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Dear editor,

The study of nonlinear time-delay systems made great
progress in the past few decades [1] and some effective meth-
ods were presented for special systems such as the approxi-
mate linear method, sum of squares decomposition method,
and nonlinear matrix inequality method. Furthermore, as
there exists an uncertainty and failure mode, the simulta-
neous stabilization problem attracted the attention of some
scholars and some results were obtained [2]. The obtained
results are infinite-time rather than finite-time ones. Differ-
ent from the infinite-time results, the finite-time closed-loop
system can reach zero within a finite-time interval, which im-
plies that it has faster convergence and better robustness [3].
Because of these, in a recent article [4], the authors extended
the finite-time issue to a simultaneous stabilization problem
for a port-controlled Hamiltonian (PCH) system and pre-
sented some finite-time simultaneous stabilization results on
the PCH system without delay.

However, the results developed in existing literature are
mainly based on some special forms such as linear main part
and are for systems without delay. There are fewer finite-
time simultaneous stabilization results on general nonlinear
time-delay systems. Motivated by this, we study the finite-
time adaptive robust simultaneous stabilization problem for
a set of nonlinear systems with general form and time delay
and present some corresponding results on the issue.

Preliminaries. Consider the set systems

Xi(t) = fi(Xs(t), ) + G (Xi(®)pi(Xi(t — h),e)

+9: (X5 (1) u + ¢; (X (8))w, (1
where X»L(t) = [:Eil(t),... ,xmi(t)]T e Q; C R™ (Z =
1,...,N) denotes the state vector with ; being some

bounded convex neighborhood of the origin in the space
R"™i. The continuous vector field f;(X;,e) € R™, smooth
vector field p;(X;,e) € R™, and ¢;(X;) € R™*"i satisfy
fi(Xi,0) = fi(X5), pi(X3,0) = pi(Xi), and ¢;(0) = 0, re-
spectively. ¢;(X;) and ¢;(X;) are weighted matrices with
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appropriate dimensions, h is a positive constant delay, u is

the control input, w is the external disturbance with ap-

propriate dimensions, and € denotes the constant structure

uncertainty of the systems (1).

Lemma 1 ([5]). Assume that & = f(¢,z¢) has a forward

unique solution with f being continuous and f(¢,0) = 0.

If there exists a Lyapunov functional V, constant numbers

. 1

B > 1 and k > 0 such that V(¢,¢) < —x(V(t,$))# holds,

then the system is finite-time stable.

Lemma 2 ([6]). For z; € R (j = 1,2,...,n), and real

numbers 0 < p < 1, 0 < ¢ < 2, we have (1) 327 [z;]? >
q

( ?:1 |zj|2)27 and (2) ( ?:1 lz;)P < ?:1 |5 1P

Lemma 3 ([3]). If a given system is globally asymptot-

ically stable and locally finite-time stable, then the system

is globally finite-time stable.

Lemma 4 ([7]). If h(z) € R with A(0) = 0 has continuous

n-th order partial derivatives, then h(z) = a1(z)z1 + -+ +

an(z)xn, where ay(z) e R (k=1,2,...,n).

Remark 1. Based on Lemma 4, {;(X;) can be expressed

as (i (Xi) = Mi(Xi)D{Xi, Xiy oy Xi}(n; xny)xn, -

Lemma 5 ([8]). Let X = (z1,72,...,2n)T; then Amax

{(XXTy <23 + 23+ +22.

Consider the system (1) and choose a suitable Hamilto-
nian function H;(X;). Using Lemma 4 and the orthogonal
decomposition method [7], we have

X; = Di(Xi,6)Vx, Hi(X3) + gi(Xi)u + q: (X;)w
+Bi(Xi7Xi75)vj(iHi(Xi75)+Qi(Xi75)a (2)
(fi(Xi,6),Vx; Hi(X;))
where Di(Xi,e) = "o mogm e ?i(Xi’E)
= fi(Xie) — Di(Xi,e)Vx, Hi(Xi), Bi(Xs,Xi,e) =
CZ(XZ)LZ(XZ, E), pz(Xu e’:‘) = Lz(X17 S)VXlHZ(X“ e’:‘).
Thus, Eq. (1) is equivalent to (2).
Main results. We present several assumptions.
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Assumption 1. Let B(X',)Z7 e) = Diag{Bi (X1,
Xl,s), ..., BN (XN, XN, €)} and assume that there ex-
ists a matrix <I>(X,)~() with an appropriation dimension
such that B(X,X,e)Au(X,e) = G(X)®(X,X)0
G(X)®0 holds, where X = [X{,..., X§]T, H(X,¢) :=
Hi(X1,e)+ - +Hn(Xn,e), Vi H(X,e) = Vi H(X)+
Au(X,e), G(X) = [T (X1), ..., gm(Xn)]T with G(X)
being full column rank, and € represents an uncertain con-
stant vector on e.

From Assumption 1,

gi(X)®(X, X)0 = g:(X

Bi(Xi,Xi,E)AHi(Xi,E) =

)®6 holds for i = 1,..., N.
Assumption 2. Assume that w of the system (2) satisfies
0 ={weR?: 2 [ w'(t) w(t)dt <
positive constant number.
Assumption 3. TFor H;(X;), assume that g;||X;[|? >
Hi(X3) = aq|| Xall?, mill Xal|2 = V;F(iHi(Xi) Vx,Hi(X;) >
]| X;||? hold for i = 1,2,...
positive constant numbers.

Based on Assumption 1, the system (2) is expressed as
Xi = Di(Xi,e)Vx, Hi(Xi)+Bi(Xi, Xi, )V g, Hi(Xi)+
9i(Xi)u + qi(Xi)w + g:(X:) P + Qi (X, €).

Choose z = A(X)GT(X)Vx H(X) with A(X) being
weighted matrix of appropriate dimension, and let €; :=
{X; + (e)TX; < Lk = 1,2,...,n;}, where o} (i
1,...,N) denotes n; edges of ;.

Assume that (i1,42,...,ix) stands for any one arrange-

1}, where pu is a

, N, where g;, t;, a; and n; are

©

ment of {1,2,..., N} and the positive integer L satisfies
1 <L < N-—1. Let M;y = 41 +i2 + -+ + i and
Mz =ir41 + - +in, and divides the N subsystems into

two sets: 41,...,%r, and ip41,...,in; then the N subsys-

tems can be rewritten as
X (t) = B (X, Xm, &)V g, Hm(Xm)
+Dm(Xm,5)VXmHm(Xm)+Qm(Xm,5)
FGmn (Xm )t + g (Xm)w + G (Xm )0, (3)
X, Xy = [XZL+1
Xl;V]T, Bo(Xa,Xa,e) = Diag{Bi, (Xi,, Xi,,€),...,Bi,
(X’iva’iLvE)}v By(Xp, Xp,e) = Diag{B; (X

where m = a,b, X, = [X]

FPERRER) .oy

< 3 ip41\ g g
XiL+17€)7"'7BiN(X’iN7 XiN7€)}7 Do (Xa,¢) =
Diag{D;, (Xi;, €),..., Di (Xi), €}, Dp(Xp,e) =
Diag{DiL+1(XiL+17€)v s DiN(XiN7€)}7 Qa(Xa,e) =
QF (Ko QT (X, O Qu(Xpe) =
[Q2L+1( L4190 5)7"'7Q?N(X’iN7 5)}T7 GG(XG) =
(G (Xiy), - GL(XpIT, Guo(Xp) =[G, (Xipy,),

G’iTN(XiN)]Ta qa(Xa) [q;in(Xil), "’qu(XlL)]T
aw(Xp) =[af, , (Xip 1), o afy (Xay)IT

We present two main results.
Theorem 1. Under Assumptions 1, 2, and 3, consider
the system (3). If there exist two symmetric matrices T > 0
and K, constant real numbers v > 0, k1 > 0, ¢ > 0, and
a € (0,1), such that 42 > ¢~1,
El + Aaa Aab

Ay, Ea+ Aw
(ii) There exist constant numbers s > 0, p > 0, ag >
0,ap > 0,0, > 0, such that

< 0 holds, and

2
[ _ T
2s 2p2 max{aq,ap} s(ox) >0,
78(0’,{) ["7,1+"'+"iN

then the system (3) is a finite-time adaptive robust simul-
taneous stabilization under the following controller: u =
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v—®0— K[GY(X.)Vx, Ha(X. ]
0 ="T0"(GF(Xa)Vx, Ha(Xa) + GT(Xb)VXbe(X ),
where Apmn, = Cqm(XM)Qn (Xn) — 2G (Xm)G (Xn)
(myn = avb , B1 = Ba (XCHXG7 )BT(XCHXa? )
2Ga(Xa)KGa( o) + Da(Xa,€) + DT(Xa,s) Es
Db(Xb, ) + Db (Xp,2) + 2Gb(Xb)KGb (Xp) + B (Xs
Xb7 Bb Xb7Xb7 ) G(X) = [GT ) )]
X = XS XTTH(X) = Ha(Xa) + Hb<Xb> v
v1 + va, G(X)’U1 = —klsign(VXH ))lVXH( )|a
VIHX)Vy HX)se5gmage (X #0), G(X)vs =
—GX)EATXOAX)  + 55 INGTN(X)VxH(X),
sign(Vax H(X))|Vx H(X)|* = [sign(%5 ) Z 1
 sign( L0 )| DGO jo

Theorem 2. Under Assumptions 1, 2, and 3, consider
the systems (3). If the symmetric matrices T > 0, K, and
P > 0 exist with appropriate dimensions, positive constant
numbers v, k1, ¢, o, S, i, Qa, Qp, 0k, and a € (0,1) such
that 42 > ¢~ 1, o7 'TWLT (X, e) L(X,e)—2P < 0 and the con-
ditions (i) and (ii) hold in Theorem 1, then the system (3)
is a finite-time adaptive robust simultaneous stabilization
under the controller wand given in Theorem 1, where I' :=
Amax{ M, (Xi; ) Miy (Xiy), - T (XZN)MIN (Xip)t e =
)\max{LZI ey ZN} (ti; is given in Assumption 3), L(X,e)
_Dlag {L (XCH )7Lb(Xb7 )}7 L (XC'«V ) Dlag{Lll(Xilv
E), .o "LiL (XiL,E)}, Lb(Xb,E) = Diag{LiL+1(XiL+l7E)’

Liy(Xiy,8)}, E1 = Da(Xa,e) + DI(Xa,e) —
2G4 (Xa)KGY(Xa) + oI, ZE» = Dy(Xp,e) +
DY (Xp,e) + 2Gy(Xp)KGy (Xp) + of, v = v +
va, G(~X)’U1 = —k‘lsign(VXH(X))‘VXH(X)‘Q
~VIHX)PViH(X)VxH(X), GX)2 = -G(X)
[ZAT(OAX) + 525 Im]GT(X)Vx H(X).
Proof. The proof is similar to that of Theorem 1, and is
thus omitted.
Remark 2.
designed a controller without containing the denominator
IVxH(X)| in G(X)v1, which implies that it is more appli-
cable.

Illustrative example. Consider the systems

o) — Gy (Xo)Vx, Hp(Xp)],

Different from Theorem 1, in Theorem 2, we

Xi = fi(Xi,€) + Gi(Xi)pi(Xi(t — h),e)
+9i(Xi)u + q:(X;)w, (4)

where ¢ = 1,2,3, n1 = 3, n2 = n3 = 2, f1(X1,e) =
[—(2 +€)x11 — (25 — 1)7;11&’?2, (2e— l)xflaflg —2x12, —$13}T,

f2(X2,e) = [-2(2 + €)z21 + 22, —6222]T, f3(X3,6) =
[—4w31, —(2 + &)zs2]T, p1(X1,6) = [z11,712,213]

p2(Xa,e) = [2w21,322]7T, p3(Xs,e) = [2(z31 — ), 232] T,
G(X1) = [0 2x11 0.3z11212 05 0 0. 31‘12 0; 00 0.5:13121‘13],
CQ(XQ) = [1213322 0; 0.3x21 1‘22] Cg(Xg) = [0 0; x31 0]7

g1(z) = qi(z) = [10; 10; 10], g2(x) = g2(x) = [10; 10],

g3(x) = q3(z) = [10; 0 1].

In the example, let X; = (x11,$12,$13)T c O =
{(z11,®12,213) : |z11] < L, |e12| < 1,|z13] < 1}, X =
(zi1,2i2)T € Qi = {(mi1, zi2) ¢ |2in| < L, |mie] < 1} (4 =
2,3).

For simulation purpose, choose K = 0.5Diag{1,1}, ¢ =
01, 0=01,¢(=625~vy=04T=21=1, o-! = 10,
a; = az = az = 0.5, s = 0.1, and pu = 2. The simulation
result that is the response of the state norm square for the
three systems under the single controller designed is shown
in Figure 1, where we can find that under the simultaneous
stabilization controller designed, the states of all the three
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Figure 1 The response of the state norm square with w.

systems converge quickly to the equilibrium when the dis-
turbance w is removed.
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