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Appendix A  Proof of Theorem 1

Proof. Without loss of generality, we let a =1 and b = 2 in the proof.
Substituting u into the system, one can obtain that

X(t) = AX,e)VxH(X)+ B(X,X,e)VgH(X)+Q(X,e) — k1sign(Vx H(X))|Vx H(X)|*
~ ~ VxH(X) ~
- V?(H(X)VXH(X)W + G(X)ve + G(X)®0 + ¢(X)w, (A1)

where H(X) = Y7_) Hi(X;), Vx H(X) = [V§ Hi(X1), V%, H2(X2)]T, B(X, X, ) = Diag{B1(X1, X1,¢), B2(X2, X2,¢)},
a(X) = [af (X1),4f (X2)]7, G(X) = [¢f (X1), 93 (X2)]T, Q(X,€) = [QT (X1,2), QF (X2,)]T, 0 =0 — 4,

A1 Are

A(X,e) =
Az Azo

= (A2)

A11(X1,e)  Ar2(X1,X2)
A21(X1,X2)  A22(X2,¢)

A = D1(X1,6)—g1(X1)Kg{ (X1), A1z = g1(X1)Kg3 (X2), Az1 = —g2(X2)Kg{ (X1), A2z = D2(X2,€)+g2(X2)Kg3 (X2).
Set J(X) =2H(X)+ (0 —-0)TT-1(0—0) —l—fot(||z(s)||2 —~2||w(s)||?)ds. Computing H(X), using vz, Condition (i) of the
theorem and V% H(X)Q(X,e) = 0, we obtain 2H(X)
T T & T & T 1 T
< VRHX)[AX ) + AT(X,2) + B(X, X,)BT (X, X, ¢) + Ca(X)a" (X) — GG (X)]VxH(X)

+ 2VEH(X)G(X)®0 — 2k VL H(X)sign(Vx HX))|Vx H(X)|® — ||2]|2 + ¢ twTw
< 2k VEHX)sign(Vx H(X)|Vx HX)|® — 1212 + ¢ LwTw + 2VE H(X)G(X)®6, (A3)

from which, ¥2 > ¢~! and o= ToTGT(X)V x H(X), we obtain J(X) < —2k1 VE H(X)sign(V x H(X))|Vx H(X)|* <0.
Integrating J(X), using the zero state condition and H(X) + (0 — 6)TY~1(d — §) > 0, one can obtain

. . t
J(X) =2H(X) + (0 - )"0 - ) + /0 (Iz()1? = 7*lw()1*)ds < 0, (A4)

which implies that [ [|z(¢)[|2dt < 42 [} |[w(t)]|?dt.
Now, we prove X € ) := UleQi for V¢ > 0, ¢ =0, ¢ and w € ©. From (A4), we obtain

t t
QH(X) < —(0— 6)TT (0 - 0) - /0 (1112 = 72 o (s)]2)ds < 2 /0 lw(s)|2ds, (A5)
with which and Assumption 2, one can obtain that

t 2
HX) <057 [ us)ds < (A6)
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In addition, noting that H(X) = H1(X1) + H2(X2) and Assumption 3, we have H(X) > a1]|X1]|? + a2 X2|? >
min{ar, a2 }[|| X1]|? + || X2]|?] = min{a1, a2}||X||?, from which one can obtain that

2

Y
XPL e A7
1l 2,u min{ag, as}’ (AT)

Using the S-procedure [1], we have
2

25— =—L ——  —s(ox)T
zT 2u% min{ay, 02} 1( ©) Z20, K=1,2,---,n1+na,
—S50k ni+ng

where Z = [1, XT]7 and s > 0 is a scalar. From Condition (ii), one can obtain that X remains in Q for w € ©.
Third, under w = 0, we show the system (A1) is finite-time stability. Obviously, the system is asymptotically stable if
w = 0, which implies that § — 6. Therefore, there exists some constant number v > 0 such that [|6(¢)]| < v, t> 0.

. 1
Now, we show that the derivative condition V (¢,¢) < —k(V (¢, ¢))# holds for w = 0.
From (A4) and J(X) < —2k1 VL H(X)sign(V x H(X))|V x H(X)|* < 0, we have

2H(X) < —2k1VE H(X)sign(Vx H(X))|Vx H(X)|* £ 2.0 — H)TY 4. (A8)
For VL H(X)sign(V x H(X))|V x H(X)|®, using Assumption 3 and Lemma 2, it is easy to obtain that
. OH (X OH O0H (X
VEH(X)sign(Vx HOO)Vx HEO = (2 vy 2D e OHOD iy O 1y
dx11 1ny Ox21 O0x2n,
OH(X O0H (X o lta 1ta Lio
> (ZE Xy o QIR0 ) T 5 (X0 4 Ha(X2)) 5 = m S (1 (X)) (A9)
81‘11 8$2n2

where m := min{i; gl_l, nggl}. Substituting (A9) into (A8), and noting that § = T®T (gf(Xl)VX1 Hi(X1)+
gg(Xg)szHl(Xg)), one can obtain

H(X) < —kim 55 (H(X)) 5" + (0 — 0)ToTGT (X)Vx H(X). (A10)
For (0 — 0)T®TGT (X)V x H(X), noting that ||6(¢)|| < v, 0 is a bounded constant vector, we obtain
(6 - O)TSTGT(X)Vx H(X) < [[(6— 0)7 |87 GT(X)Vx H(X)| < M||#7GT (X)Vx H(X), (A11)
where M := max{||0||} + v > 0 is a constant number.
In the following, we will prove that ||®TGT(X)V x H(X)|| is higher degree of (H(X)) . To do this, we first show that

there exists a matrix x > 0 such that G(X 12T GT(X) < xH(X) is true. In fact, noting that Bz(Xw:)(zyE)AHi (Xi,e) =
9i(X;)®0 and B;(X;, X;,€) := (;(X;)L;i (X, €), one can obtain that g;(X;)®0 = (;(X;)Li(Xi,e)Ap, (Xy,€), thus we have
9i(X:)200T &7 g (Xi) < Amax{Li(Xi, €) A mr, (Xiy ) AT (Xiye) LT (X4, )} (Xi)¢T (X5), from which and
9i(X:)®200T T g7 (X;) > Amin {007 }9:(X:)2®T gT (X;), we obtain that g;(X;)®®T gl (X')
)‘max{Li(Xizs)AHi(Xi:€)A71—}i(xi:5)[%r(xi:5)}Ci(Xi)<iT(X1)( mm{eeT}) <man (X )C (Xi), (A12)
where /\max{Li(X},s)AH (X’i,s)AT (Xi,E)LT(X'i,s)})\min{Q'GT}_l = m;1. For ¢;(X;)¢T(X;), based on Lemma 5, we
have g;(X;)®®T g7 (X;) < ma1 M;(X; )X XTIy sen; ME(X5) S man M (X)) MT (X3) Amax{ X XTI}
< mimioAmax { X XTI} <maima, (22 + 2% + - + :cm7) = mimaa]| Xi )%, (A13)
with which, Lemma 5 and Assumption 3, G(X)®®TGT(X) < 22?:1 9i(X:)22T gT (X;) Iy 4y < (2m11m12041_1a1||X1||2
=+ 2m21m22a2_1a2||X2||2)In1+n2 < max{2m11m12a1_1, 2m21m22a2_1}[H1 (Xl) + Ho (Xg)]ln1+n2 = XH(X)In1+n£A14)
Using (A14) and Assumption 3, it is easy to obtain ||®TGT (X )V x H(X)||
= (VRHX)G0)2TGT(X)VxH(X))? = (H(X))2 (VEH(X)XVx H(X))?
< (H(X))? Omax (XD 2 (VEHX) VX H(X))2 = (H(X))2 Amax{x}) 2 (VE, H1(X1)Vx, H1(X1)
+ V&, Ha(X2)Vx, Ha(X2)) 2

< (HX))? Amax{x}) 2 (I X112 +m2| X)) % < (H(X))Z AmaxIx})? (mai "H(X1) + n2ay 'H(X2)) 2
< (H(X))? (Amax{x}) 7 (max{nra; ,meay 1) 3 (H(X1) + H(X2))?
(X))?

(
— — 1 1 1 1 1
(max{niay ", may ' )2 (H(X))? Amax{x}) F (H(X))? = (max{may ", m205'})2 Amax{x}) 2 H(z).  (A15)
Thus, ||®TGT(X)V x H(X)| is higher degree than (H (X)) g (a € (0, 1)) From which and (A11), there exists some suffi-
ciently small neighborhood Qc Q of the origin such that —kym =5 (H(X)) (0 H)TOTGT(X)Vx H(X) i 1s negative def—
inite, that is, —klm (H( )) (0 0)T<I>TGT(X)VXH(X) (—klm 2 +M(max{mal 20y }) (Amax{x})
(H(X))=* )(H(X)) = ma(H(X)) 5", where ma < 0 holds on .

Therefore, we obtain H(X) < mz(H(X)) if w = 0, namely, X converges to 0 in a finite time for X € Q. Using
Lemma 3, one can obtain the system (A1) is finite-time stable.
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