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Abstract This paper considers the global stability problem of the sys tem comprising a pipe conveying
uid and a nonlinear energy sink (PCF-NES) system. First, a q uadratic form model containing a gradient
term of a convex function is obtained from a high-order parti  al-di erential-equation model of the PCF-NES
system using the Galerkin approximation approach. Energy a nd disturbance functionals are then established
based on this model. Second, a Lyapunov function is construc ted based on the rst-order characteristic of
the convexity and energy disturbance technique to prove the global exponential stability of the approximated
PCF-NES system. Finally, theoretical results are veried u  sing numerical simulations and the positive e ect
of the NES on the vibration control of the entire PCF is discus  sed.
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1 Introduction

Pipes conveying uid (PCFs) are essential structures in many moden industrial systems, including oil
and gas transmission and heat exchange systems in aerospace ipguent. While the vibration of PCFs
is often unavoidable and unintentional, it can damage the pipes and dier components of industrial
systems. A large displacement response of pipes to their vibrationan be catastrophic. Many studies
have been conducted on the dynamic behavior of PCFs. The early gtlies include the dynamic modeling
of articulated PCFs conducted by Benjamin in 1962 [l]. Gregory and Pasdoussis studied the critical
conditions of the unstable oscillation of a cantilever pipe from both theoretical and experimental aspects,
based on the motion equation established inZF]. Pasdoussis and Issid proposed a dynamic model of
a exible PCF and considered the ow velocity in the pipe [3]. Systems comprising PCFs are always
subject to serious uid-structure coupling problems. An excellent review presented in fi] summarizes
the studies conducted prior 2004 on the uid-structure coupling in the dynamic behavior of PCFs. The
studies presented in ${ 7] revealed the nonlinear dynamic behavior through the research ahe bifurcation
characteristic of PCFs under parametric excitation. The impact of internal resonance on the nonlinear
dynamic behavior of PCFs was investigated by Panda et al. §] and Liang et al. [9]. Guo et al. [10]
presented a comprehensive analysis of the nonlinear motion equatiofor PCFs and used its results to
improve the existing models of such pipes. Liang et al.][1] proposed a three-dimensional (3D) model of
spinning supported pipes and studied its 3D vibration during internal and external annular ows.

Based on the studies on the dynamic behavior of PCFs, many methadhave been proposed to control
the unacceptable vibration of the pipes. These methods can be clased as active and passive methods.
Active methods are employed to inhibit the vibration caused by extemnal forces generated by actuators
such as hydraulic [L2], crystals (e.g., phononic L3]), wire and pulley [14], speed actuators 15] and other
actuators [16{18]. Such external forces can be calculated using control algorithmfl9]. Passive vibration
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control devices are typically preferred in the cases of unreasobie vibration owing to their high reliability,
economic advantages, and no energy input20]. Some novel passive vibration controllers such as energy
harvesters (e.g., piezoelectricJ1] and magnetic R2]), inerters [23], nonlinear vibration isolators [24], and
nonlinear energy sinks (NESs) 25] have been proposed and studied in depth. As an essential nonlinea
structural element, a NES can be installed in a main structure relyingon essentially nonlinear coupling,
where the NES can act as a broadband passive and adaptive contter by absorbing the vibration energy
from the main structure. Therefore, NESs are highly favored by esearchers26{28]. They have been
extensively utilized in many engineering structures for vibration corrol owing to their relatively small
mass, wide frequency validity, and high reliability [29]. Broadband passive controllers based on NESs
are designed to e ectively absorb the vibration energy of thin canilever plates [30], spacecraft B1], and
simply supported linear beams 82]. In [33], a computational tool was proposed to analyze a complex
dynamic system comprising an elastic rod and a NES. The simulation rasts of this study demonstrated
that the NES can e ectively suppress the vibrations of the elastic iod. The feasibility of using a NES as a
controller to inhibit the torsional vibration of drill-string systems wa s veri ed by Vigue et al. [ 34]. Yang
et al. [35] utilized a NES as a passive controller to dissipate the vibration energ of simply supported
pipes at both ends. The researchers demonstrated the e ectiveess of vibration control using numerical
simulations.

A NES introduced as a controller complicates the nonlinearity of a syeem with PCFs. Unlike previous
studies focusing on the approximation accuracy problem of the Gal&in method, this study considers the
global stability problem of such an approximated system. Similar to B6], numerical methods are used
in this study to verify the local stability of a supported pipe conveying pulsating uid. Yang et al. [ 35]
analyzed the local stability of a discretized system comprising a PCF ad a NES (PCF-NES system)
using the eigenvalues of the linearized Jacobian matrix of the systemTo better explain the stability of
such a system, its global stability should be studied further. This sudy addresses this problem based on
the Lyapunov's direct method and energy disturbance technique proving that the PCF-NES system is
globally exponentially stable. The results of this study are veri ed usng a numerical simulation.

This study o ers the following contributions.

(1) A quadratic form model with the gradient information of a convex function, where the convex
function is derived from the energy storage characteristics of PE-NES system. This model is based on a
second-order nonlinear autonomous form converted from a higlerder partial-di erential-equation (PDE)
model utilizing the Galerkin approximation method.

(2) A method for analyzing global stability of the approximate PCF-N ES system. First, energy and
disturbance functionals are built based on the proposed quadratiéorm model. Then, a Lyapunov function
is constructed using the rst-order characteristic of the convexity and energy disturbance technique. Next,
the proof of the global stability of the PCF-NES system is provided under the framework of Lyapunov
stability theory. Finally, the system is proved to be exponentially stable.

The rest of this paper is organized as follows. The proposed modelf the PCF-NES systems is
provided in a high-order PDE form in Section 2. The process of converting the system model into a
generalized second-order nonlinear autonomous form using the @akin approximation method is outlined
in Section 3. The detailed stability analysis is presented in Sectiond. The simulation examples used to
verify the stability results and compare the control e ect are described in Section5. Section 6 concludes
the paper.

2 System model

The target system is shown in Figurel. It consists of a pipe, which is simply supported at both ends for
conveying uid, and a passive vibration controller (as shown in the red dashed box). When the pipe is
under control, its equation of motion can be written as [L0O]

@Y(XT) . @Y(KT) @Y (X;T) @Y (X;T)
B =ax & “awar "MV e MV aexer (1)
@Y(GT) , Contrs g
+(Ms + mp) ot + F(D;T)=0;

whereY (X; T ) represents the pipe's transverse displacemeng | represents its bending sti ness, means
its viscoelastic coe cient, M¢ stands for the mass of the liquid in the pipe,m; is its mass,V is the velocity
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Figure 1 (Color online) A PCF with the NES vibration controller.

of the uid in the pipe, F(D;T) is the external force on the PCF with the force positionD and time T.

In (1), the rst item refers to the exural restoring force. The second item represents the PCF's
viscoelastic property. The third item represents relevant with the centrifugal force caused by the liquid
ow. The fourth item stands for relevant with the Coriolis e ect. Th e fth item denotes the inertia
force of the pipe, which is lled with uid. And, the last item is passive co ntrol force, which means the
coupling between the pipe and the controller.

In order to stabilize the pipe quickly, a new passive vibration controlle was designed to better absorb
the vibration energy [35], which consists of a NES, as the part identi ed by the red dashed bg in Figure 1.
As a result, the control force and the controller can be written in the following equations:

(

FOiT)= K Y(O;T) v(T)°+c QBT dv(D)

@T dT

(X D) )

mNES%+K Y(T) YD:T) +cC dv(T) @XYD;T)

dT @T

=0; 3

where Eq. (2) is the interaction force between the pipe and the NES, and Eq. §) is the motion equation
of the NES. Y (T) denotes the NES's transverse displacementnyes means its massK represents the
nonlinear (cubic) sti ness of the vibration controller, C stands for its damping, andD is the installation
location of the NES. It should be noted that the NES's massmygs is lightweight compared with the
total mass of the pipe and uid, that is

Mnes  _ . .
> = 1;
where " is a small parameter. Substituting the control force @) into the equation of motion (1), a new
equation of motion is obtained:

@y (X;T) @Y (X;T) @Y (X;T) @Y (X;T) @y (X;T)
" ex " F Taxer MY T ax "NV oaxer (MT™ gt “
_ oy 3 @XD;T) dY(T) _q.
+ K Y(D;T) Y(T) +C aT T (X D)=0:
De ne the following non-dimensional quantities process:
_ 6 S r
Y, X, __Y D _ KL _ T El B M¢
y_f’ X—L, V—L, d—L, |(——I ; t—L2 My + my’ v=VL e
s 5)
- __ __El M w_  Mes L2C _
L2 M;+m, M + mp Mi + mp’ EI(M¢ + mp)
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Substituting formulations (5) into (4) and (3), the dimensionless forms of equations are obtained as
follows:

@y(xt) , @yixt) | L@yt P @yt @y(xt)

@f @r@t @3 @X@t @
s, @Y dy ©
+oky@y yors 28D T o ag=o;
2_ N7, .
Sk oy TE D o, )

3 Galerkin approximation

The PCF-NES system can be modeled as6@) and (7), which are a set of fourth-order PDEs. It is well

known that it is dicult to gain the analytical solution for a PDE system . Therefore, the truncation

technique is always utilized to obtain the approximate solution by conwerting the PDEs into a set of ordi-

nary di erential equations (ODESs). The accuracy of solutions canbe heightened by increasing truncated
term's number and designating appropriate eigenfunction 37,38]. In this section, the Galerkin approach
will be employed to truncate the displacement function in (6) and (7). Let

X0
y(x;t) = r(X) G (1); 8)

r=1

where ¢ (t) is the generalized coordinates in they direction, n denotes the number of modes, and ; (x)
represents the eigenfunction of the PCF in free vibration satisfyirg the end conditions. Considering that
the PCF is simply supported at both ends, from [39], we choose

r(X)=sin( ¢ x); r=r ;r=1;2:0n0 9)

Thus, we have 2°%) =4 (x).

The signi cance of the Galerkin method is to solve the discretization goblem of continuum systems.
Therefore, the transverse displacement functiony(x;t) is approximated by the Galerkin method. Thus,
the partial di erential form motion equation of the pipe-controller system can be discretized into ODEs.
For most studies such as40], system models like 6) and (7) are often converted into an equation set
consisting of at least two second-order ODESs. In order to solve th problem of stability proof of the PCF-
NES system, the model 6) and (7) should be converted into a general nonlinear autonomous system
The conversion process is as follows.

Considering the characteristic of eigenfunction 9) and substituting equation (8) into ( 6) and (7) gives
that

X X p_ X X
Fr()g () + For0g )+ v Mg +2 v PO (t) + r(X)¢ (t)

r=1 ( " r=1 # " r=1 #) r=1 r=1 (10)
X ° X
+ k r(dag(t)  yt) + r(@da() ¥t) (x d=0;
r=1 r=1
" #4 " #
X X
"yt + ky(t) r(dag(t) + W) r(da(t) =0: (11)
r=1 r=1
In order to make the derivation process more simpli ed and conveniat, we de ne the following vectors:
h iT h iT h iT
r=1(X) (X)) 5 k= (d) n(d) 5 a= () () (12)

Then, Egs. (10) and (11) can be written in vector form, as follows:

p_ n 0
fTg+ FTg+v® Yqg+2 v %Tg+ Te+ k( Lg 93+ (ke B (x d=0; (13)
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kY LA+ (X 4@=0: (14)
Next, combining the similar terms of (13) and (14), they can be rewritten as follows:
h p_ Ti h d_i
ra+ P2 v Y g P T+ g
n o] (15)

+ k( ha 93+ (ha » x d=0;

"W+ (T @+ k@Y hgP=o0: (16)

Multiplying ( 15) by  and integrating over the domain [0; 1], Eq. (17) is obtained as follows. Eq. (L6)
can be expanded asi8).

h p_ | n o]
rq+ Pet2 vboa+ Fo+vie g+ k( gq 9)+ (4d B @ =0; (17)

"+ L LAt ky  4a)®=0; (18)
where
2R, R, 3
Z, o 1(X) 1(x)dx o 1(X) n(x)dx L
r = r;rdX: Z:_“
0 1 Ry 2
o n(X) 1(x)dx o n(X) n(x)dx
R, . R, . 3
Z, o 1(X) 7(x)dx o 1(X) p(x)dx
b = o Tdx = : : é; (19)
0 R; 0 R 0
o n(X) 1(x)dx o n(X) n(x)dx
Z, o 100 2{x)dx o 100 2{x)dx
Cr = . 9dyx = g : : = —diag(1%:::;r?);
0 R; 0 R, o
o n(x) §x)dx o n(X) p{x)dx

| denotes an identity matrix, , has been given in 12), and [(x) =sin(r x) has been given after (1),

and ; means the irﬁegral of the Kronecker product of vector , and | at [0;1]. It is known from

the characteristic of 01 sin(r x)sin(r x)dx that | is a diagonal matrix; moreover, , = %I . by is the
ig%egral of the Kronecker product of vector , and PT at [0;1]. It is known from the property of
o Sin(r x)sinr x)dx that b, is an antisymmetric matrix. ¢, is the ijtegral of the Kronecker product
of vector , and 9 at[0;1]. It is known from the characteristic of 01 sin(r x)sin®r x)dx that ¢, is
an diagonal matrix, and ¢, = ;diag(lz; sr?).

In addition, the last term of (17) can be expanded and then merged with the second term into the
form of a vector product as shown in

d P g
rq+ ?r+2 Vbr+ rd E—d rd )_L + ?r"’VZCr q k rd()_/ :—dq)azo: (20)
Similarly, the second and third terms of (18) can also be written as a vector product as shown in
h iy
"y + 4 g +k(y  [q9)°=0: (21)

The above derivation leads to the following theorem.

Theorem 1.  Under the Galerkin-type projection (8), the high-order PDE of the PCF-NES system (6)
and (7) can be converted into a nonlinear autonomous system, which is a send-order ODE form:

M2+ CZ+KZ +FN =0; (22)
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with
" # " @_T# " # " #
M |0 Co+ €|C KolO K
M= —2" . c= =2 D K=~ F= "
o|" C 0|0 K
) (23)
t p_ _
Z(t)= ﬁ() ; Mo= ; Co= [ +2 vb; C= fa;
y(t)
€= rd er; Ko= ﬁr"'VZCr; N =(y ;rdQ)S;

where M , C and K mean the mass matrix, damping matrix and sti ness matrix, respectively. M o,
Co and K stand for the mass matrix, damping matrix and stiness matrix of th e PCF which can
be expressed by 17). " and are the dimensionless mass and damping of the NES as given iB)(
respectively. C is the damping matrix associated with q(t) in the NES, and c' is the damping matrix
associated with §(t) in the part of the pipe. N is the basic nonlinear term of the system, andr is the
nonlinear coe cient of the system. ., b, and c, are givenin (19). 4 and g are given in (12).

Based on Theoreml, the intractable high-order PDE model (6) and (7) of the PCF-NES system is
transformed into a tractable ODE form (22).

4  Stability analysis

In this section, we will give stability analysis of the second-order ODEmodel (22) of the PCF-NES system
obtained by the Galerkin approximation method. To prove the stability, we rst de ne a function ( 2Z)
as follows:

(2)= 2z :zi+ 5( La 9% (24)

where the symbolh; i represents the Euclidean inner product of two vectors.

In order to utilize the function ( 24), the following lemma needs to be introduced for function (Z).
Lemma 1. For Z 2 R"* | the function ( Z) de ned by (24) is convex.
Proof. The gradientr ( Z) of function ( Z) can be obtained by deriving (24):

" #
— T 3 k rd
r(Z)=Kz +( 4q ) « (25)
Then, the Hessian matrixr 2 ( Z) can be obtained as follows:
" # . " #
2 T —2kfth I T 2 fder rd
re(z)=K+( wa Y S 3 =K +3k( qa V) oo (26)
rd

wherek > 0 is the dimensionless sti ness of the NES as given in5). It can be seen from @3) that K is
a semide nite matrix. Recalling (12) and considering ;(d) = sin(r d), we have that all eigenvalues of

[ Tder ] are greater than or equal to O, that is, [ Td'Td [ 1is a semidi nite matrix. So the Hessian

matrix r 2 ( Z) is a semidi nite matrix. It is illustrated that ( Z) is a convex function. The proof of
Lemma 1 is completed.

Then, it is straightforward to have the following proposition.
Proposition 1. Based on @5) of Lemma 1, the nonlinear second-order autonomous system2@) can
be rewritten as

MZ+CZ+r (Z)=0; 27)

wherer ( Z)is the gradient of the convex function ( Z), and variable Z and matricesM ; C have been
given in (23).
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In order to present the major stability result of the system (22), we de ne the energy functional E (t)
and a disturbance functional W (t) of this system based on 27), as follows:

1 .
E(t) = QH\A ZZi+ (2); (28)
. .
W(t):H\/IZ;Z|+§kCZ;Z|: (29)
Remark 1.  From (23), we know that M is a positive de nite matrix, and K is a semi-de nite matrix.
But, the matrix C is not a complete symmetrical, which is augmented by matrices<Co, C, € and
where € is a diagonal matrix. From the de nition of Cq in (23), it is a linear combination of matrices

r and by. By de nition ( 19), [ is a diagonal matrix and by is an antisymmetric matrix. Because the
quadratic form of the antisymmetric matrix is 0, the inequality hCZ;Zi > X"kZk3 holds.

Lemma 2. For all t> 0, the disturbance functional W (t) de ned by ( 29) satis es that
m
W(t) > —lOE(t); (30)
wheremg = N denotes the maximum eigenvalue of matrixM , and 1 = g““ means the minimum

eigenvalue of matrix C.
Proof. By the de nition of the disturbance functional W (t) in (29), we obtain that

W(t)>H\/IZ_;Zi+% 1KZ K5 (31)

Applying the Young's inequality

hX;Yi> zikag Ek\(kg
with = 4, inequality (31) can be converted into the following form:
1 2 1 2 1 2 1 2 Mo :
Wit > — MZ = 1kZk;+ = 1kZki= — M Z > —hZ;M Zi: 32
(t) 2, , 21 27 51 2 2 . ) > lhz—, (32)

Noting M is a diagonal matrix from (23), the last inequality in ( 32) holds.
By the de nition of the convex function ( Z) and the energy functional E(t), it is easily to obtain
that ( Z) > 0, which implies %hL M Zi 6 E(t). Therefore, inequality (32) can be simpli ed as follows:

W(t) > m—lOE (t): 33)

The proof of Lemma 2 is thus completed.
Now, we provide the primary stability result for the PCF-NES system (22).

Theorem 2.  For system (22), de ne a Lyapunov function
1
V()= E(t)+ 6W(t) (34)

with G =maxfMe; 3 W& g Then, there exist constantss > 0 and P > 0 such that, for all t> 0,

1 i
06 1 6@ E(t) 6 V() 6 age *': (35)
1

whereap = V(0), p¥ . is the maximum eigenvalue of the product of the matrix M and the inverse
matrix of matrix C, and mg; 1 are given in Lemmaz2.

Proof. From de nition ( 28) of the energy functional of system @2), the functional E(t) can be deduced
into the following form:

E()= ZsM Zi+hZsr (Z)i=hZsM2Z +1 (Z)i= hz:Czi6g mn 7_2; (36)
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Next, recalling de nition ( 29) of W (t), and the symmetry of C, it is straightforward to have the functional
W (t) as follows:

W()= M 2:Zi + MM ZoZi + ShCZ 52 + %hCZ;Zi

2
H\/IZ;Zi+H\/IZ;Z_i+%I"CZ;Zi+%I"CZ;Zi (37)
M2 +CZ:Zi+h Z:Z4i:

Substituting (27) into (37), we have

W(t)= hr (Z);Zi+hV Z2Zi: (38)

Because (Z) is a convex function as given in Lemmal, using Theorem 25.1 in #1], we can obtain
that ( Z) satis es the following inequality, for all Z 2 R"*,

hr (Z2);Z2i> (2); (39)

wherer ( Z)is the gradient of the convex function ( Z). Hence, combining 88) and (39), the following
inequality can be deduced:

W(t)6 (Z)+ hM Z;Zi: (40)

By adding (40) to (28), we obtain

E(t) + W(t) 6 %H\/I Z:Zi+(2Z) (Z)+HhvZ:Zi

= :—;H\/I Z:Zi= :—;MC hcz:zi;

(41)

whereC 1! is the inverse matrix of the matrix C. Noticing G > g e, and substituting (36) into (41)
gives that

E(t)+ W(t) 6 GE(t);
that is
E(t) + GE(t)+ W(t) 6 O: (42)

For any > 0, by the Young's inequality:

zikag é|<Y|<§6 WX ;Yi6 zika§+ E|<Y|<§;

the following inequality is obtained from (29):

kM ZK2 1

+ 5kz K5 + 5 &Kz K> (43)

W(t) 6

where % is the maximum eigenvalue of the matrixC. By the characteristic of norm, inequality (43)
can be rewritten into the following form:

2
W) 6 —kM K2 Z + S( + ) kz il
2,
6 (™)’ Z + 50+ TkZK;:

From de nition ( 24) of the function ( Z), we deduce that the last term of ( Z) is greater than or
equal to 0. That is

k
20 d N> 0 (45)
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and it is easy to obtain
1 .
(z)> 5 @" kZ K ; (46)

where " is the minimum eigenvalue of the sti ness matrix K of system 2). Therefore, system @2)
satis es the following inequality:

1

. 2 .
E(t) > % min 7z R min Kz K3 : (47)

Multiply the two sides of function ( 47) by a positive real number P, which is still valid. That is

1 min 2 1 min 2, 48
PE(t) > EP M Z_2+ EP Hk KZ K5 : (48)
There exists a positive real numberP such that the following inequalities hold:
1 min 1 max \ 2 1 min 1 max
= > — S > —+ = : 49
2P M 2 ( M ) 1 2P K 2 2 C ( )
Hence, it follows from (44), (48) and (49) that
W(t) 6 PE(t): (50)

Then, the rst term of inequality ( 42) can be decomposed into the following form:

(1 Ss)E(t)+ SE(t)+ GE(t) + W(t) 6 O; (51)
where s 2 [0; 1]. Substituting inequality ( 50) into inequality ( 51) yields that

1 SE(L)+ ;W(t)+ GE(t) + W(t) 6 O (52)
which can be further factorized into the following form:

1 s % E(t) + % E(t) + éW(t) 3
+ G E(t)+ éW(t) 6 O:

If sis su ciently small, then the coe cient of the rst term in inequality (  53) is greater than 0. That is

1 s %>O; (54)

and from the energy functional (28), we know that E(t) > 0. Therefore, inequality (53) can be trans-
formed into

? E(t) + éW(t) +G E(t)+ éW(t) 6 0 (55)

De ne Lyapunov function V(t) = E(t) + éW(t), and substitute it into inequality ( 55). We have
V(t) 6 age 7' (56)
whereag = V(0). By utilizing ( 30) of Lemma 2, the Lyapunov function V (t) satis es

_ 1 1mg .
V= EM+ gWm > 1 = EQ): (57)

Noticing G > maxf ™e; 2 max g, we have 1> 1 2™ > 0. We obtain that E(t) > 0, which can be

easily proved from its de nition (28). Therefore, Eq. (57) satis es that

viys 1 =M ey s o (58)
G 1

By combining (56) and (58), we obtain (35) of Theorem 2. The proof of Theorem 2 is completed.
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Table 1 The system parameters used in the simulation
Parameter Description Value
The dimensionless viscoelastic coe cient of the pipe 0.001
The mass ratio of the mass of uid in the pipe and the total mass of uid and the pipe 0.8
The mass ratio of the NES and the total mass of the system 0.1
The dimensionless damping of the controller 0.1
k The dimensionless sti ness of the controller 8000
d The dimensionless installation location of the controller 0.4
\ The dimensionless velocity of uid in the pipe 2
A The initial distributed velocity in the simulation 0.2
Corollary 1. Let s, P and satisfy
. . _ do .
s>0, P>0 =@ 1mgy (59)
G 1
and then, the energy functional E(t) satis es
s
06 E(t)6 e P'; forall t> O, (60)

whereag and G are given in Theorem2, and mg and 1 are given in Lemmaz2.

Remark 2. (1) The inequality (35) in Theorem 2 is the stability judgment condition under the frame-
work of Lyapunov stability theory. It is shown that the functional V (t) exponentially tends to 0. It is
worth noting that the energy functional E(t) also satis es the exponential convergence condition shown
as (60). Therefore, E(t) exponentially tends to 0 ast ! +1 . In other words, the vibration energy of
the whole system @2) is dissipated to 0 in an exponent form.

(2) Considering Lemmal and Remark 1 and using Corollary 1, we can easily obtain that the variable
Z of (28)satisesZz ! 0;Z.! O;forallt! 0. Thatis, y(x;t), y(x;t), y(t) and ¥(t) will quickly tend to
0 based on Theoreml and the Galerkin method (8).

Hence, the proof for stability of system @2) is completed. The proof result shows that the PCF-NES
system (22) is globally exponentially stable. In addition, the result also illustrates that the NES as a
passive controller can make the system stable. Next, a numerical athod is used to compare with the
proof result.

5 Simulation results

In this section, we discuss some computational simulation examplesof the PCF-NES controller sys-
tem (22). Eq. (22) is a high-order nonlinear dynamic system. It is extremely di cult for the nonlinear
dynamic system to obtain an analytic solution. Therefore, this must be dependent on the numerical
method. The Galerkin method in Section3 can well approximate the amplitude of the displacement. In
fact, for a PCF simply supported at both ends, McDonald et al. [6] and Jin et al. [36] have pointed out
that Eq. (8) could be approximated by two-mode ( = 2) with adequate precision. Therefore, we take
2-item Galerkin approximation (n = 2) in this section. The initial conditions are

@@ =A @) =49(0)=g(0)=y0)=y(0)=0;

where A is a constant value. And, the boundary conditions are

y(0;t) = y(0;t) =0; y(1;t) = y(1;t) =0:

The parameters of the controller and the pipe used in the simulation @ shown in Table 1.
Based on the above boundary conditions and initial conditions, we willexamine the theoretical results,
control e ect and parametric analysis for the NES using numericalmethods.

5.1 Veri cation of theoretical results

In this subsection, the stability analysis in Section4 will be examined intuitively.
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Figure 2 (Color online) The energy functional, disturbance functio nal and Lyapunov function of PCF-NES system at di erent
uid velocity v. (@) v=2;(b) v=3.

Figure 2(a) shows the simulation results of the energy functionalE (t), disturbance functional W (t)
and Lyapunov function V (t) of system (22), which are built in Section 4. It is easy to get Corollary 1
from Figure 2(a).

Furthermore, in order to further validate our method, another simulation at the uid velocity v =3
is performed and the results are shown in Figure2(b). Similarly, an exponential function (such as
0:012e %12t as shown by the purple dotted line in Figure 2(b)) can be easily found and can make the
system satisfy 06 E(t) 6 V(t) 6 0:012e %1%, This again validates the proof results and the method
given in Section4.

5.2 E ect of vibration control

Firstly, we consider the system without control. In this case, the ldgt boundary x = 0 and the right
boundary x =1 are xed, that is y(0;t) = y(1;t) = 0. Figures 3(a) and 4(a) represent the displacement
response of the entire pipe without control atv = 2 and v = 3, respectively. It indicates that the dis-
placement response of the pipe without control will tardily attenuate because of the uid's viscoelasticity.
But, it is di cult to reach the expected stable state. In other word s, this phenomenon illustrates that
the in uence of uid velocity on the dynamics of the PCF has been corsidered in our model. As shown in
Figures 3(a) and 4(a), the response frequency will decrease when the uid velocity irthe pipe increases.

Figures 3(b) and 4(b) show the case of the PCF with a NES at uid velocities v = 2 and v = 3,
respectively. Compared to the response of the PCF without contol, the PCF with NES can quickly
reach the desired stable state. Furthermore, we have simulatedral compared the displacement response
of the NES and the PCF atv =2 and v = 3, respectively, as shown in Figure 5. It can be seen from the
simulation results that the controller can react quickly when the PCF is excited to generate vibration.
The NES's response is greater than that of the PCF, and it will eventally reach a stable state (see the
red lines and the blue lines in Figuress(a) and (b)). These illustrate that the NES can violently absorb
and dissipate the vibration energy of the PCF, and demonstrate tte e ectiveness and robustness of the
NES as a vibration controller for the PCF.

In addition, for a more intuitive explanation of the control e ect, w e simulate the displacement response
of the PCF at several speci c transversesx = 0;x = 0:25;x = 0:5;x = 0:75 andx = 1. The results are
shown in Figure 6, where the black solid lines represent the displacement response tife transverses
x =0 and x = 1 on the PCF. The blue, purple and green lines represent the displaement response of
transversesx = 0:25,x = 0:5 and x = 0:75, respectively. Correspondingly, the dotted lines represent ta
displacement response of the PCF without control; the solid lines repesent the displacement response of
the PCF with the NES. It can be viewed in the comparison of the two response curves that the vibration
decay is very fast when the NES is introduced. In other words, theNES controller can make the PCF
quickly reach the stable state. Takingv = 2 as an example, more intuitive data show that after 10 s
at most, the peak of displacement response of the PCF with NES is adrady less than 6 10 4 (2.49%
of the maximum peak, as shown by the purple solid line in Figure6(a)). But, after 30 s, the peak of
displacement response of the PCF without NES is still no less than® 10 2 (24.1% of the maximum
peak, as shown by the purple dotted line in Figure6(a)).
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Finally, Figure 6 (of course, Figure4 can also) intuitively shows that the NES can greatly reduce the
time required for displacement response of all ransverses on the¥ to reach the expected stable state.
This illustrates that the NES can have a positive impact on global stahlity of the PCF-NES system.

5.3 Parametric analysis for NES

In this subsection, the in uence of the NES's parameters on the vilbation control will be discussed. To
guide the design of NES, the impact of the total mass' and the nonlinear sti ness k on the vibration
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control of NES is analyzed. Considering the de nition (28) of E(t), it can be de ned as a function about
the independent variables", k and t, that is E(t) = f (";k;t). Thus, we can get the e ect of " and k on
E (t) at di erent moment t (E(t) also denotes the remaining energy of the PCF-NES system at time)
as shown in Figure?.

In Figure 7, the surface part of each sub gure is the numerical result of thefunction f (";k;t) in
the domain of " 2 [0:01;0:3] and k 2 [0;12000] corresponding to dierentt, and the bottom part is
the projection of function f (;k;t) on "-k plane (contour map). It can be seen from the results that
the remaining energy of the whole system has a minimum value, which naas that there is an optimal
parameter point ("opt; Kopt) for the NES to maximize the vibration reduction rate of the whole system.
For example, the optimal parameter of NES is (01;10000) att = 1 s (see the dark purple area in
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Figure 7 (a)), and the position of ("opt ; Kopt) ON the "-k plane indicates that larger" and k are needed in
the initial stage of vibration to obtain a larger decay rate. Further more, by comparing the position change
of the dark purple area on the contour map of Figuresr(a){(d), we get that the optimal point ( "opt ; Kopt )
moves to the bottom left corner of the "-k plane as time increases. This phenomenon manifests that the
total mass" and the nonlinear sti ness k required by the NES will decrease as the system energy reduces.
In addition, in order to seek the optimal parameters as soon as pashle when designing the vibration
controller, we should try to choose the parameters'( and k) of NES starting from the bottom left corner

of the "-k plane because of the larger gradients (see the dense contours dramatic color changes in
Figure 7). Finally, the results also verify the proof in Section 4 that E(t) is a convex function.

6 Conclusion

This paper presented a novel method for proving the stability of the PCF-NES dynamic system and
testifying its global exponential stability. The proposed method is based on the rst-order characterization
of the convexity and energy disturbance technique. To ensure th PCF-NES dynamic model is tractable,
the Galerkin approximation method was used to transform the higherder PDE model into a standard
nonlinear autonomous system. Then, energy and disturbance fustionals of the system were constructed
based on a convex function related to the PCF-NES system. The glmal exponential stability of the
PCF-NES model was obtained based on the rst-order characteization of the convexity and energy
disturbance technique under the framework of Lyapunov stability theory. The following conclusion can
be drawn based on the numerical analysis presented in this paper.

(1) The theoretical results of Section4 were intuitively veri ed.

(2) A NES can have a positive e ect on the dynamic behavior of the PC-.

(3) Some guidance can be provided for the design of NES through thparametric analysis of the whole
system's energy functional established in Sectiod.

The proposed method can be generalized to solve the stability progiroblem of similar systems, while
the presented theoretical proof process, functionals, and catusion can be helpful in designing optimal
PCF-NES systems.
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