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Abstract This paper considers the global stability problem of the sys tem comprising a pipe conveying

uid and a nonlinear energy sink (PCF-NES) system. First, a q uadratic form model containing a gradient
term of a convex function is obtained from a high-order parti al-di�erential-equation model of the PCF-NES
system using the Galerkin approximation approach. Energy a nd disturbance functionals are then established
based on this model. Second, a Lyapunov function is construc ted based on the �rst-order characteristic of
the convexity and energy disturbance technique to prove the global exponential stability of the approximated
PCF-NES system. Finally, theoretical results are veri�ed u sing numerical simulations and the positive e�ect
of the NES on the vibration control of the entire PCF is discus sed.
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1 Introduction

Pipes conveying 
uid (PCFs) are essential structures in many modern industrial systems, including oil
and gas transmission and heat exchange systems in aerospace equipment. While the vibration of PCFs
is often unavoidable and unintentional, it can damage the pipes and other components of industrial
systems. A large displacement response of pipes to their vibration can be catastrophic. Many studies
have been conducted on the dynamic behavior of PCFs. The early studies include the dynamic modeling
of articulated PCFs conducted by Benjamin in 1962 [1]. Gregory and Pa•�doussis studied the critical
conditions of the unstable oscillation of a cantilever pipe from both theoretical and experimental aspects,
based on the motion equation established in [2]. Pa•�doussis and Issid proposed a dynamic model of
a 
exible PCF and considered the 
ow velocity in the pipe [3]. Systems comprising PCFs are always
subject to serious 
uid-structure coupling problems. An excellent review presented in [4] summarizes
the studies conducted prior 2004 on the 
uid-structure coupling in the dynamic behavior of PCFs. The
studies presented in [5{ 7] revealed the nonlinear dynamic behavior through the research ofthe bifurcation
characteristic of PCFs under parametric excitation. The impact of internal resonance on the nonlinear
dynamic behavior of PCFs was investigated by Panda et al. [8] and Liang et al. [9]. Guo et al. [10]
presented a comprehensive analysis of the nonlinear motion equation for PCFs and used its results to
improve the existing models of such pipes. Liang et al. [11] proposed a three-dimensional (3D) model of
spinning supported pipes and studied its 3D vibration during internal and external annular 
ows.

Based on the studies on the dynamic behavior of PCFs, many methods have been proposed to control
the unacceptable vibration of the pipes. These methods can be classi�ed as active and passive methods.
Active methods are employed to inhibit the vibration caused by external forces generated by actuators
such as hydraulic [12], crystals (e.g., phononic [13]), wire and pulley [14], speed actuators [15] and other
actuators [16{ 18]. Such external forces can be calculated using control algorithms[19]. Passive vibration
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control devices are typically preferred in the cases of unreasonable vibration owing to their high reliability,
economic advantages, and no energy input [20]. Some novel passive vibration controllers such as energy
harvesters (e.g., piezoelectric [21] and magnetic [22]), inerters [23], nonlinear vibration isolators [24], and
nonlinear energy sinks (NESs) [25] have been proposed and studied in depth. As an essential nonlinear
structural element, a NES can be installed in a main structure relyingon essentially nonlinear coupling,
where the NES can act as a broadband passive and adaptive controller by absorbing the vibration energy
from the main structure. Therefore, NESs are highly favored by researchers [26{ 28]. They have been
extensively utilized in many engineering structures for vibration control owing to their relatively small
mass, wide frequency validity, and high reliability [29]. Broadband passive controllers based on NESs
are designed to e�ectively absorb the vibration energy of thin cantilever plates [30], spacecraft [31], and
simply supported linear beams [32]. In [33], a computational tool was proposed to analyze a complex
dynamic system comprising an elastic rod and a NES. The simulation results of this study demonstrated
that the NES can e�ectively suppress the vibrations of the elastic rod. The feasibility of using a NES as a
controller to inhibit the torsional vibration of drill-string systems wa s veri�ed by Vigui�e et al. [ 34]. Yang
et al. [35] utilized a NES as a passive controller to dissipate the vibration energy of simply supported
pipes at both ends. The researchers demonstrated the e�ectiveness of vibration control using numerical
simulations.

A NES introduced as a controller complicates the nonlinearity of a system with PCFs. Unlike previous
studies focusing on the approximation accuracy problem of the Galerkin method, this study considers the
global stability problem of such an approximated system. Similar to [36], numerical methods are used
in this study to verify the local stability of a supported pipe conveying pulsating 
uid. Yang et al. [ 35]
analyzed the local stability of a discretized system comprising a PCF and a NES (PCF-NES system)
using the eigenvalues of the linearized Jacobian matrix of the system. To better explain the stability of
such a system, its global stability should be studied further. This study addresses this problem based on
the Lyapunov's direct method and energy disturbance technique,proving that the PCF-NES system is
globally exponentially stable. The results of this study are veri�ed using a numerical simulation.

This study o�ers the following contributions.
(1) A quadratic form model with the gradient information of a convex function, where the convex

function is derived from the energy storage characteristics of PCF-NES system. This model is based on a
second-order nonlinear autonomous form converted from a high-order partial-di�erential-equation (PDE)
model utilizing the Galerkin approximation method.

(2) A method for analyzing global stability of the approximate PCF-N ES system. First, energy and
disturbance functionals are built based on the proposed quadraticform model. Then, a Lyapunov function
is constructed using the �rst-order characteristic of the convexity and energy disturbance technique. Next,
the proof of the global stability of the PCF-NES system is provided under the framework of Lyapunov
stability theory. Finally, the system is proved to be exponentially stable.

The rest of this paper is organized as follows. The proposed model of the PCF-NES systems is
provided in a high-order PDE form in Section 2. The process of converting the system model into a
generalized second-order nonlinear autonomous form using the Galerkin approximation method is outlined
in Section 3. The detailed stability analysis is presented in Section4. The simulation examples used to
verify the stability results and compare the control e�ect are described in Section 5. Section 6 concludes
the paper.

2 System model

The target system is shown in Figure1. It consists of a pipe, which is simply supported at both ends for
conveying 
uid, and a passive vibration controller (as shown in the red dashed box). When the pipe is
under control, its equation of motion can be written as [10]

EI
@4Y(X; T )

@X4 + �EI
@5Y (X; T )

@X4@T
+ M f V 2 @2Y (X; T )

@X2 + M f V
@2Y (X; T )

@X@T

+ ( M f + mp)
@2Y (X; T )

@T2
+ F (D; T ) = 0 ;

(1)

whereY(X; T ) represents the pipe's transverse displacement,EI represents its bending sti�ness,� means
its viscoelastic coe�cient, M f stands for the mass of the liquid in the pipe,mp is its mass,V is the velocity
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Figure 1 (Color online) A PCF with the NES vibration controller.

of the 
uid in the pipe, F (D; T ) is the external force on the PCF with the force position D and time T.
In (1), the �rst item refers to the 
exural restoring force. The second item represents the PCF's

viscoelastic property. The third item represents relevant with the centrifugal force caused by the liquid

ow. The fourth item stands for relevant with the Coriolis e�ect. Th e �fth item denotes the inertia
force of the pipe, which is �lled with 
uid. And, the last item is passive co ntrol force, which means the
coupling between the pipe and the controller.

In order to stabilize the pipe quickly, a new passive vibration controller was designed to better absorb
the vibration energy [35], which consists of a NES, as the part identi�ed by the red dashed box in Figure 1.
As a result, the control force and the controller can be written in the following equations:

F (D; T ) =

(

K
�
Y (D; T ) � Y (T)

� 3
+ C

�
@Y(D; T )

@T
�

dY (T)
dT

� )

� (X � D ); (2)

mNES
d2Y (T)

dT 2 + K
�
Y (T) � Y (D; T )

� 3
+ C

�
dY (T)

dT
�

@Y(D; T )
@T

�
= 0 ; (3)

where Eq. (2) is the interaction force between the pipe and the NES, and Eq. (3) is the motion equation
of the NES. Y (T) denotes the NES's transverse displacement,mNES means its mass,K represents the
nonlinear (cubic) sti�ness of the vibration controller, C stands for its damping, andD is the installation
location of the NES. It should be noted that the NES's massmNES is lightweight compared with the
total mass of the pipe and 
uid, that is

mNES

M f + mp
= " � 1;

where " is a small parameter. Substituting the control force (2) into the equation of motion ( 1), a new
equation of motion is obtained:

EI
@4Y (X; T )

@X4 + �EI
@5Y(X; T )

@X4@T
+ M f V 2 @2Y(X; T )

@X2 + M f V
@2Y (X; T )

@X@T
+ ( M f + mp)

@2Y (X; T )
@T2

+

(

K
�
Y (D; T ) � Y (T)

� 3
+ C

�
@Y(D; T )

@T
�

dY (T)
dT

� )

� (X � D ) = 0 :
(4)

De�ne the following non-dimensional quantities process:

y =
Y
L

; x =
X
L

; y =
Y
L

; d =
D
L

; k =
KL 6

EI
; t =

T
L 2

s
EI

M f + mp
; v = V L

r
M f

EI
;

� =
�
L 2

s
EI

M f + mp
; � =

M f

M f + mp
; " =

mNES

M f + mp
; � =

L 2C
p

EI (M f + mp)
:

(5)
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Substituting formulations ( 5) into ( 4) and (3), the dimensionless forms of equations are obtained as
follows:

@4y(x; t )
@x4

+ �
@5y(x; t )

@x4@t
+ v2 @2y(x; t )

@x2
+ 2

p
�v

@2y(x; t )
@x@t

+
@2y(x; t )

@t2

+

(

k [y(d; t) � y(t)]3 + �
�

@y(d; t)
@t

�
dy(t)

dt

� )

� (x � d) = 0 ;
(6)

"
d2y(t)

dt2 + k [y(t) � y(d; t)]3 + �
�

dy(t)
dt

�
@y(d; t)

@t

�
= 0 : (7)

3 Galerkin approximation

The PCF-NES system can be modeled as (6) and (7), which are a set of fourth-order PDEs. It is well
known that it is di�cult to gain the analytical solution for a PDE system . Therefore, the truncation
technique is always utilized to obtain the approximate solution by converting the PDEs into a set of ordi-
nary di�erential equations (ODEs). The accuracy of solutions canbe heightened by increasing truncated
term's number and designating appropriate eigenfunction [37,38]. In this section, the Galerkin approach
will be employed to truncate the displacement function in (6) and (7). Let

y(x; t ) =
nX

r =1

� r (x)qr (t); (8)

where qr (t) is the generalized coordinates in they direction, n denotes the number of modes, and� r (x)
represents the eigenfunction of the PCF in free vibration satisfying the end conditions. Considering that
the PCF is simply supported at both ends, from [39], we choose

� r (x) = sin( � r x); � r = r � ; r = 1 ; 2; : : : ; n: (9)

Thus, we have� 0000
r (x) = � 4

r � r (x).
The signi�cance of the Galerkin method is to solve the discretization problem of continuum systems.

Therefore, the transverse displacement functiony(x; t ) is approximated by the Galerkin method. Thus,
the partial di�erential form motion equation of the pipe-controller system can be discretized into ODEs.
For most studies such as [40], system models like (6) and (7) are often converted into an equation set
consisting of at least two second-order ODEs. In order to solve the problem of stability proof of the PCF-
NES system, the model (6) and (7) should be converted into a general nonlinear autonomous system.
The conversion process is as follows.

Considering the characteristic of eigenfunction (9) and substituting equation (8) into ( 6) and (7) gives
that

nX

r =1

� 4
r � r (x)qr (t) + �

nX

r =1

� 4
r � r (x) _qr (t) + v2

nX

r =1

� 00
r (x)qr (t) + 2

p
�v

nX

r =1

� 0
r (x) _qr (t) +

nX

r =1

� r (x)•qr (t)

+

(

k

"
nX

r =1

� r (d)qr (t) � y(t)

#3

+ �

"
nX

r =1

� r (d) _qr (t) � _y(t)

# )

� (x � d) = 0 ;

(10)

" •y(t) + k

"

y(t) �
nX

r =1

� r (d)qr (t)

#3

+ �

"

_y(t) �
nX

r =1

� r (d) _qr (t)

#

= 0 : (11)

In order to make the derivation process more simpli�ed and convenient, we de�ne the following vectors:

� r =
h
� 1(x) � � � � n (x)

i T
; � rd =

h
� 1(d) � � � � n (d)

i T
; q =

h
q1(t) � � � qn (t)

i T
: (12)

Then, Eqs. (10) and (11) can be written in vector form, as follows:

� 4
r � T

r q + �� 4
r � T

r _q + v2� 00
r

T q + 2
p

�v � 0
r

T _q + � T
r •q +

n
k(� T

rd q � y)3 + � (� T
rd _q � _y)

o
� (x � d) = 0 ; (13)
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" •y + k(y � � T
rd q)3 + � ( _y � � T

rd _q) = 0 : (14)

Next, combining the similar terms of (13) and (14), they can be rewritten as follows:

� T
r •q +

h
�� 4

r � T
r + 2

p
�v � 0

r
T

i
_q +

h
� 4

r � T
r + v2� 00

r
T

i
q

+
n

k(� T
rd q � y)3 + � (� T

rd _q � _y)
o

� (x � d) = 0 ;
(15)

" •y + � ( _y � � T
rd _q) + k(y � � T

rd q)3 = 0 : (16)

Multiplying ( 15) by � r and integrating over the domain [0; 1], Eq. (17) is obtained as follows. Eq. (16)
can be expanded as (18).

� r •q +
h
�� 4

r � r + 2
p

�v br

i
_q +

�
� 4

r � r + v2cr
�

q +
n

k(� T
rd q � y)3 + � (� T

rd _q � _y)
o

� rd = 0 ; (17)

" •y + � _y � � � T
rd _q + k(y � � T

rd q)3 = 0 ; (18)

where

� r =
Z 1

0
� r � T

r dx =

2

6
6
4

R1
0 � 1(x)� 1(x)dx � � �

R1
0 � 1(x)� n (x)dx

...
. . .

...
R1

0 � n (x)� 1(x)dx � � �
R1

0 � n (x)� n (x)dx

3

7
7
5 =

1
2

I ;

br =
Z 1

0
� r � 0

r
T dx =

2

6
6
4

R1
0 � 1(x)� 0

1(x)dx � � �
R1

0 � 1(x)� 0
n (x)dx

...
. . .

...
R1

0 � n (x)� 0
1(x)dx � � �

R1
0 � n (x)� 0

n (x)dx

3

7
7
5 ;

cr =
Z 1

0
� r � 00

r
T dx =

2

6
6
4

R1
0 � 1(x)� 00

1 (x)dx � � �
R1

0 � 1(x)� 00
n (x)dx

...
. . .

...
R1

0 � n (x)� 00
1 (x)dx � � �

R1
0 � n (x)� 00

n (x)dx

3

7
7
5 = �

� 2

2
diag(12; : : : ; r 2);

(19)

I denotes an identity matrix, � r has been given in (12), and � r (x) = sin( r � x) has been given after (11),
and � r means the integral of the Kronecker product of vector� r and � T

r at [0; 1]. It is known from
the characteristic of

R1
0 sin(r � x) sin(r � x)dx that � r is a diagonal matrix; moreover, � r = 1

2 I . br is the

integral of the Kronecker product of vector � r and � 0
r

T at [0; 1]. It is known from the property ofR1
0 sin(r � x) sin0(r � x)dx that br is an antisymmetric matrix. cr is the integral of the Kronecker product

of vector � r and � 00
r

T at [0; 1]. It is known from the characteristic of
R1

0 sin(r � x) sin00(r � x)dx that cr is

an diagonal matrix, and cr = � � 2

2 diag(12; : : : ; r 2).
In addition, the last term of ( 17) can be expanded and then merged with the second term into the

form of a vector product as shown in

� r •q +
h

�� 4
r � r + 2

p
�v br + � � rd � T

rd � � � rd

i
"

_q
_y

#

+
�
� 4

r � r + v2cr
�

q � k� rd (y � � T
rd q)3 = 0 : (20)

Similarly, the second and third terms of (18) can also be written as a vector product as shown in

" •y +
h

� � � T
rd �

i
"

_q
_y

#

+ k(y � � T
rd q)3 = 0 : (21)

The above derivation leads to the following theorem.
Theorem 1. Under the Galerkin-type projection (8), the high-order PDE of the PCF-NES system (6)
and (7) can be converted into a nonlinear autonomous system, which is a second-order ODE form:

M •Z + C _Z + KZ + F N = 0 ; (22)
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with

M =

"
M 0 0

0 "

#

; C =

"
C0 + eC C

T

C �

#

; K =

"
K 0 0

0 0

#

; F =

"
� k� rd

k

#

;

Z (t) =

"
q(t)

y(t)

#

; M 0 = � r ; C0 = �� 4
r � r + 2

p
�v br ; C = � � � T

rd ;

eC = � � rd � T
rd ; K 0 = � 4

r � r + v2cr ; N = ( y � � T
rd q)3;

(23)

where M , C and K mean the mass matrix, damping matrix and sti�ness matrix, respectively. M 0,
C0 and K 0 stand for the mass matrix, damping matrix and sti�ness matrix of th e PCF which can
be expressed by (17). " and � are the dimensionless mass and damping of the NES as given in (5),

respectively. C is the damping matrix associated with _q(t) in the NES, and C
T

is the damping matrix
associated with _y(t) in the part of the pipe. N is the basic nonlinear term of the system, andF is the
nonlinear coe�cient of the system. � r , br and cr are given in (19). � rd and q are given in (12).

Based on Theorem1, the intractable high-order PDE model (6) and (7) of the PCF-NES system is
transformed into a tractable ODE form ( 22).

4 Stability analysis

In this section, we will give stability analysis of the second-order ODEmodel (22) of the PCF-NES system
obtained by the Galerkin approximation method. To prove the stabilit y, we �rst de�ne a function �( Z )
as follows:

�( Z ) =
1
2

hKZ ; Z i +
k
4

(� T
rd q � y)4; (24)

where the symbolh�; �i represents the Euclidean inner product of two vectors.
In order to utilize the function ( 24), the following lemma needs to be introduced for function �( Z ).

Lemma 1. For Z 2 Rn +1 , the function �( Z ) de�ned by ( 24) is convex.
Proof. The gradient r �( Z ) of function �( Z ) can be obtained by deriving (24):

r �( Z ) = KZ + ( � T
rd q � y)3

"
k� rd

� k

#

: (25)

Then, the Hessian matrix r 2�( Z ) can be obtained as follows:

r 2�( Z ) = K + ( � T
rd q � y)2

"
k� rd

� k

#
h
3� T

rd � 3
i

= K + 3 k(� T
rd q � y)2

"
� rd � T

rd � � rd

� � T
rd 1

#

; (26)

where k > 0 is the dimensionless sti�ness of the NES as given in (5). It can be seen from (23) that K is
a semide�nite matrix. Recalling ( 12) and considering � r (d) = sin( r � d), we have that all eigenvalues of
[� rd � T

rd � � rd
� � T

rd 1
] are greater than or equal to 0, that is, [� rd � T

rd � � rd
� � T

rd 1
] is a semidi�nite matrix. So the Hessian

matrix r 2�( Z ) is a semidi�nite matrix. It is illustrated that �( Z ) is a convex function. The proof of
Lemma 1 is completed.

Then, it is straightforward to have the following proposition.

Proposition 1. Based on (25) of Lemma 1, the nonlinear second-order autonomous system (22) can
be rewritten as

M •Z + C _Z + r �( Z ) = 0 ; (27)

wherer �( Z ) is the gradient of the convex function �( Z ), and variable Z and matricesM ; C have been
given in (23).
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In order to present the major stability result of the system (22), we de�ne the energy functional E(t)
and a disturbance functional W (t) of this system based on (27), as follows:

E(t) =
1
2

hM _Z ; _Z i + �( Z ); (28)

W (t) = hM _Z ; Z i +
1
2

hCZ ; Z i : (29)

Remark 1. From (23), we know that M is a positive de�nite matrix, and K is a semi-de�nite matrix.
But, the matrix C is not a complete symmetrical, which is augmented by matricesC0, C , eC and � ,
where eC is a diagonal matrix. From the de�nition of C0 in (23), it is a linear combination of matrices
� r and br . By de�nition ( 19), � r is a diagonal matrix and br is an antisymmetric matrix. Because the
quadratic form of the antisymmetric matrix is 0, the inequality hC _Z ; _Z i > � min

C k _Z k2
2 holds.

Lemma 2. For all t > 0, the disturbance functional W (t) de�ned by ( 29) satis�es that

W (t) > �
m0

� 1
E(t); (30)

where m0 = � max
M denotes the maximum eigenvalue of matrixM , and � 1 = � min

C means the minimum
eigenvalue of matrix C .
Proof. By the de�nition of the disturbance functional W (t) in ( 29), we obtain that

W (t) > hM _Z ; Z i +
1
2

� 1 kZ k2
2 : (31)

Applying the Young's inequality

hX ; Y i > �
1
2�

kX k2
2 �

�
2

kY k2
2

with � = � 1, inequality ( 31) can be converted into the following form:

W (t) > �
1

2� 1






 M _Z








2

2
�

1
2

� 1 kZ k2
2 +

1
2

� 1 kZ k2
2 = �

1
2� 1






 M _Z








2

2
> �

m0

2� 1
h _Z ; M _Z i : (32)

Noting M is a diagonal matrix from (23), the last inequality in ( 32) holds.
By the de�nition of the convex function �( Z ) and the energy functional E(t), it is easily to obtain

that �( Z ) > 0, which implies 1
2 h _Z ; M _Z i 6 E(t). Therefore, inequality (32) can be simpli�ed as follows:

W (t) > �
m0

� 1
E(t): (33)

The proof of Lemma 2 is thus completed.
Now, we provide the primary stability result for the PCF-NES system (22).

Theorem 2. For system (22), de�ne a Lyapunov function

V (t) = E(t) +
1
G

W (t) (34)

with G = max f m 0
� 1

; 3
2 � max

MC � 1 g. Then, there exist constantss > 0 and P > 0 such that, for all t > 0,

0 6
�

1 �
1
G

m0

� 1

�
E (t) 6 V (t) 6 a0e� s

P t ; (35)

where a0 = V (0), � max
MC � 1 is the maximum eigenvalue of the product of the matrix M and the inverse

matrix of matrix C , and m0; � 1 are given in Lemma2.
Proof. From de�nition ( 28) of the energy functional of system (22), the functional _E(t) can be deduced
into the following form:

_E(t) = h _Z ; M •Z i + h _Z ; r �( Z ) i = h _Z ; M •Z + r �( Z )i = �h _Z ; C _Z i 6 � � min
C






 _Z








2

2
: (36)
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Next, recalling de�nition ( 29) of W (t), and the symmetry of C , it is straightforward to have the functional
_W (t) as follows:

_W (t) = hM •Z ; Z i + hM _Z ; _Z i +
1
2

hCZ ; _Z i +
1
2

hC _Z ; Z i

= hM •Z ; Z i + hM _Z ; _Z i +
1
2

hC _Z ; Z i +
1
2

hC _Z ; Z i

= hM •Z + C _Z ; Z i + hM _Z ; _Z i :

(37)

Substituting ( 27) into ( 37), we have

_W (t) = �hr �( Z ); Z i + hM _Z ; _Z i : (38)

Because �(Z ) is a convex function as given in Lemma1, using Theorem 25.1 in [41], we can obtain
that �( Z ) satis�es the following inequality, for all Z 2 Rn +1 ,

hr �( Z ); Z i > �( Z ); (39)

wherer �( Z ) is the gradient of the convex function �( Z ). Hence, combining (38) and (39), the following
inequality can be deduced:

_W (t) 6 � �( Z ) + hM _Z ; _Z i : (40)

By adding (40) to ( 28), we obtain

E(t) + _W (t) 6
1
2

hM _Z ; _Z i + �( Z ) � �( Z ) + hM _Z ; _Z i

=
3
2

hM _Z ; _Z i =
3
2

MC � 1hC _Z ; _Z i ;
(41)

whereC � 1 is the inverse matrix of the matrix C . Noticing G > 3
2 � max

MC � 1 and substituting ( 36) into ( 41)
gives that

E(t) + _W (t) 6 � G _E(t);

that is

E(t) + G _E (t) + _W (t) 6 0: (42)

For any � > 0, by the Young's inequality:

�
1
2�

kX k2
2 �

�
2

kY k2
2 6 hX ; Y i 6

1
2�

kX k2
2 +

�
2

kY k2
2 ;

the following inequality is obtained from (29):

W (t) 6
kM _Z k2

2

2�
+

�
2

kZ k2
2 +

1
2

� max
C kZ k2

2 ; (43)

where � max
C is the maximum eigenvalue of the matrix C . By the characteristic of norm, inequality (43)

can be rewritten into the following form:

W (t) 6
1
2�

kM k2
2






 _Z








2

2
+

1
2

(� + � max
C ) kZ k2

2

6
1
2�

(� max
M )2






 _Z








2

2
+

1
2

(� + � max
C ) kZ k2

2 :
(44)

From de�nition ( 24) of the function �( Z ), we deduce that the last term of �( Z ) is greater than or
equal to 0. That is

k
4

(� T
rd q � y)4 > 0; (45)
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and it is easy to obtain

�( Z ) >
1
2

� min
K kZ k2

2 ; (46)

where � min
K is the minimum eigenvalue of the sti�ness matrix K of system (22). Therefore, system (22)

satis�es the following inequality:

E (t) >
1
2

� min
M






 _Z








2

2
+

1
2

� min
K kZ k2

2 : (47)

Multiply the two sides of function ( 47) by a positive real number P, which is still valid. That is

P E(t) >
1
2

P � min
M






 _Z








2

2
+

1
2

P � min
HK kZ k2

2 : (48)

There exists a positive real numberP such that the following inequalities hold:

1
2

P � min
M >

1
2�

(� max
M )2;

1
2

P � min
K >

�
2

+
1
2

� max
C : (49)

Hence, it follows from (44), (48) and (49) that

W (t) 6 P E(t): (50)

Then, the �rst term of inequality ( 42) can be decomposed into the following form:

(1 � s)E(t) + sE(t) + G _E(t) + _W (t) 6 0; (51)

where s 2 [0; 1]. Substituting inequality ( 50) into inequality ( 51) yields that

(1 � s)E(t) +
s
P

W (t) + G _E(t) + _W (t) 6 0; (52)

which can be further factorized into the following form:
�

1 � s �
Gs
P

�
E(t) +

Gs
P

�
E(t) +

1
G

W (t)
�

+ G
�

_E(t) +
1
G

_W (t)
�

6 0:
(53)

If s is su�ciently small, then the coe�cient of the �rst term in inequality ( 53) is greater than 0. That is

1 � s �
Gs
P

> 0; (54)

and from the energy functional (28), we know that E(t) > 0. Therefore, inequality (53) can be trans-
formed into

sG
P

�
E(t) +

1
G

W (t)
�

+ G
�

_E(t) +
1
G

_W(t)
�

6 0: (55)

De�ne Lyapunov function V (t) = E(t) + 1
G W (t), and substitute it into inequality ( 55). We have

V (t) 6 a0e� s
P t ; (56)

where a0 = V (0). By utilizing ( 30) of Lemma 2, the Lyapunov function V (t) satis�es

V (t) = E(t) +
1
G

W (t) >
�

1 �
1
G

m0

� 1

�
E (t): (57)

Noticing G > maxf m 0
� 1

; 3
2 � max

MC � 1 g, we have 1> 1 � 1
G

m 0
� 1

> 0. We obtain that E(t) > 0, which can be
easily proved from its de�nition ( 28). Therefore, Eq. (57) satis�es that

V(t) >
�

1 �
1
G

m0

� 1

�
E (t) > 0: (58)

By combining (56) and (58), we obtain (35) of Theorem 2. The proof of Theorem 2 is completed.
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Table 1 The system parameters used in the simulation

Parameter Description Value

� The dimensionless viscoelastic coe�cient of the pipe 0.001

� The mass ratio of the mass of 
uid in the pipe and the total mass of 
uid and the pipe 0.8

" The mass ratio of the NES and the total mass of the system 0.1

� The dimensionless damping of the controller 0.1

k The dimensionless sti�ness of the controller 8000

d The dimensionless installation location of the controller 0.4

v The dimensionless velocity of 
uid in the pipe 2

A The initial distributed velocity in the simulation 0.2

Corollary 1. Let s, P and � satisfy

s > 0; P > 0; � =
a0

(1 � 1
G

m 0
� 1

)
; (59)

and then, the energy functional E(t) satis�es

0 6 E(t) 6 � e� s
P t ; for all t > 0, (60)

where a0 and G are given in Theorem2, and m0 and � 1 are given in Lemma2.
Remark 2. (1) The inequality ( 35) in Theorem 2 is the stability judgment condition under the frame-
work of Lyapunov stability theory. It is shown that the functional V (t) exponentially tends to 0. It is
worth noting that the energy functional E(t) also satis�es the exponential convergence condition shown
as (60). Therefore, E(t) exponentially tends to 0 as t ! + 1 . In other words, the vibration energy of
the whole system (22) is dissipated to 0 in an exponent form.

(2) Considering Lemma1 and Remark 1 and using Corollary 1, we can easily obtain that the variable
Z of (28) satis�es Z ! 0; _Z ! 0; for all t ! 0. That is, y(x; t ), _y(x; t ), y(t) and _y(t) will quickly tend to
0 based on Theorem1 and the Galerkin method (8).

Hence, the proof for stability of system (22) is completed. The proof result shows that the PCF-NES
system (22) is globally exponentially stable. In addition, the result also illustrates that the NES as a
passive controller can make the system stable. Next, a numerical method is used to compare with the
proof result.

5 Simulation results

In this section, we discuss some computational simulation examples for the PCF-NES controller sys-
tem (22). Eq. (22) is a high-order nonlinear dynamic system. It is extremely di�cult for the nonlinear
dynamic system to obtain an analytic solution. Therefore, this must be dependent on the numerical
method. The Galerkin method in Section3 can well approximate the amplitude of the displacement. In
fact, for a PCF simply supported at both ends, McDonald et al. [6] and Jin et al. [36] have pointed out
that Eq. ( 8) could be approximated by two-mode (n = 2) with adequate precision. Therefore, we take
2-item Galerkin approximation ( n = 2) in this section. The initial conditions are

_q1(0) = A; q1(0) = qr (0) = _qr (0) = _�y(0) = �y(0) = 0 ;

where A is a constant value. And, the boundary conditions are

y(0; t) = _y(0; t) = 0 ; y(1; t) = _y(1; t) = 0 :

The parameters of the controller and the pipe used in the simulation are shown in Table 1.
Based on the above boundary conditions and initial conditions, we willexamine the theoretical results,

control e�ect and parametric analysis for the NES using numericalmethods.

5.1 Veri�cation of theoretical results

In this subsection, the stability analysis in Section 4 will be examined intuitively.
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Disturbance functional W(t)
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An exponential function
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Figure 2 (Color online) The energy functional, disturbance functio nal and Lyapunov function of PCF-NES system at di�erent

uid velocity v. (a) v = 2; (b) v = 3.

Figure 2(a) shows the simulation results of the energy functionalE(t), disturbance functional W (t)
and Lyapunov function V (t) of system (22), which are built in Section 4. It is easy to get Corollary 1
from Figure 2(a).

Furthermore, in order to further validate our method, another simulation at the 
uid velocity v = 3
is performed and the results are shown in Figure2(b). Similarly, an exponential function (such as
0:012e� 0:12t , as shown by the purple dotted line in Figure 2(b)) can be easily found and can make the
system satisfy 06 E(t) 6 V (t) 6 0:012e� 0:12t . This again validates the proof results and the method
given in Section4.

5.2 E�ect of vibration control

Firstly, we consider the system without control. In this case, the left boundary x = 0 and the right
boundary x = 1 are �xed, that is y(0; t) = y(1; t) = 0. Figures 3(a) and 4(a) represent the displacement
response of the entire pipe without control at v = 2 and v = 3, respectively. It indicates that the dis-
placement response of the pipe without control will tardily attenuate because of the 
uid's viscoelasticity.
But, it is di�cult to reach the expected stable state. In other word s, this phenomenon illustrates that
the in
uence of 
uid velocity on the dynamics of the PCF has been considered in our model. As shown in
Figures 3(a) and 4(a), the response frequency will decrease when the 
uid velocity inthe pipe increases.

Figures 3(b) and 4(b) show the case of the PCF with a NES at 
uid velocities v = 2 and v = 3,
respectively. Compared to the response of the PCF without control, the PCF with NES can quickly
reach the desired stable state. Furthermore, we have simulated and compared the displacement response
of the NES and the PCF at v = 2 and v = 3, respectively, as shown in Figure 5. It can be seen from the
simulation results that the controller can react quickly when the PCF is excited to generate vibration.
The NES's response is greater than that of the PCF, and it will eventually reach a stable state (see the
red lines and the blue lines in Figures5(a) and (b)). These illustrate that the NES can violently absorb
and dissipate the vibration energy of the PCF, and demonstrate the e�ectiveness and robustness of the
NES as a vibration controller for the PCF.

In addition, for a more intuitive explanation of the control e�ect, w e simulate the displacement response
of the PCF at several speci�c transversesx = 0 ; x = 0 :25; x = 0 :5; x = 0 :75 and x = 1. The results are
shown in Figure 6, where the black solid lines represent the displacement response ofthe transverses
x = 0 and x = 1 on the PCF. The blue, purple and green lines represent the displacement response of
transversesx = 0 :25, x = 0 :5 and x = 0 :75, respectively. Correspondingly, the dotted lines represent the
displacement response of the PCF without control; the solid lines represent the displacement response of
the PCF with the NES. It can be viewed in the comparison of the two response curves that the vibration
decay is very fast when the NES is introduced. In other words, theNES controller can make the PCF
quickly reach the stable state. Taking v = 2 as an example, more intuitive data show that after 10 s
at most, the peak of displacement response of the PCF with NES is already less than 6� 10� 4 (2.49%
of the maximum peak, as shown by the purple solid line in Figure6(a)). But, after 30 s, the peak of
displacement response of the PCF without NES is still no less than 5:8 � 10� 3 (24.1% of the maximum
peak, as shown by the purple dotted line in Figure6(a)).



Duan N , et al. Sci China Inf Sci May 2021 Vol. 64 152201:12

0.02

0.01

0.00

- 0.01

- 0.02

- 0.025

- 0.015

- 0.010

- 0.005

- 0.020

1.0 1.0
0.8
0.6
0.4
0.2
0.00 10 20 30 40 50 60

0.025

0

0.005

0.010

0.015

0.020

0.025

0.020

0.015

0.010

0.005

0.000

- 0.010

- 0.015
- 0.020

- 0.018

- 0.014

- 0.010

- 0.006

- 0.005

0.8
0.6
0.4
0.2
0.0

0 10 20 30 40 50 60

0.025

0

0.003

0.007

0.012

0.016

0.020

Time (s) Time (s)

R
es

po
ns

e

R
es

po
ns

e

(a) (b)

Le
ng

th

Le
ng

th

Figure 3 (Color online) The displacement response of the PCF when v = 2. (a) Without NES; (b) with NES.
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Figure 4 (Color online) The displacement response of the PCF when v = 3. (a) Without NES; (b) with NES.
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Finally, Figure 6 (of course, Figure4 can also) intuitively shows that the NES can greatly reduce the
time required for displacement response of all ransverses on the PCF to reach the expected stable state.
This illustrates that the NES can have a positive impact on global stability of the PCF-NES system.

5.3 Parametric analysis for NES

In this subsection, the in
uence of the NES's parameters on the vibration control will be discussed. To
guide the design of NES, the impact of the total mass" and the nonlinear sti�ness k on the vibration
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Figure 7 (Color online) The relationship between system energy E ( t ), the total mass " , and the nonlinear sti�ness k .
(a) t = 1 s; (b) t = 1 :5 s; (c) t = 2 s; (d) t = 3 s.

control of NES is analyzed. Considering the de�nition (28) of E(t), it can be de�ned as a function about
the independent variables" , k and t, that is E(t) = f ("; k; t ). Thus, we can get the e�ect of " and k on
E(t) at di�erent moment t (E (t) also denotes the remaining energy of the PCF-NES system at timet)
as shown in Figure7.

In Figure 7, the surface part of each sub�gure is the numerical result of thefunction f ("; k; t ) in
the domain of " 2 [0:01; 0:3] and k 2 [0; 12000] corresponding to di�erent t, and the bottom part is
the projection of function f ("; k; t ) on " -k plane (contour map). It can be seen from the results that
the remaining energy of the whole system has a minimum value, which means that there is an optimal
parameter point ("opt ; kopt ) for the NES to maximize the vibration reduction rate of the whole system.
For example, the optimal parameter of NES is (0:1; 10000) at t = 1 s (see the dark purple area in
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Figure 7 (a)), and the position of ("opt ; kopt ) on the "-k plane indicates that larger " and k are needed in
the initial stage of vibration to obtain a larger decay rate. Further more, by comparing the position change
of the dark purple area on the contour map of Figures7(a){(d), we get that the optimal point ( "opt ; kopt )
moves to the bottom left corner of the " -k plane as time increases. This phenomenon manifests that the
total mass " and the nonlinear sti�ness k required by the NES will decrease as the system energy reduces.
In addition, in order to seek the optimal parameters as soon as possible when designing the vibration
controller, we should try to choose the parameters (" and k) of NES starting from the bottom left corner
of the " -k plane because of the larger gradients (see the dense contours ordramatic color changes in
Figure 7). Finally, the results also verify the proof in Section 4 that E(t) is a convex function.

6 Conclusion

This paper presented a novel method for proving the stability of the PCF-NES dynamic system and
testifying its global exponential stability. The proposed method is based on the �rst-order characterization
of the convexity and energy disturbance technique. To ensure the PCF-NES dynamic model is tractable,
the Galerkin approximation method was used to transform the high-order PDE model into a standard
nonlinear autonomous system. Then, energy and disturbance functionals of the system were constructed
based on a convex function related to the PCF-NES system. The global exponential stability of the
PCF-NES model was obtained based on the �rst-order characterization of the convexity and energy
disturbance technique under the framework of Lyapunov stability theory. The following conclusion can
be drawn based on the numerical analysis presented in this paper.

(1) The theoretical results of Section4 were intuitively veri�ed.
(2) A NES can have a positive e�ect on the dynamic behavior of the PCF.
(3) Some guidance can be provided for the design of NES through the parametric analysis of the whole

system's energy functional established in Section4.
The proposed method can be generalized to solve the stability proofproblem of similar systems, while

the presented theoretical proof process, functionals, and conclusion can be helpful in designing optimal
PCF-NES systems.
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