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Abstract A multi-fingered robotic hand with curved fingertips enables contact re-positioning without reat-

taching at the expense of fingertip rolling. This rolling stands for a characteristic that facilitates dexterous

manipulation but results in an algebraically complex dynamic model subject to such constraints. The hemi-

spherical shape of fingertips allows a dexterous manipulation when controlling the tangent forces, which are

essential to rotate object. However, the measurement of the object angle in practice requires tactile-optical

sensing. In this paper, considering robotic fingers with curved soft tips, we propose a feedback control that

ensures optimal dynamical grasping of a circular rigid object. It is shown that the collaboration of the con-

tact forces, to get a minimum pose of internal forces, and the tangential forces, to induce the conditions for

assuring the grasp closure, is necessary to get a skillful manipulation. In this case, the orientation control of

a circular object to the desired angle while avoiding direct measurement of the object angle is presented. Sta-

bility conditions of the system are presented in the sense of stability-in-the-manifold. Finally, representative

simulations are shown and discussed.
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1 Introduction

Some human manipulation tasks, such as squeezing a small ball, screwing, rolling an object, or re-
positioning a pen in hand, are characterized by fingertip pinching rather than through hand movement [1,
2]. This ability, to hold and move an object using the fingers, can be explained by the synergistic work
of two fundamental forces applied onto the object at the fingertip location: contact forces and tangential
forces. Controlling these forces precisely is very difficult, which may be one reason why robotic hands
present a limited ability and low performance when considering the frictionless rigid contact point (CP)
approaches [3,4]. The manipulation tasks based on point contact establish an infinitesimally small point
(as if touching with needles), neglecting the dynamical contribution of the tangential forces, appearing
alone when the friction cone is artificially considered [5, 6]. In this way, a vast amount of studies have
explored the ability of robotic hands subject to traditional assumptions such as hard fingertips and CP
under non-rolling and non-sliding contacts [7, 8]. In practice, the CP approach is typically violated,
introducing contact pads to increase the contact area (CA) and the static coefficients, so this practice
lacks any theoretical support. At this point, it is reasonable to ask: why are CP-based manipulations the
most popular approach to synthesize them? There may be many reasons, but we conjecture that from a
theoretical perspective, it is less challenging to implement than CA-based robotic hands.

A more realistic design, to reproduce some human manipulation tasks, is to consider a robotic finger
with a tip of rigid hemispherical shape (let us call it S-finger). In this way, a rigid rolling motion is
induced, removing the limitation of fingertip re-positioning. Robotic hands with S-fingers have been
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Figure 1 (Color online) Grasp and orientation of a circular object by pads of the thumb and index fingers.

used to deal with rigid uncertain environments [9] and compliant (deformable) environments [10], while
in [11], experiments for a simple 2-finger hand with 1 degree of freedom (DoF) for each finger are presented.
Additionally, some control schemes based on S-fingers have proved useful for the manipulation of planar
objects [12–16]. Hence, S-fingers can be considered as elements to increase the skill of robotic hands
where the rolling and the CP1) are involved [17].

Dexterous manipulation in humans (i.e., hand manipulation) results from fingers with a hemispherical
shape and soft tip. The seminal paper [18] introduces the CA approach by soft fingertips deforming
at contact while performing rolling motion as S-fingers. Let us call them SD-fingers. The design of
soft fingertip and hemispherical shape allows understanding and exploiting more intuitively the joint
work between the rolling motion and the fingertip’s deformation through tangential forces and contact
forces, respectively [19]. Despite the apparent dynamic model complexity, the instrumental approach
suggests that redundant robotic fingers are necessary to guarantee a large enough manifold to satisfy
the control objectives. This formulation allows a new kind of dexterous manipulation where independent
controls for contact and tangential forces [20,21] are proposed. Complementary to this, the superposition
principle [22, 23] can be used to design a control structure based on the sum of synergies. A complete
contact model to grasp and manipulate a planar object was presented in [24]. Recently, it has been
pointed out that visual manipulation using SD-fingers can be guaranteed; that is, the delay in the visual
loop can be compensated, if fast sensory feedback is provided [25]. Using the virtual object concept [8],
in [26] the manipulation of an arbitrary shape object was shown. However, the contribution of tangential
forces is not taken into account owing to the assumption of rigid point contact with the classical DAE-2
formulation [18], given that it still depends on the friction cone. In [27–31], the manipulation of a circular
object using redundant SD-fingers is showed. In [32], grasping and manipulation using redundant SD-
fingers considering the gravity effect was presented. Exploiting the rolling motion via SD-fingers was used
in [16], where the force control angle optimization for grasping is shown, assuming that the gravity force
is zero. Although grasp quality has been extensively studied for rigid contact [33–36], it has been vastly
ignored for soft or deformable contact despite successful testing [37, 38]. The advantages of SD-fingers
seem not eloquent enough to attract attention, not only for manipulation but also for hand-manipulation.
This is mainly because model complexity looks too challenging to deal with in practice and due to a
lack of formal stability analysis and physical measurements, which require experimental tactile-optical
sensing [39] or massive tactile sensor data [40, 41]. As a result, few studies have focused on the in-hand
manipulation via SD-fingers.

Contribution. For the in-hand manipulation, such as turning a circular object, the opposition between
thumb and index finger is crucial. The rolling motion is used to rotate the object while the oppositional
forces compensate for the external forces and torque [42]; see Figure 1. Additionally, we can notice
that in the precision grip of a circular object, using the thumb and index fingers, the active touch
information plays a more critical role over visual sensor information. Contrary to traditional approaches
where the object angle is measured through sensors or by using state estimators and considering the
natural finger movement, an optimal dynamical grasping and orientation control mechanism using SD-
fingers, avoiding the measurement of the angle, is proposed. The optical grasping condition is achieved

1) CP explicitly assumes that contact occurs at an infinitesimally small static contact point.
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Figure 2 Kinematics of hemispherical soft-fingertip hand grasping a circular object.

when the contact forces, through the tangential forces, are aligned dynamically to reach the restraint
conditions. Simultaneously, the orientation of a circular object is achieved using a potential-shaping
control mechanism where the object orientation is approximated by a kinematic relationship between
the fingertips. Thus, the tangential forces play a fundamental, through the rolling, to get a dexterous
manipulation. For the best of our knowledge, it is the first time this result has been reported. Finally,
the effect of synergies for pose regulation of a circular object can be seen in [43, 44].

Organization. This paper is organized as follows. Dynamical equations of the constrained robotic
system and restraint conditions are presented in Section 2. In Section 3, the optimal grasping and
orientation controller for manipulating a circular object is presented. Simulation results show the viability
of our approach under various conditions in Section 4. Finally, in Section 5 the conclusion is addressed.

2 Constrained dynamical model

Consider a robotic hand of two planar fingers with four DoFs for each finger, whose end-effectors are
equipped with a hemispherical lossless deformable homogeneous material, operating in the elastic regime.
It is assumed that robotic fingers are holding firmly a rigid circular object; see Figure 2, where Σ0

stands for the fixed/inertial coordinate frame, Ocm = [x, y]T is the center mass of the object, while
O1 = [x1, y1]

T and O2 = [x2, y2]
T are the center of fingertips, respectively. In addition, the generalized

positions of the robotic fingers and the rigid object are defined as qi = [qi1, qi2, qi3, qi4]
T ∈ R

4 and
[p̄T, θ]T ∈ R

3, respectively.

2.1 Contact force and rolling motion

The maximum radial deformation of the i-th fingertip, δi ∈ R, can be obtained by measurable data as

δi = δi(qi, p̄) = R̄+ (−1)i(Cxi − Cyi), (1)

where R̄ = ri + R ∈ R, Cxi = (x − xi)ci, Cyi = (y − yi)si with si = sin(αi) ∈ R, ci = cos(αi) ∈ R, and
αi

.
= αi(qi, p̄) = tan−1 (Xi(qi, p̄)) ∈ R represents the angle between the i-th normal force vector and the

horizontal for Xi(qi, p̄) = −( y−yi

x−xi
) ∈ R; see Figure 3. As is pointed in [21], the i-th normal force fi ∈ R

can be defined as a function of the deformation at the fingertip, that is,

fi = fi(δi, p̄) = kδ2i , (2)

where k = 2πE ∈ R is the fingertip stiffness with E ∈ R representing the Young modulus of the soft
material. For circular objects, the maximum normal force applied to the object occurs at the contact
point Pc located along the line connecting the center of the fingertip base with the center of mass of the
object, CoMo; see Figure 3.



Garcia-Rodriguez R, et al. Sci China Inf Sci May 2021 Vol. 64 152209:4

(a) (b)

D1

D2

f1
f21α

β

2α
2φ

1φ
D1 D2

f1 f2
1α

β

2α

2φ
1φ

Figure 3 Kinematic relationships at contact, where the normal force relative angle β(ν̄) = α1 − α2 + π ∈ R is depicted. All

angles are measured according to the right-hand rule and being consistent with the inertial frame, i.e., in (a) α1 < 0, α2 > 0,
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On one hand, notice that when the fingertip is in contact with the object it is subject to a kinematic
constraint [17], φi = φi(qi, p̄) = π − (−1)iαi − qT

i ei ∈ R, ei = [1, 1, 1, 1]T ∈ R
4, i = 1, 2, and then its

hemispherical shape induces a rolling velocity constraint given by (−1)iRθ̇ = −riφ̇i with respect to the
inertial frame. Thus, the (differentiable) velocity constraint owing to hemispherical i-th finger at contact
can be expressed as follows [4]:

ϕ̇ri = (−1)iR
d

dt
θ + ri

d

dt
φi = 0, (3)

where ϕ̇ri = ϕ̇ri(qi,p). Considering that Eq. (3) is integrable, the vector-valued solution ϕri ∈ R is given
as

ϕri = (−1)iRθ + riφi + Cϕri
= 0, (4)

where ϕri = ϕri(qi,p), and Cϕri
= Cϕri

(R, ri, θ(t0), φi(t0)) ∈ R stands for an integration constant at
the initial condition. Notice that φ1(q1, p̄) is measured from the first normal force vector to the collinear
vector to the last link, and φ2(q2, p̄) is measured from the collinear vector to the last link to the second
normal force vector.

2.2 Dynamic model

Let K = K(q, ν̇) ∈ R be the kinetic energy of the system that in fact becomes K =
∑2

i=1 Ki + K0,
where q = [qT

1 , q
T
2 ]

T ∈ R
8, q̇ = [q̇T

1 , q̇
T
2 ]

T ∈ R
8, ν = [qT,pT]T ∈ R

11, and ν̇ = [q̇T, ṗT]T ∈ R
11 are the

generalized coordinates of positions and velocities of the system, respectively; Ki =
1
2 q̇i

THi(qi)q̇i ∈ R

stands for the kinetic energy of the rigid i-th robot manipulator, Hi(qi) ∈ R
4×4 is the inertial positive

definite matrix, K0 = 1
2 ṗH0ṗ ∈ R represents the kinetic energy of the circular object, with H0 =

diag(m,m, I) ∈ R
3×3 being the constant object inertial matrix. Parameters m ∈ R, and I = Izz ∈ R

represent the mass, and the mass moment of inertia of the object, respectively. Considering that the
system is under the gravity effect, the potential energy of the system P ∈ R is defined as

P (ν) =
2
∑

i=1

PGi
(q) + PGo

(y) +
2
∑

i=1

PEi
(δi), (5)

where PGi
(q) ∈ R and PGo

(y) ∈ R are the generalized potential energies induced by the Earth’s gravita-
tional field onto the i-th finger and onto the object, respectively, while PEi

(δi) =
1
3πkδ

3
i ∈ R stands for

the elastic potential energy at contact of the i-th fingertip. Integrating PEi
(δi) from the i-th normal force

fi(δi) yields PEi
(0) = 1

3kδ
3
i (0) which represents the initial elastic potential energy at contact. Applying

the variational principle to the constrained Lagrangian, Lr(ν, ν̇) = L+ St, we have that

∫ t2

t1

[

δL+ϕT
r λ+ uTδν

]

dt = 0, (6)

where L = K(q, ν̇) − P (ν) represents the Lagrangian, St =
∑2

i=1 ϕriλi is the rolling constraint of the
system with λi ∈ R being the magnitude of the tangential force at the contact point of the i-th fingertip,
and u is the input vector for torque control. The solution of (6), according to the Euler-Lagrangemodeling
formalism becomes

d

dt

[

∂

∂ν̇
L

]

−
∂

∂ν
L−

∂

∂ν
(ϕT

r λ) = u, (7)
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where ϕr = [ϕr1 , ϕr2 ]
T ∈ R

2 and λ = [λ1, λ2]
T ∈ R

2 are the vectors of rolling constraints, and Lagrangian
multipliers, respectively; while u = [τT

1 , τT
2 , τT

o ]T = [τT
1 , τT

2 ,0T]T ∈ R
11. Solving (7), the dynamic

equations of the robotic fingers and the object are defined as

(Dynamics of the i-th finger)

Hi(qi)q̈i +Ci(qi, q̇i)q̇i + gi(qi) = τi + (−1)ifiJ
T
i (qi)

[

ci

−si

]

+ ri

(

JT
i (qi)D

−1
i

[

si

ci

]

− ei

)

λi, (8)

(Under-actuated object dynamics)

H0p̈+ g0(p) = τo +
2
∑

i=1









(−1)ifi









−ci

si

0

















+
2
∑

i=1









(−1)iR









0

0

1









− riD
−1
i









si

ci

0

















λi, (9)

where Ci(qi, q̇i) stands for the Coriolis matrix, gi(qi) and g0(p) = [0,−Mg, 0]T are the gravitational
torque vectors for the i-th finger and the object, respectively, JT

i (qi) is the Jacobian matrix, and Di =
Di(qi, p̄) = ||x̄i(qi)− p̄||2 > 0 is the distance from CoMo to the base center position of the i-th deformable
fingertip with x̄i = [xi, yi]

T ∈ R
2.

Remark 1. The fact that τo = [0, 0, 0]T ∈ R
3 in (9) means that the object motion is under-actuated.

That is, the object position p can be modified only indirectly, through controlling the external forces
applied to the object, given by fi(δi) ∈ R

2 and λi ∈ R
2. Thus, the control of (fi(δi), λi) is fundamental

to guarantee object manipulation.

Remark 2. Force terms fi(δi) and λi are complementary, belonging to orthogonal complements, while

ci = cos(αi) =
1

√

X2
i (qi, p̄) + 1

= −(−1)i
(

x− xi

Di

)

and

si = sin(αi) =
Xi

√

X2
i (qi, p̄) + 1

= −(−1)i
(

yi − y

Di

)

are used to obtain the object angle, avoiding the direct object angle measurement θ as is reported
frequently in the literature. Thus, the control orientation of a circular object can be carried out without
any sensor.

Remark 3. In virtue of r < R, it is reasonable to assume that −π

2 6 αi(qi, p̄) 6
π

2 ; see Figure 3.

To elucidate an optimal manipulation by the robotic fingers with soft fingertips, some structure prop-
erties of the model are now analyzed.

2.3 Structure properties

2.3.1 Primary manifold

The state-space is constrained by the rolling constraint (4), which gives rise to the so-called primary
constrained manifold Mϕr

, defined by

Mϕr
= {(ν, ν̇) ∈ R

22 : ϕri = 0, ϕ̇ri = 0}, i = 1, 2, (10)

where ν̇ = [q̇T, ṗT]T ∈ R
11 with dim(Mϕr

) = 18. Despite the fact that the state space vector is of
dimension 22, dim(Mϕr

) is reduced because there exists two constraints on position and two on level
velocity [18]. Thus, initial conditions and desired trajectories must comply to such constraints, for
consistency of the DAE-2 [45].

2.3.2 Passivity

Assume the input-output pair 〈u, y〉, with u = (τi, τo) ∈ R
11 as input torque and y = (q̇, ṗ) ∈ R

11

as the velocity output. Then, Ref. [27] shows that the energy balance 〈u, y〉 = d
dtH = 0 in virtue of

(4), where H(ν, ν̇) = K(ν, ν̇) + P (ν) ∈ R. That is, in the open loop the constraint forces along the
variational of the constraints vanish; for a storage function H(ν, ν̇), consequently the integral of Ḣ = 0
yields H(tf ) = H(t0), showing a passive lossless system.
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2.3.3 Joint friction endows dissipativity

The analysis above yields 〈u, y〉 = Ḣ = −ξ, for ξ = ν̇Bν̇ > 0 when the robotic finger has viscous friction

Bν̇ at each joint, for B > 0. Then, its integral yields H(tf ) = H(t0) − ξ̄ < H(t0), for ξ̄ =
∫ tf
t0

ξ > 0,
showing that the system is a dissipative system, with dissipation energy rate of ξ.

2.4 Constraint conditions on the grasped object

To guarantee that the circular object is grasped securely over the task [42, 46], a firm grip is required
and thus contact constraint forces are not arbitrarily set. The object’s dynamics (9) becomes, under
stationary conditions,

−f1c1 + f2c2 + r1D1
−1s1λ1 + r2D2

−1s2λ2 = 0, (11)

f1s1 − f2s2 + r1D1
−1c1λ1 + r2D2

−1c2λ2 = Mg, (12)

Rλ1 −Rλ2 = 0. (13)

Because we aim at controlled rolling to obtain a given object orientation through rolling motion, then
Eq. (13) yields λ1 = λ2. Now, let r1 = r2, k1 = k2 = k, α1 = α2 for simplicity reasonably, and thus
Eqs. (11) and (12) can be satisfied for

fi =
1

2
Mgsi, (14)

λi =
1

2

Di

ri
Mgci, (15)

for i = 1, 2. This solution satisfies (11)–(13), indicating that the object is immobilized on a manifold
guaranteeing object grasping, if Eqs. (14) and (15) are fulfilled with α1 = α2 at rest, i.e., ν̇ = 0.
Therefore, Eqs. (14) and (15) can be considered as the desired value to achieve grasping.

3 Optimal grasping and control orientation

Given that deformation and contact area are usually unknown in practice, even in the well-structured
environment based on the Hertz model for the lossless environment, we avoid such measurements or avoid
assuming a-priori information of these parameters. The challenge now is to design a feedback controller
to regulate contact and the tangential forces to achieve dynamical grasping subject to constrains (11)–
(13) to guarantee object angle manipulation, under the gravity effect, and without angle measurement.
Let us depart from the idea behind the optimal dynamical grasping: from an initial condition fi(0) and
α1 = α2, minimize the constraint wrench to obtain grasp with minimum effort. To achieve this, we aim
at designing a controller to inject an artificial equilibrium point through controlled tangential forces. To
simplify the methodology followed in our approach, firstly we present the controller for the planar case,
g = 0.

3.1 Control design of optimal grasping without gravity

Assume without loose of generality that fi = f2 = fd and λ1 = λ2 = 0, with α1 = α2, D1 = D2, r1 = r2,
and k1 = k2 = k, and then let the joint controller be

τi = −Kqi q̇i − (−1)iFdi
JT
i (qi)

[

ci

−si

]

− ri

(

D−1
i JT

i (qi)

[

si

ci

]

− ei

)

λdi
− ūext − ūθi, (16)

where Kqi ∈ R
4×4
+ represents the damping positive definite matrix, while ūθi ∈ R

4 and ūext which are
the orientation input and the regulation of projection of normal forces, respectively, are defined as

ūext = riD
−1
i JT

i (qi)

[

si

ci

]

Fβ ,

ūθi = (−1)i+1 βθ∆θ

DL

JT
i (qi)

[

y1 − y2

x2 − x1

] (17)
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with βθ > 0, DL = (x2 − x1)
2 + (y1 − y2)

2, ∆θ = θ̂ − θd, the estimation of orientation angle error with

θ̂ = tan−1( y1−y2

x2−x1

) and θd, the desired object angle. To guarantee the restraint conditions on the object,
with g = 0, we have that Fdi

∈ R and λdi
∈ R will be designed as

Fdi
=
fd

2
(1 + cos(∆α)) , (18)

λdi
=−

fd

2

Di

ri
sin(∆α) − Fβ , (19)

where fd ∈ R+ stands for the desired contact force that assures grasp closure, ∆α = α1 − α2 + θd, and
Fβ represents an induced force via ∆β̄. Finally, Fβ is proposed as follows:

Fβ = Kβp
∆β̄ +Kβv

∆ ˙̄β, (20)

where Kβp
,Kβv

> 0 are positive feedback gains, while ∆β̄ = β̄ − βd is the relative angle error between
the normal forces with β̄ = r1α1 − r2α2 + π which is the relative (internal) angle between normal force
vectors weighted by fingertip radii and βd which is the desired relative angle between normal forces.

3.2 Closed-loop error dynamics

3.2.1 Closed-loop finger error dynamics

Substituting (16) into (8), one obtains

Hi(qi)q̈i +Ci(qi, q̇i)q̇i − (−1)i∆fiJ
T
i (qi)

[

ci

−si

]

+Kqi q̇i − ri

(

JT
i (qi)D

−1
i

[

si

ci

]

− ei

)

∆λi

+ riD
−1
i JT

i (qi)

[

si

ci

]

Fβ + ūθi = uc1, (21)

where ∆fi = fi−Fdi
∈ R and ∆λi = λi−λdi

∈ R are the normal and tangential force errors, respectively.

3.2.2 Closed-loop object error dynamics

Using (18) and (19) in (9), one obtains

H0p̈−

2
∑

i=1









(−1)i









−ci

si

0

















∆fi −

2
∑

i=1









(−1)iR









0

0

1









− riD
−1
i









si

ci

0

















∆λi

+











−(r1D
−1
1 s1 + r2D

−1
2 s2)Fβ

−(r1D
−1
1 c1 + r2D

−1
2 c2)Fβ

−
1

2
RfdD12sin(∆α)











= 0, (22)

where D12 = r̄−1
1 − r̄−1

2 ∈ R for r̄i = riD
−1
i ∈ R with 0 < sin(∆α) < 1.

3.2.3 Closed-loop finger+object error dynamics

Substituting (17) into (21), the compact form of the complete error dynamics is defined as

Hν̈ +Cν̇ +Kν̇ +A∆ξ = ucl, (23)

where H = diag(H1(q1),H2(q2),H0) ∈ R
11×11, C = diag(C1(q1, q̇1),C2(q2, q̇2),03×3) ∈ R

11×11, K =
diag(Kq1 ,Kq2 ,03×3) ∈ R

11×11, A = [A1,A2] ∈ R
11×7 called interaction matrix (details in Appendix A),

∆ξ = [∆f1,∆f2,∆λ1,∆λ2, Fβ , sin(∆α),∆θ]T ∈ R
7 stands for the primary control vector, and ucl ≡ 0 is

useful only for stability analysis purposes.
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3.2.4 Stability analysis

Now, we are in conditions to state the main result.

Proposition 1. Consider a non-empty connected set

Ω0 =

{

ν, ν̇ : δdi =

√

fdi

k
> 0, {ν, ν̇} ∈ Mϕr

}

(24)

and the system (8) and (9) in closed-loop with the control law (16). For small errors on initial condi-
tions ν(0) ∈ Ω0, there exists a basic constraint manifold, Mc = {ν, ν̇ : (ϕri , ϕ̇ri ,∆fi,∆λi,∆β,∆θ) =
(0, 0, 0, 0, 0, 0)} such that any solution trajectory of (23) converges locally asymptotically toMc as t → ∞.
Thus, the convergence of the primary control vector ∆ξ is guaranteed without measurements of the de-
formations, that is, neither contact area nor contact force of the object angle.

Proof. A passivity-based analysis of the closed-loop system yields, for input ucl and output ycl = ν,

〈ucl,ycl〉 =
d

dt
(K(q, ν̇) + ∆PE(ν) + Part(ν)) + q̇T

1 Kq1 q̇1 + q̇T
2 Kq2 q̇2

+ Fβ

2
∑

i=1

riD
−1
i

(

[

ẋi ẏi

]

[

si

ci

])

− Fβ

(

[

ẋ ẏ

]

[

r̄1s1 + r̄2s2

r̄1c1 + r̄2c2

])

− θ̇Rfd
1

2
D12CS

=
d

dt
(K(q, ν̇) + ∆PE(ν) + Part(ν)) + q̇T

1 Kq1 q̇1 + q̇T
2 Kq2 q̇2 +

˙̄βFβ − θ̇

(

R
fd

2
D12 sin(∆α)

)

=
d

dt
Ē(ν, ν̇) + q̇TKqq̇ +Kβv

˙̄β2 − θ̇

(

R
fd

2
D12 sin(∆α)

)

, (25)

where Kq = diag(Kq1 ,Kq2), Ē(ν, ν̇) = K(q, ν̇) + ∆PE(ν) + PFβ
+ Part > 0 represents the closed-loop

storage energy function of error system, ∆PE(ν) ∈ R stands for the elastic potential energy error of

the system, PFβ
=

1

2
Kβp∆β̄2 represents the artificial potential energy to induce the optimal grasping

condition, while Part =
βθ

2 ∆θ
2
is the potential used to induce an equilibrium point to the desired object

angle. Now, assuming that r1 = r2, without loss of generality, we have that D12 = R(r2−r1)+δ2r1−δ1r2
r1r2

6 1,

such that |θ̇||(γD12 sin(∆α))| 6 |θ̇|ǫ1 with γ = R fd
2 ∈ R and ǫ1 > 0. Then, with ucl = 0, we have that

Eq. (25) can be expressed as

˙̄E(ν, ν̇) 6 −q̇TKqq̇ −Kβv
˙̄β2 + |θ̇|ǫ1. (26)

Notice that ˙̄E(ν, ν̇) is not a Lyapunov function in the primary constrained manifold, but certainly ˙̄E(ν, ν̇)
can be used to analyse the convergence properties of the autonomous system (23) on the largest invariant
set. Applying the maximum invariance set to (26) for the origin at ν = 0 leads to trivial annihilator when

ν̇ = (0, 0, 0) given that β̄ is a function of ẋ and ẏ. Thus, ˙̄E(ν, ν̇) = 0 implies that ν̈ = 0. This means that

for small initial conditions ν(0) ∈ Ω0 and large enough joint damping gains Kq, we have that ˙̄E(ν, ν̇)
becomes negative semi-definite along the solution trajectories with equilibrium at ν̇ = 0 =⇒ ν̈ = 0.
Since the desired trajectories are constant, the closed-loop system is autonomous, which leads us to

conclude that the largest invariant set ˙̄E(ν, ν̇) = 0 =⇒ ν̇ = 0 and consequently ν̈ = 0, and then Eq.
(23) becomes

A∆ξ = 0. (27)

Thus, there exists a unique critical point that satisfies (27) only if the matrix A is full column rank. This
means that if ∆ξ → 0 then ∆fi → 0, ∆λi → 0, Fβ → 0, sin(∆α) → 0 and ∆θ → 0.

Remark 4. Precise conditions for optimal grasping are encoded through βd, at the expense of slow
convergence rate not only because of high damping but because stability is derived in the realm of
stability-in-the-manifold, where attractors arise once velocity tends to zero, as is shown in the proof.

Remark 5. Angle convergence is achieved through indirect injection of λi through the underactuated
object dynamics structure. Overall, it is expected, intuitively and theoretically, slow convergence rate
toward the basic manifold, as if mimicking a robot learning from scratch to pinch optimally an object.
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Remark 6. A direct extension of this approach, taking into account gravity force, can be obtained by
extending [44],

Fdi
=
fd

2
(1 + cos(∆α)) − (−1)i

1

2
Mgsi, (28)

λdi
=−

fd

2

Di

ri
sin(∆α) +

1

2
Dir

−1
i Mgci − Fβ . (29)

Stability conditions are mutatis-mutandis and follow straightforward.

Remark 7. We can extend our proposal by considering a control structure that resembles synergies
[7, 22], to account for optimal grasping, pose control, position, and orientation of the object as follows:

τi = −Kqi q̇i + gi(qi) + ūf + ūt − ūθi + ūxi + ūyi, (30)

where

ūf = −(−1)iFdi
JT
i (qi)

[

ci

−si

]

− ri

(

D−1
i JT

i (qi)

[

si

ci

]

− ei

)

λdi
,

ūt = −riD
−1
i JT

i (qi)

[

si

ci

]

Fβ ,

ūxi = −
γx

2
(x̄− xd)

∂xi

∂qi
, ūyi = −

γy

2
(ȳ − yd)

∂yi

∂qi
,

for γx > 0, γy > 0, desired object positions are given by (xd, yd), while x̄, ȳ are the estimated object
positions with x̄ = x1+x2

2 and ȳ = y1+y2

2 for xi, yi, the center of the i-th fingertip.

Remark 8. If dynamics of the i-th finger is subject to friction at contact, then Eq. (8) can be written
as

Hi(qi)q̈i +Ci(qi, q̇i)q̇i + gi(qi) = τi − τF + (−1)ifiJ
T
i (qi)

[

ci

−si

]

+ ri

(

JT
i (qi)D

−1
i

[

si

ci

]

− ei

)

λi,

where τF = Bcq̇i +C tanh(Dq̇i) represents viscosity and an approximated Coulomb friction at contact,
respectively, with Bc and C being diagonal positive definite matrices and tanh(Dq̇i) being a reasonable
approximation of the non-smooth Coulomb friction model with D ∈ R

n×n
+ . Using τi defined in (30), the

closed-loop is defined as

Hi(qi)q̈i +Ci(qi, q̇i)q̇i − (−1)i∆fiJ
T
i (qi)

[

ci

−si

]

+Kq̇i +C tanh(Dq̇i)

− ri

(

JT
i (qi)D

−1
i

[

si

ci

]

− ei

)

∆λi + riD
−1
i JT

i (qi)

[

si

ci

]

Fβ + ūθi = uc1,

where K = Kqi + Bc. Following similar steps of Subsection 3.2, it is possibly guaranteed that there
exists a critical point that satisfies (27) only if matrix A is full column rank. In this condition ∆fi → 0,
∆λi → 0, Fβ → 0, sin(∆α) → 0 and ∆θ → 0.

Remark 9. Let friction cone be considered at contact as the set wrenches that satisfies the classical
Coulomb’s law at contact. Then |ft| 6 µ|fn| where |ft| and |fn| stand for the tangential and normal
components of the contact force, for the Coulomb coefficient µ > 0 [47]. Notice that, from (18) and (19),
such friction cone is implicitly assumed and satisfied since |λdi

| 6 λmax = µ|Fd| is satisfied with Fd > 0.

4 Numerical simulations

4.1 The simulator and system parameters

The simulator is programmed in Matlab R2017a, based on a variation of the Bogacki-Shampine variable-
step stiff numerical integrator [48], implemented as ode23tb with variable step, and an absolute error
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Table 1 Physical parameters of the robotic fingers

Parameter Value (m) Parameter Value

Li1 0.1 Mi1 0.5 kg

Li2 0.08 Mi2 0.3 kg

Li3 0.06 Mi3 0.15 kg

Li4 0.03 Mi4 0.1 kg

lcmi1
0.045 Ii1 6.5 × 10−4 kg·m2

lcmi2
0.035 Ii2 2.5 × 10−4 kg·m2

lcmi3
0.025 Ii3 5 × 10−5 kg·m2

lcmi4
0.01 Ii4 2 × 10−6 kg·m2

π π

Figure 4 (Color online) The optimal grasping of a circular object [44].

π π

Figure 5 (Color online) Proposed optimal grasping and orientation control of a circular object with θd = 0 rad.

tolerance of 1 × 10−4 m. A constrained stabilization method (CSM) [49], is introduced for numerical
stabilization of the DAE-2 system, whose initial conditions for the overall system are consistent at t = t0
as the initial grasp for fi(0) > 0, i = 1, 2.

Physical parameters of robotic fingers are described in Table 1 where Lij , lcmij
, Mij and Iij stand

for the j-th link’s length, distance to center of mass, mass, and mass moment of inertia, of the i-th
robotic finger, respectively. Additionally, M = 0.1 kg, I = 2× 10−3 kg·m2 and R = 0.05 m represent the
mass, mass moment of inertia and radius of the object, respectively. Finally, the i-th semi-hemispherical
soft-fingertip has a stiffness parameter of ki = 10000 kg·m/s2m2 with ri = 0.02 m of radius.

In this section two set numerical simulation results are presented. The first one set shows the per-
formance of two robotic fingers with soft tips to reach the optimal grasping condition manipulating a
circular object; see Figure 4. In the second set, the simulation results of optimal grasping and orientation
control of a circular object avoiding the measure of the object angle are presented; see Figure 5.

4.2 Simulation results

The system is initialized with q1(0) = [0.75, 1, 0.65, 0.2]T rad, q2(0) = [0.85, 0.8, 0.8, 0.2]T rad, p̄(0) =
[0.075, 0.21]T m and θ(0) = 0.0 rad, which give rise to α1(q1(0), p̄(0)) = −0.0351 rad, α2(q2(0), p̄(0)) =
−0.1109 rad. The initial velocities of the system are all zero, that is, q̇1(0) = q̇2(0) = [0, 0, 0, 0]T rad/s
˙̄p(0) = [0, 0]T m/s, and θ̇(0) = 0 rad/s. The feedback control gains are given asKqi = diag(0.05) kg·m2/s,
Kβp

= 20 kg·m/s2, Kβv
= 8 kg/s. The desired values to achieve optimal grasping are defined as fd = 2.5

N and βd = π− θd rad.

4.2.1 Dynamical optimal grasping

To achieve optimal grasping of a circular rigid object by two robotic fingers with soft tips, we assume that
ūθi = 0 in (16). Figure 6 shows that contact and tangential forces converge to the desired values in a few
seconds. In special, the tangential forces converge a bit later than the contact forces, which represents
the necessary time to reach the optimal grasping conditions, α1 = α2. Given that the induced forces to
get the optimal grasping conditions are conducting through the tangential forces, changes in the position
and orientation of the object are presented; see Figure 7.
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4.2.2 Optimal grasping and orientation control

In this simulation, assume that the desired orientation is defined as θd = 0 rad with βθ = 0.5 kg·m/s. As
in the previous simulation, we notice the fast convergence of contact and tangential forces; see Figure 8.
However, contrary to the previous simulation, we notice that one of the internal angles quickly reaches
the zero value while the other angle tends toward zero exponentially; see Figure 9(b). Thus, only one of
the soft tips, through the rolling motion, is used to guarantee the optimal grasping condition avoiding
any object information. In Figure 9(c) the exponential performance of ∆θ is shown.

Given that the value of the object angle orientation is calculated on relations between the center
positions of the soft fingertips, we have that θ̂ is not equal to the real value of θ. This explains the value
of θ in Figure 9. The finger performance can be compared to in-hand manipulation skills required to do
a simple rotation, and turn an object through the pads of the thumb and index fingers.

As a final set of simulations, we present a comparative study between the proposed approach and [43],
where it is assumed that the object angle is available. The simulation conditions are defined as q1(0) =
[0.55, 1.1, 1.4, 0.12]T rad, q2(0) = [0.60, 1.1, 1.05, 0.5]T rad; p̄(0) = [0.075, 0.155]T m and θ(0) = 0.2 rad
with fd = 2.5 N and θd = 0 rad; see Figure 10. We notice in Figure 10(b) that convergence to zero of the
internal angles is reached in few seconds, and thus the convergence of ∆θ is reached rapidly. Using [43],
unlike the proposed approach, the convergence of internal angles is slower such that the convergence of
∆θ is slow, too; see Figure 10(b).

Finally, in Figures 11 and 12 we show the optimal grasping and orientation control of the circular
object for θd = −0.2 rad. As in the previous case, we can notice the convergence of ∆fi and ∆λi is before
that of ∆θ. For this simulation we assume that q1(0) = [0.2, 1.7, 0.8, 0.3]T rad, q2(0) = [0.2, 1.7, 0.8, 0.3]T
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rad, p̄(0) = [0.075, 0.10]T m and θ(0) = 0.2 rad with fd = 2.5 N.

4.2.3 Optimal grasping and orientation control under gravity effect

In this subsection we present the simulation results of optimal grasping of a circular object under the
gravity effect. For this case, assume that Fdi

and λdi
are defined as in (28) and (29), respectively, while

the control law is defined by (30) with ūxi = 0 and ūyi = 0.
For the first simulation we consider that p̄(0) = [0.15, 0.2]T m and θ(0) = 0.0 rad with fd = 2.5 N and

θd = 0 rad; see Figure 13. Finally for the second simulation we consider that p̄(0) = [0.075, 0.155]T m
and θ(0) = 0.0 rad with fd = 2.5 N and θd = 0.2 rad; see Figure 14. In both simulations, we notice that
there is a transition period in the first few seconds where the controller tries to compensate the gravity
force. As in previous simulations, ∆θ has an exponential convergence in a few seconds after that the
contact force error and tangential force errors have converged.

To debug and test the proposed algorithm a V-REP and Matlab co-simulation is presented. The
design of the robotic fingers is based on dimensions of Dynamixel servos; see Figure 15. The new physical
parameters are defined as Li1 = 0.088 m, Li2 = 0.088 m, Li3 = 0.036 m, Mi1 = 0.2, Mi2 = 0.2
kg, Mi3 = 0.15 kg, lcmi1

= 0.06 m, lcmi2
= 0.06 m and lcmi3

= 0.025 m for the i-th robotic finger.
Additionally, M = 0.04 kg and R = 0.05 m are the mass and radius of the object, respectively. Finally,
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Figure 15 (Color online) Performance of the stable grasping and orientation of a circular object avoiding any object information:

(a) t = 0 s, (b) t = 5 s, (c) t = 10 s, (d) t = 15 s, (e) t = 20 s. (f) t = 25 s.

the i-th hemispherical soft-fingertip has a stiffness parameter of ki = 270563.4 kg·m/s2m2, with radius
ri = 0.03 m and L0 = 0.20 m being the distance between each finger’s base.

For this simulation we consider that initial conditions are given as q1(0) = [1.21798, 0.535359,
1.97116]T rad, q2(0) = [1.29621, 0.61666, 1.96196]T rad and q̇1(0) = q̇2(0) = [0, 0, 0]T rad/s for fin-
gers and p̄(0) = [0.0889231, 0.114769]T m, θ(0) = 0 rad and ˙̄p(0) = [0, 0]T m/s, θ̇(0) = 0 rad/s for the
object.

To render simulation data from Matlab, these are stored in a data file, and then loaded into the
physical simulation engine V-REP. Figure 15(a) renders the fingers in contact to the object. Once grasp
is achieved, fingers hold the object firmly as shown in Figure 15(b), subsequently the manipulation stage
is achieved in Figures 15(c)–(e), until eventually object reaches the desired orientation in Figure 15(f).
This latter figure shows how the estimation of orientation angle, indicated by a dark line in Figure 15 on
the object, converges asymptotically to the desired object angle.
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5 Conclusion

Concluding remarks. A circular object’s reposition via two fingers with hemispherical and soft tips
through optimal grasping without object angle measurement is proposed. Fundamentally, our proposal
aims at understanding dexterous manipulation from an (energy) passivity perspective using SD-fingers
for curved objects. The object manipulation with an arbitrary shape is feasible, assuming a local circular
approximation at contact to correctly model the resulting moments concerning the CoMo. The proposed
regulator provides dexterous manipulation with a skill unmatched by conventional CP-based robotic
hands. It controls explicitly tangent forces, in contrast to CP wherein not such a force is modelled.

Perspectives. In robotics, it is customary to conduct experiments once an emergent scheme is pro-
posed, particularly when it is claimed that dominant nonlinear constrained dynamics is considered in
closed-loop with a novel controller. Experimental testing will provide evidence about the proposed ap-
proach for a particular robotic technology, then suggesting the validity of the hypothesis, and therefore
the advance based the scientific method. To conduct such experiments in a real testbed, it stands for
an endeavor itself to carefully verify all conditions and tuning, as well integration of fingers and object
sensors, finger actuators, and processing at a unique clock thread of all low-level decision making actions.

Experiments are underway to test its performance in a laboratory testbed, similar to the render of
Figure 15 based on Matlab co-simulation under RT Workshop machine, HD webcam, and Dynamixel
RMX-64R servos in torque mode. The assessment of such experimental data is a challenge that requires
additional settings to provide insight specific aspects of multi-robotic systems manipulating underactuated
inertial objects.
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Appendix A

According to (23), the matrix A = [A1,A2] ∈ R
11×6 is defined as
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