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Dear editor,

Clustering is a fundamental problem in computer science.

This problem is to partition a given set of clients into sev-

eral clusters such that clients in the same cluster are more

similar to each other. In many clustering applications, the

clients are different in the levels of services they require. Mo-

tivated by such applications, Ravi and Sinha [1] introduced

the problem of clustering with priorities, wherein each client

is associated with a priority and can only be assigned to a

facility opened at the same or higher priorities.

Designing approximation algorithms for clustering with

priorities remains an active area of research. For example,

several constant factor approximation algorithms are known

for the facility location objective [1–3]. Unfortunately, clus-

tering with priorities remains elusive under the extensively

studied k-median objective. The main difficulty in dealing

with the k-median objective lies in the hard constraint on

the number of opened facilities. Kumar and Sabharwal [4]

studied the k-median problem with a similar priority con-

straint. Unfortunately, their algorithm only works for the

case where the clients have no more than two different pri-

orities. There has also been work devoted on obtaining ap-

proximation algorithms for other clustering problems where

the clients require different services, such as clustering with

service installation costs [5]. However, these algorithms are

not applicable when the priority constraint is imposed. In

this study, we study the k-median with priorities problem

(k-MP), which can be formally defined as follows.

Definition 1 (k-median with priorities). Given a set D
of clients and a set F of facilities in a metric space, a set

P = {1, 2, . . . , L} of priorities, and an integer k > 0, where

each client j ∈ D is associated with a priority g(j) ∈ P, each

priority p ∈ P is associated with a cost f(p) > 0 for open-

ing any facility at the priority, and f(p1) > f(p2) for each

p1, p2 ∈ P with p1 > p2, the goal is to open no more than

k facilities and assign each client to a facility opened at the

same or higher priorities, such that the total cost (including

facility opening cost and the sum of the distance from each

client to the corresponding facility) is minimized.

We give a (6.6743+ ǫ)-approximation for k-MP. A differ-

ent deterministic rounding approach is proposed to deal with

the priority constraint, which is the crucial step in getting

the constant factor approximation ratio.

Theorem 1. Given an instance I = (D,F ,P, k, g, f) of

k-MP and a real number ǫ > 0, there is a (6.6743 + ǫ)-

approximation algorithm for the problem. The running time

of the algorithm is polynomial in |D|, |F|, |P|, and k.

Our algorithm. Let I = (D,F ,P, k, g, f) be an in-

stance of k-MP. For each i, j ∈ F ∪ D, let c(i, j) denote

the distance for i to j. For each j ∈ D and F ′ ⊆ F ,

define c(j,F ′) = mini∈F′ c(j, i). For each p ∈ P, define

Dp = {j ∈ D : g(j) = p}. Without loss of generalization,

we can assume that Dp 6= ∅ for each p ∈ P. We formal-

ize I as an integer programming and relax the integrality

constraints to get the following linear programming (LP):

min
∑

i∈F,j∈D

c(j, i)xij +
∑

i∈F,p∈P

f(p)yip LP1

s.t.
∑

i∈F

xij = 1, ∀j ∈ D, (1)

xij 6
∑

p∈P ∩ p>g(j)

yip, ∀i ∈ F , j ∈ D, (2)

∑

i∈F,p∈P

yip 6 k, (3)

xij , yip > 0, ∀i ∈ F , j ∈ D, p ∈ P. (4)

LP1 have a variable xij for each i ∈ F and j ∈ D indi-

cating whether j is assigned to i, and a variable yip for each

i ∈ F and p ∈ P indicating whether i is opened at p. Con-

straints (1) and (2) say that each client must be assigned to

a facility opened at the same or higher priorities, and con-

straint (3) says that at most k facilities can be opened. Let

OPT denote the cost of an optimal integer solution to LP1.

We consider the following relaxation of LP1 for γ > 0,

where constraint (3) is removed and the penalty for violat-

ing the constraint is added to the objective function:

min
∑

i∈F,j∈D

c(j, i)xij +
∑

i∈F,p∈P

(f(p) + γ)yip − γk LP2γ

*Corresponding author (email: csufeng@csu.edu.cn)

http://crossmark.crossref.org/dialog/?doi=10.1007/s11432-020-3066-x&domain=pdf&date_stamp=2021-3-31
https://doi.org/10.1007/s11432-020-3066-x
info.scichina.com
link.springer.com
https://doi.org/10.1007/s11432-020-3066-x
https://doi.org/10.1007/s11432-020-3066-x


Zhang Z, et al. Sci China Inf Sci May 2021 Vol. 64 150104:2

s.t. (1), (2), and (4).

Given a solution G′ = (x′, y′) to LP2γ , define C(G′) =
∑

i∈F,j∈D c(j, i)x′
ij and F (G′) =

∑

i∈F,p∈P f(p)y′ip for

brevity. Let V (G′) = F (G′) + C(G′). We can get integer

solutions to LP2γ that have the following guarantee.

Lemma 1. Given an instance I = (D,F ,P, k, g, f) of k-

MP and a real number ǫ > 0, we can find in polynomial

time either a 3-approximation solution to I, or two inte-

ger solutions G1 = (x1, y1) and G2 = (x2, y2) to LP2γ such

that
∑

i∈F,p∈P y1ip = k1 < k,
∑

i∈F,p∈P y2ip = k2 > k, and

aV (G1) + bV (G2) 6
(

3 + O(ǫ)
)

OPT, where a = k2−k
k2−k1

and

b = 1− a (see Appendix A for the proof).

We find two integer solutions G1 = {x1, y1} and G2 =

{x2, y2} using Lemma 1, where
∑

i∈F,p∈P y1ip = k1 < k and
∑

i∈F,p∈P y2ip = k2 > k. Let V (Gf ) = aV (G1) + bV (G2)

for brevity. Let H1 = {i ∈ F :
∑

p∈P y1ip > 1} and

H2 = {i ∈ F :
∑

p∈P y2ip > 1}. We have |H1| 6 k1 and

|H2| 6 k2. For each i ∈ H1, let p1(i) = maxp∈P ∩ y1

ip
=1 p.

Similarly, let p2(i) = maxp∈P ∩ y2

ip
=1 p for each i ∈ H2. For

each j ∈ D, let i1(j) and i2(j) denote its nearest facilities

from {i ∈ H1 : p1(i) > g(j)} and {i ∈ H2 : p2(i) > g(j)},
respectively. Let c1(j) = c(j, i1(j)) and c2(j) = c(j, i2(j)).

Let φ(i) = {j ∈ D : i2(j) = i} for each i ∈ H2 and

φ(A) =
⋃

i∈A φ(i) for each A ⊆ H2.

Proposition 1. For any 0 < τ < 1, if V (G1) >
1
τ
V (Gf ),

then we have a < τ and V (G2) < V (Gf ) (see Appendix B

for the proof).

Given a real number 0 < τ < 1, we break the anal-

ysis into the following two cases: (1) V (G1) < 1
τ
V (Gf ),

and (2) V (G1) >
1
τ
V (Gf ). For case (1), we have V (G1) <

1
τ

(

3+O(ǫ)
)

OPT by Lemma 1. Recall that G1 is a feasible so-

lution to LP1. Thus, G1 yields a 1
τ

(

3+O(ǫ)
)

-approximation

for the problem for case (1).

We can assume that |H2| > k for case (2). Otherwise

we can convert G2 to a feasible solution to LP1 by retain-

ing only the highest priority opened at each facility. Using

Lemma 1 and Proposition 1, we know that G2 is a
(

3+O(ǫ)
)

-

approximation solution to the problem. For each i′ ∈ H2,

let ϕ(i′) denote the nearest facility to i′ from H1. Let

Li = {i′ ∈ H2 : ϕ(i′) = i} for each i ∈ H1. By triangle

inequality and the definition of ϕ, for each j ∈ D, we have

c(i2(j), ϕ(i2(j))) 6 c(i2(j), i1(j)) 6 c2(j) + c1(j), and thus

c(j, ϕ(i2(j))) 6 2c2(j) + c1(j). (5)

Our idea is to consider G2 as the solution to I initially,

and then reduce the number of opened facilities to k. Let

Ψ1(i) =
∑

j∈φ(Li)

(

c2(j) + c1(j)
)

for each i ∈ H1 and

Ψ2(i′) =
∑

j∈φ(i′)

(

c2(j)+c1(j)
)

for each i′ ∈ H2. Consider

a facility i ∈ H1. If we open i at priority maxi′∈Li
p2(i′),

close all the facilities from Li, and reassign each j ∈ φ(Li)

to i, then the number of opened facilities can be reduced

by |Li| − 1, and the cost of the solution is increased by no

more than Ψ1(i) owing to inequality (5). We consider the

following LP that minimizes the increased cost and reduces

the number of opened facilities to k.
min

∑

i∈H1

ziΨ1(i) LP3

s.t.
∑

i∈H1

zi(|Li| − 1) = |H2| − k, (6)

0 6 zi 6 1, ∀i ∈ H1. (7)

LP3 associates a variable zi with each i ∈ H1. zi = 1

indicates that we close all the facilities from Li, open i at

priority maxi′∈Li
p2(i′), and reassign each j ∈ φ(Li) to i.

Constraint (6) enforces that the number of opened facilities

should be reduced to k.

Proposition 2. We can find in polynomial time an opti-

mal solution to LP3 that has at most one fractional variable,

which is associated with a facility i ∈ H1 such that |Li| > 1

(see Appendix C for the proof).

Let z∗ be the solution to LP3 given by Proposition 2.

Let O0 = {i ∈ H1 : z∗i = 0} and O1 = {i ∈ H1 : z∗i = 1}.
We construct a solution to k-MP as follows. For each

i ∈ O0 and i′ ∈ Li, open i′ at priority p2(i′), and as-

sign each j ∈ φ(i′) to i′. For each i ∈ O1, open i at

priority maxi′∈Li
p2(i′), and assign each j ∈ φ(Li) to i.

If z∗ has a fractional variable, then let t ∈ H1 denote

the facility associated with the fractional variable. Let

L† = argminL⊆Lt ∩ |L|=⌈z∗
t
|Lt|⌉

∑

i′∈L Ψ2(i′). We open t

at priority maxi′∈L† p2(i′) and assign each j ∈ φ(L†) to t.

For each i′ ∈ Lt\L†, open i′ at priority p2(i′), and assign

each j ∈ φ(i′) to i′. It may be the case that H1∩H2 6= ∅ and

t ∈ Lt\L†. For this case, t may be opened at two different

priorities, and we can close the lower one without adjusting

the assignment of the clients from φ(Lt). If z∗ does not have

a fractional variable, then let Lt = L† = ∅. Let H′ denote

the set of facilities opened in the solution. The following

result implies that our solution is a feasible one to k-MP.

Lemma 2. |H′| 6 k (see Appendix D for the proof).

Let Φ denote the cost of our solution for k-MP. We are

able to show that Φ is near to V (Gf ).

Lemma 3. For any 0 < τ < 1, if V (G1) >
1
τ
V (Gf ), then

Φ < max{2, 3+τ
2−τ

}V (Gf ) (see Appendix E for the proof).

Using Lemmas 1 and 3, we know that our solution is a

(max{6, 9+3τ
2−τ

}+O(ǫ))-approximation solution to k-MP for

case (2). Recall that G1 is a 1
τ

(

3 + O(ǫ)
)

-approximation

solution to k-MP for case (1). Putting together, we obtain

a (max{6, 9+3τ
2−τ

, 3
τ
}+O( ǫ

τ
))-approximation solution for the

problem. Let τ =
√
6− 2, and then the approximation ratio

is upper-bounded by 6.6743 +O(ǫ).
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