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Dear editor,

As an important mathematical model for the elucidation,
analysis, and control of gene regulatory networks (GRNs),
logical networks have attracted considerable attention from
scientists in numerous fields of study. From a mathematical
point of view, a logical network is parameter-free; thus, it
can be utilized to reconstruct relatively large-scale GRNs.
In studying logical networks, stabilization is highly critical
as it has been widely used in maintaining human health and
treating diseases [1,2].

It is worth noting that the finite speed inherent in some
biochemical reactions accounts for the prevalent time delay
in the modeling of GRNs [3], which may cause undesirable
performance or even annihilate the controllability of logical
control networks. However, as an important class of time-
delay systems, there exist few successful results by using
logical control networks with state-dependent delay (SDD),
and this motivates its consideration in this study.

A logical network in which the states and outputs have
k different values is known as k-valued logical network. In
this study, we convert the dynamical equations of a k-valued
logical network into a bilinear discrete-time system by the
semi-tensor product (STP) method, and then utilize classi-
cal control theory to analyze and control the system [4-7].

Before presenting the main results of this study, we in-
troduce some necessary preparations, that will be used in
what follows. For more details, please refer to [5].

Notations. 1¥ =[11 --- 1]. &) denotes the i-th column

T
of the identity matrix I,, and A, := {6, : 1 < i < n}.
Wim,n) represents a swap matrix. A matrix L is called a
logical matrix if each column of L has only one non-zero
element, which is 1. Further, L5y, denotes the set of s X r
logical matrices. A > 0 implies that every element of A is
strictly positive.

Definition 1 ([5]). Assume M € Mgy, N € Mpx, and [
is the least common multiple of ¢ and p. We define the STP
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of M and N as
M[><N:<M®IL> (N®IL).
t P

Throughout this study, we will omit the symbol “x” if no
confusion is raised.
Definition 2. Define the operator D[p,q,s] = 11 ® I; ®
17T, and the power-reducing matrix M, j = 021, k+2, 2k+
3,..., k%]

Problem description. The k-valued logical control net-
work with SDD is described as follows:

Ar(t+1) = fHX (- p(X®)), U®),

Ag(t+1) = fA(X(t — p(X(®))), U), W

An(t+1) = fM(X(t — p(X(t)),U(1),

where X(t) = (Ai(t),A2(¢),...,An(t)) and U®¥) =
(U1(t),...,Um(t)) represent the state and control input at
time ¢, respectively; u(X(t)) = g(X(t)) € {0,...,u*} is an
SDD, g is a pseudo-logical function, and f* are logical func-
tions for i = 1,...,n.

Algebraic formulation. Following the conversion process
presented in [5, 8], herein, we consider logical variables as
canonical vectors and set a(t) = xP_;A;(t) € Apn, b(t) =
[be':tfu*A(i) € Ay +1yn, and u(t) = 72 Ui(t) € Agm.
The SDD can be converted into the algebraic form as fol-
lows: p(a(t)) = Ga(t). Then, the following equations can
be derived:

Ai(t+1) = Vi(u(a(t))u(t)b(t)
= [Vi(0) - Vi(u")] Ga(t)u(t)b(t)
= [Vi(0) -+ - Vi)W + 1y o) Lt m
® M, g Ju(t)b(t)
= Liu(t)b(t), (2)

where i =1,...,n.
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Multiplying equation (2) for all ¢ yields the algebraic de-
scription of system (1) as follows:

a(t +1) = Lu(t)b(), (3)

where L = L1 * Lo * --
Khatri-Rao product [5].

Via a straightforward calculation, we construct the aug-
mented system as follows:

% L, € Eknka+(,b*+1)n and * is

b(t+1) = xiE}_ . a(i)
= D[k", k”*”, 1}W[kn,k(u*+1)n]L(1km
® Mr,k(u“rl)n)u(t)b(t)
= Pu(t)b(t). (4)

Following Algorithm 1 presented in [8], one can reconstruct
the original system (1) from the augmented system (4).
Therefore, we have the following result.

Proposition 1. The original system (1) is equivalent to
the augmented system (4).

Control invariance for logical control networks with SDD.
Definition 3. A nonempty set A C A (,x 1), is called a
control invariant set for (4) if there exists a state feedback
controller u(t) given as

ui(t) = hi(a(t —ua(®))), i=1,...,m, (5)

under which b(t) € A implies b(t+1) € A, where h? : Agn —
Ay,

By utilizing the STP method, we obtain the algebraic
description of a control u(t) as follows:

u(t) = Hb(t). (6)

Further, considering the augmented system (4), we con-
struct the following matrix:

E = Plpm, (7)
which indicates whether any two states are reachable [9].
- 0 6, .
By setting A = {5k%u*+1)n,...,Jk(“*+l)n} with 61 <
-+ < 0y, we simplify the matrix E as
Eoy,00 - Foy 0,
Ep:=| Do : (8)
Eo, 0, -+ Eo,.0,

Based on Ep, we obtain the following conclusion.

Theorem 1. A isa control invariant set for the augmented
system (4) if and only if 377, Rowg, (Ea) > 0.
Set  stabilization. Given a nonempty set M =

{65%,...,00n}, by multiplying any up* + 1 elements
of M, we construct the augmented state set N =
{6m 5+ }

kp*+1)n2 0 Ve (p*+1)nt"

Based on the definition of set stabilization presented in [1]
and Proposition 1, we have the following conclusion.
Proposition 2. Under the state feedback control, system
(1) is stabilized to M if and only if system (4) is stabilized
to N.

Based on the nonempty set A, we construct the following
row vector:

23 = 97 Rowy, (E?), ©)

where E is defined in (7) and ¢ is a positive integer.
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Theorem 2. System (1) is stabilized to M via the state
feedback controller (4) if and only if there exist a positive
integer ¢ < k" D71 and a control invariant set A C N
satisfying

E% > 0. (10)

Proof. Let Y,(A) consist of all the initial state sequences
that reach the set A at the p-th step.
Suppose (10) holds; then, based on Definition 3, we have
that
{Ang(A), a1
Y¢(A) = Ak(u’“rl)"'

Now, define

YSO(A) :YS(A)\Y*I(A)v s=1,...,9. (12)

In particularly, Yo(A) := (). Then, for any state 52(#*+1)7L,
there exists a unique positive integer ¢, < ¢ such that
6;’(”*“)” S Yd(;a (A). Moreover, if ¢o = 1, there exists a
0(1367 x| 1y 015m)
positive integer I, < k™ such that § ol ) Tk
<

Bn*+1)n €A
Furthermore, if 2 < ¢o < k(#"TD7 there exists a positive

0(1;6°%, . sla )y
(p*+1)n Tkm
k(#*il)ﬂ € Y¢U,1(A).
L= +1yn] € Ly pu*+1yn - For
under the control u(t) = Hb(t), we

integer Iy < k™ such that &
Set H = 0pm [l1 lo -
every b(0) = 69

k(p*+1)n>
have that
0(135%, o 11 sl
_ _ k(p*+1)n %
b(1) = PHb(0)b(0) = (Sk(u*+1)n

{ A, if ¢o = 1; 13)
Y¢U—1(A)a if 2< ¢o < ¢

Define k = max{¢1,...,¢k(u*+1)n}. When ¢ > k, one
can easily obtain that b(t) € A C N; thus, system (4) is
stabilized to N via u(t) = dpm[l1 lo -1 (u*+1)n]b(t). By
Proposition 2, system (1) is stabilized to M via u(t) =
Hb(t).

Conversely, suppose system (1) is stabilized to M via
u(t) = Hb(t); then, the augmented system (4) is stabilized
to IN. Via a straightforward calculation, we obtain a closed-
loop system given by

b(t+ 1) = Qb(t), (14)

where Q = PHMr,k(u*Jrl)n c Ek(u*+1),ka(u*+1),L.

Let A comprise all the attractors of the system repre-
sented by (14). Clearly, A C N and A C Yj(A). Moreover,
Definition 3 implies that A is a control invariant set of sys-
tem (4). Let ¢ < k(#"T17 denote the transient period of
system (14). Then, we have that Y3(A) = A, 41)n, which
implies that Eq. (10) holds.

Next, we exploit a numerical example to illustrate the
results obtained in this study.

Example 1.
work with SDD:

Consider the following logical control net-

{A1<t +1) = u(t) AM{=Ax(t — u(A(t)) V —Az(t)},
Aa(t+1) = u(t) A=At — (A1) A ~A2(t)},

where £(0,0)=0 and p(0,1)=p(1,0)=pn(1,1)=1.
We aim to design a state-feedback controller (if it ex-
ists) such that system (15) is stabilized to the set M =

{(0,0), (1, D}
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Set a(t) = x2_, A;(t), b(t) = x!_, ,a(i). Then, we have
wu(a(t)) = d2[1 2 2 2]a(t). Based on the research in [5], ev-
ery dynamical equation in (15) can be converted into the
following algebraic description:

Al(t+1)=6[21212121211121112
22222222222222 2u()b),
Ag(t+1)=6,[22222222212121212
22222222222222 2u(t)b(t).

Multiplying these equations yields the algebraic form of sys-
tem (15) as

a(t+1)=064[4242424241214121444
44 4444444444 4u)bd).

From (4), we derive the augmented system as
b(t + 1) = Pu(t)b(t), (15)

where P = 816[46 121446 121445101345
101348121648 12164 812 16 4 8 12 16].

Moreover, the canonical vector form of M is {54{,52};
thus, N = {81, 6%, 613, 616},

From a straightforward calculation, one can find a control
invariant set N’ = {615} C NN, such that £%, > 0.

Hence, by Theorem 2, system (15) is stabilized to the set
M by

uw(t) =616[1222121222221 22 2b(t).
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