (A9) we have

[(Syg)(w, ) < llgll2l|#ll2-

(B6)

(B7)

(B8)

(B10)
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From (C2) and (C4), we obtain

llr @l < gttt ([ ] 1SunwePdude)

= llglizllll201Sy fll2-

Using Lemma 1, we obtain

If ®gll2 < [Ifll2llgll2l1%l2-

Appendix D Proof of Theorem 3
Proof.  Using (A15), we have

1Sy (f ® 9)(u, )| = |(Syf) (1, €) (Syg) (u, ).
From (A13), we have

1Sy (f ® 9) (1, €)] = | (Fe * ¥u) (W] (Ge * ) (w)].
By (A9), we get

1Sy (f @ 9)(w, O < [ Fllp 1l 1gllallllq -

Appendix E Proof of Theorem 4
Proof.  Using (A15), we have

//\Sw(f®g)(u,£)\dud£’:
R"L R"L

By Lemma 1, we obtain

— 2
’/Rn /Rn [Sy(f ® g)(u, E)\dudg' = |l¢l2 /Rn f(t)g(t)dt‘
< 121311 £ 1l2llgll2-

Appendix F Proof of Theorem 5
Proof.  According to (A7) and the Young’s inequality [1, 3], we obtain

1
™

Il = ([ 1Cae e = (i) (@)

= Coc”fl * le”‘
< Callfillpll¥nllgs

where f1(t) = et Ot f(¢), oy (t) = ei{tH:a) Ot aq)(t) and Cy, is given by (A3).
Note that [Lf1lp = | fllp» 1 lq = [16]l4- Hence, we get

If >l < Callfllpll?llq-
Using (A13) and (F2), we have

ISy fllr = lIfe * Pullr < Callfllpllvlla,

where fg and 1, are given by (A14).
By (A15) and the proof of Theorem 2. we have

1S4 (f @ g)llr = [I(Syf) x (Sypg)ll»
= llgllpll®llg 1Sy £l
Substituting (F3) into (F4), we obtain

15y (f @ 9)llr < Callflpllgllpllllz-
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