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Appendix A Proof of Lemma 1

Lemma 1. Given an instance Z = (D, F, P, k, g, f) of k-MP and a real number € > 0, we can find in polynomial time either a
3-approximation solution to Z, or two integer solutions G1 = (z!,y') and Ga = (22, y?) to LP2” such that YicF.per ygp =k <k,
Yicrpep Uiy = k2 >k, and aV(G1) + bV (92) < (3 + O(€))OPT, where a = 3255 and b =1 —a.
Proof. Denote by cmax = max; jepur c(%, ) and ¢min = min; jepur c(%,j) the maximum and minimum distances between any
4,7 € DU F, respectively. Similarly, let fmax = maxyecp f(p) and fmin = mingep f(p). Let OPT(y) denote the cost of an optimal
solution to LP27. The dual of LP27 is

max Y a; — vk DUAL”
JjED
st ay < c(d,i) + Bij Vie F,j €D (A1)
>o 0 B <fP) + Vi€ F,pEP (A2)
JjEDPNg(G)<p
aj,Bi; 20 Vie F,j €D (A3)

Observe that LP2” is an LP relaxation of a facility location with priorities problem, except that its objective function contains
an additional constant term of —vk. Using the primal-dual algorithm given in [1], we can get integer solutions to LP2” that have
the following guarantee.

Claim 1 ( [1], Theorem 3.12). Given an instance Z = (D,F,P,k,g,f) of k-MP and a real number v > 0, there is a
polynomial-time algorithm that yields an integer solution G = (z,y) to LP2” and its corresponding dual solution («, ), such
that 37>, cx pep ¥in T V(9) <32 ;cp oy

Consider an integer solution G = (z,y) to LP2” and the corresponding dual solution («, 8) given by Claim 1. We have

VG)<3(D aj—vk+vk—v D> vip) K3(OPT() +v(k— D> wip) <3(OPT+~y(k— > wip)) (A4)
JED 1€EF,pEP 1€F,peEP i1€EF,pEP

where the first step follows from Claim 1, the second step is due to the fact that DUAL” is the dual of LP2” and ZjeD aj — vk
is the dual objective, and the last step follows from the fact that LP2” is a relaxation of LP1.

Denote by G° = (2, 4°) the solution to LP2° returned by Claim 1. If G° satisfies constraint (3) (i.e., DicF pep ygp < k), then
G is a feasible solution to k-MP. Using inequality (A4), we have V(G°) < 30PT, which implies that a 3-approximation for the
problem is obtained.

We now consider the case where the solution to LP2° given by Claim 1 violates constraint (3). By inequality (A4), we know that
for any v > 0, the solution (z,y) to LP2” given by Claim 1 satisfies OPT + ~(k — Eief,pep yip) = 0. Consequently, the solution
satisfies k — ZiEF,pGP Yip > —1 when v > OPT. By the fact that (z,y) is an integer solution, we have k — Zz‘e}‘,pEP Yip = 0.
This implies that the solution to LP27 given by Claim 1 satisfies constraint (3) if v+ > OPT. It can be seen that OPT <
2|D|(¢max + fmax). We perform a binary search on the interval [0, 2|D|(¢max + fmax)] to find two real numbers 1 and 2 with
0 < v1 — 72 < €(Cmin + fmin)/|F], such that the solution to LP271 given by Claim 1 satisfies (but does not tighten) constraint (3),
and the solution to LP272 given by the claim violates constraint (3) (if we find a real number +’ such that Claim 1 yields a solution
to LP2Y tightening constraint (3), then inequality (A4) directly implies a 3-approximation for k-MP). The binary search invokes

e(emintfmin)

the algorithm in Claim 1 for O(log
methods [2].
Let G1 = (z',%') and G2 = (22, y?) denote the solutions to LP271 and LP2"2 obtained using Claim 1 respectively, and let

) times, which can be polynomially bounded based on standard discretization

(at, ') and (a2, 8%) denote the corresponding dual solutions. Define Y icF.per yilp = ki and 33, » pepyfp = k2. We have
k1 < k and ko > k. Observe that
2 2 2 3k2
V(G2) < 3(2 aj — y2k2) = 3(2 aj —y1k2) +3(71 — v2)k2 < 3(2 aj —yik2) + E7|(Cn1in + fmin)

JjED JjED JED ‘
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3k
<337 af —yika) + E?QOPT =3(3 af — v1ka2) + O(e)OPT, (A5)

JjED ‘ | JED

where the first step follows from Claim 1, and the third step is derived from the fact that v1 — v2 < €(¢min + fmin)/|F]|-
Let a = % and b = 1 — a. We construct a dual solution (&, 3) by letting &; = aa; + ba? and B; = aﬁ; + bﬁf for each
j € D. It is the case that

aV(G1) + bV (G2) < 3a(D_ o) —v1k1) +3b( D af — y1ka) + O(€)OPT =3[ > _ (aa; + ba’) — y1(aky + bks)] + O()OPT

JED JED JED
=3(>_ @ — mk) + O(¢)OPT, (A6)
JjED

where the first step follows from Claim 1 and inequality (A5).

By the fact that v3 — 72 > 0, we know that (ag,ﬁg) is a feasible solution to DUAL”L. Consequently, (&,B) is feasible
for DUAL"! since it is a convex combination of two feasible solutions, and its cost for DUAL is Z]‘e’D a; — v1k. We have
ZjED a&; —v1k < OPT due to the fact that DUAL™! is the dual of a relaxation of LP1. Thus, using inequality (A6), we get

aV(G1) +bV(G2) < 3(D_ &; — 71k) + O(€)OPT < (3 + O(¢)) OPT.
j€ED

This completes the proof of Lemma 1. O

Appendix B Proof of Proposition 1
Proposition 1. For any 0 < 7 < 1, if V(G1) = £V(Gy), then we have a < 7 and V(G2) < V(Gy).
Proof.  The assumption that V(G1) > 1 V(Gy) implies that

VIG) > L (aV(G1) 40V (G2) > Lav(@r),

A=

which implies that a < 7. Also by the assumption that V(G1) > 1V(Gy), we have

V(Gy) = aV(G:) +bV(G2) > ZV(Gy) +bV(G2) = ZV(G) + (1 - a)V(Ga).

Thus, we get

Vg < S vign < v,

where the second step is due to the fact that a < 7 and 0 < 7 < 1. O

Appendix C Proof of Proposition 2

Proposition 2.  We can find in polynomial time an optimal solution to LP3 that has at most one fractional variable, which is
associated with a facility ¢ € H' such that |£;| > 1.

Proof. Observe that LP3 is an LP relaxation of a 0-1 Knapsack problem, and we can obtain the desired solution using a simple
greedy method. Define #H' = {i € H' : |£;| > 1}. We sort each i € HT by increasing value of Wy (4)/(|£;] — 1), and let i?
denote the g-th facility in this order for each 1 < ¢ < \HT\. Define 7{; ={i7:1<g< q}foreach1 g < |’HT| Let 7{8 =0
and zieﬂg(m” — 1) = 0. The definition of ' implies that 3,5t (I1Li] = 1) > 3, (1€i] = 1) = [H?| — |H'| > [H?| — k.

Consequently, we can find an integer 1 < ¢ < |7~LT| that satisfies

STl - < IH -k < >0 (1L - D). (C1)

ient et
i€Hy g iEH

We construct a solution z* to LP3 as follows. Let z,z‘ = 1 for each 7 € ’H;_l and z; = 0 for each i € Hl\Hz. Let zjq =
1 2
et (P =k =5

i € H' by increasing value of ¥y (7)/(|L£:| — 1), it is easy to show that z* is an optimal solution to LP3. The solution has at most
one fractional variable zq, which is associated with a facility from EA Thus, z* is the desired solution to LP3. O

iEH271(|£i| — 1)) to satisfy constraint (6). By inequality (C1), we have 0 < 2} < 1. Since we sort each

Appendix D Proof of Lemma 2
Lemma 2. [|H'| < k.
Proof.  If none of the facilities from H' is associated with a fractional variable, then we have |H'| = ZiEOg |Li| + |O1]. Using
constraint (6), we get Zieol |Li| —|O1] = |H?| — k, which implies that k = |[H?| — Zieol [Li]+101] = Z'LE@Q |£i|+101]|. Thus,
we have |H'| = k, as desired.

For the case where facility ¢ € H' is associated with a fractional variable z;, we have H = (U
and thus |H'| < Zieoo [Li] + |01 + 14 (1 — 2)|L¢|. Constraint (6) implies that

sicog L) UOLU{t} U (LA\LT),

k=M = D7 Ll +101] = 27 |Lel + 27 = D 1Lal +101]+ (1= 2)|Le| + 2 -
i€y i€Oq

Consequently, we get |H’'| < k+ 1 — 2. By the fact that 2z is a fractional variable and |#'| is an integer, we have |H’| < k. This
completes the proof of Lemma 2.
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Appendix E Proof of Lemma 3
Lemma 3. TForany 0 <7 < 1,if V(G1) > 1V (Gy), then & < max{2, ;’Jj: YV (Gy).
Proof.  We first show that & is near to V(G2).

e For each i € Op and i’ € L;, our solution opens i’ at priority p2(i’), and assigns each j € ¢(i’) to i’. The total opening
cost of the facilities from £; induced by the solution is Y,/ f(p2(i')), and the assignment cost of the clients from ¢(L;) is
sy c2(d)-

e For each i € O1, the solution opens ¢ at priority max;/cp. p2(i’), and assigns each j € ¢(L;) to i. The opening cost of i is
max; ¢, f(p2(3")) < Ei’eﬁi f(p2(i")), and the assignment cost of the clients from ¢(L£;) is no more than Eje¢(1:,‘) (2c2(4)+c1(5))
due to inequality (5).

e If facility t € H! is associated with a fractional variable, then the solution opens ¢ at priority max;, . .1 p2 (i") and assigns each

j € #(LY) to t. For each i’ € L£;\LT, the solution opens i’ at priority p2(i’), and assigns each j € ¢(i’) to i’. The cost of opening
the facilities from {t} U (£:\£T) is max;, ..+ f(p2 (")) + Zi’eﬁt\ﬁf f(p2(i')) < Zi’eat f(p2(i")), and the assignment cost of the
clients from ¢(L:) is at most ZjE¢(CT) (2¢2(4) + c1(4)) + Zjeb(lit\ﬂf) c2(j) due to inequality (5).

By the argument above, the assignment cost induced by the solution can be upper-bounded by Eie‘f’(uieol £useh) (202 )+
c1(5)) +ZJ€¢(U1‘€OO Lous(cLT) €2 (4), which is at most C(G2) +Zieol Uy (i) + 32, c ot P2(i) due to the definitions of ¥1(4) and
W2 (i), and the cost of opening facilities induced by the solution is no more than 37,51 Yirep, Fp2(i) = Xienz Fp2(i)) <
F(G2). Compared with Ga, this solution increases the cost for the problem by no more than Ez‘eol Uy (3) + 20, cpt Wa(i). Let
R = Z:ﬂeol Uy (i) + >0, o+ ¥2(é) denote this upper bound on the increased cost. We now show that R is quite small compared
with V(G1) and V(G2). Denote by opt = 37,41 27 ¥1(4) the value of z* for LP3. Observe that

M=k [H2 =k a2 ! 2
(1£i] = (IH| = H D) = H"| — k.
[#H?] — |7'l1 EXH:I T = A
2
This implies that the solution taking z; = % for each i € H' is feasible for LP3, whose value is
|H?| — & o ke
pars T 2,0 € 2 2 M =a 3 i@ <e(V(G) + V().

ieHl ieHl

where the first step follows from the fact that |7—l1\ < k1 and |H2\ < k2, and the last step is due to the definition of ¥y (¢). The
fact that 2™ is an optimal solution to LP3 implies that opt is no more than the value of the solution considered above, and thus

opt < a(V(G1) + V(G2)). (E1)
If we can show that @
R < opt + m (V(Ql) + V(gz)), (E2)
then using inequality (E1), we have
2
R<ali (V(G1) + V(G2)).- (E3)

It remains to show inequality (E2). If there is not a fractional variable in z*, then we have LI = @ and R = Zieol Wy (i) +
Diept ¥2(i) = Zie(’)l Wy (7). By the definition of O1, we get R = Zie(’)l W4 (i) = opt, as desired. We now consider the case

where facility t € H' is associated with a fractional variable z;. For this case, we have

R—opt= Y Ui(i)+ > Wa(i)—opt= > Ui(i)+ > Ua(i)— > U1(d) — 2/ U1(t) = > Wa(i) — 2, U1 (t)
€Oy iect €Oy iect €Oy icct
[2¢|Le]]

<
S 1L

T1(t) — z; Pa(t) < Uy (1), (E4)

1
e
where the second step follows from the definitions of O; and O3, and the fourth step is derived from the fact that ct =

arg min iee Y2(i') and Wy (t) = e, W5 (i'). We break the analysis into the following two subcases: (2.1)
LCLynIL|=Tz{1£¢11 )

1 1

1z < Tia and (2.2) 20 2 1
We first consider case (2.1). We have

L0 (t) < =2 (V(G1) + V(G2)), (E5)

a
t
1() 14+a 14+a

1
12l
where the second step follows from the definition of ¥4 (t). Using inequalities (E4) and (E5), we get R < opt + U1 (t)/|L¢]| <
opt + 1_;%E(V(gl) + V(g2)), as desired.
We now consider case (2.2). Proposition 2 implies that |£.] > 1. We have

1 1 1 1
g O =0T ED T O S T aia - o

where the second step is due to the condition of case (2.2). By the fact that z; is a fractional variable and |£.| > 1, we know that
z{ (|L+] —1) > 0. Constraint (6) implies that z; (|L¢| — 1) = |Ha| — k — Zz‘eol(‘ﬁi‘ — 1), which in turn implies that z; (|L¢] — 1)

Uy (t), (E6)

is an integer. Thus, we get z; (|]£¢| — 1) > 1. Consequently, we have
R—opt < ——w,(t) < ! Ui (1) € —— 20y (£) € ——opt < (V(G1) + V(G2))
—o T < ————F7—— z — — ,
T (e (T e R e S T :
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where the first step is derived from inequality (E4), the second step follows from inequality (E6), the third step follows from the
fact that z;(|L¢| — 1) > 1, and the last step is due to inequality (E1). This completes the proof of inequality (E2), and thus
inequality (E3) is true.

Using inequality (E3), we have

®  _V(G)+R _ V(G2) + R I a(2+a)V(G1) + (a® +3a + 1)V (F2) (B7)
V(Gs) T V(Gy) aV(G1) + (1 -a)V(G2) l+a aV(G1) + (1 - a)V(G2)
If a < @ — 1, then we have a® +3a 4+ 1 < (1 — a)(2 + a), and thus
a(2+a)V(g1)+(a2+3a+1)V(g2) a(24+a)V(G1)+ (1 —a)(2+a)V(G2) —24a (E8)
aV(G1) + (1 — a)V(G2) aV(G1) + (1 — a)V(G2) ’
Using inequalities (E7) and (E8), we have
D 2+ a
< 2,
V(Gf) 1+a
where the second step is derived from the fact that a > 0. This implies that Lemma 3 is true for the case where a < @ — 1.
We now consider the case where a > @ — 1. For this case, it can be seen that the right hand side of inequality (E7) decreases
monotonously with increasing value of V(G1)/V (G2). Consequently, we get
o < 1 ) a(2+a)V(Ql)+(a2+3a+1)V(gg) 1 ) a(2+a)/7‘+a2+3a+1
V(Gy) 1+a aV(G1)+ (1 —a)V(G2) 1+a a/T+1—a
A/t +1a+1 (1/7 4+ 1)a (E9)

T QQ/r—1a+1 (/7 —1a2+a/T+1’

where the first step is due to inequality (E7), and the second step follows from the fact that V(G1)/V(G2) > V(G1)/V(G5) > L,
which is derived from Proposition 1. It can be easily verified that the right hand side of inequality (E9) increases monotonously
with increasing value of a for 0 < a < 7 and 0 < 7 < 1. Thus, using inequality (E9), we get

o 1/7+1a+1 (1/7+ 1)a 1Q/r+ 17T +1 1/7+ )T 34T
V(Gy) (1/7—=1)a+1 (/7 —1)a? +a/7+1 1/r—1)71+1 A/r=V)r24+71/74+1 2—7"

where the second step is due to the fact that a < 7, which follows from Proposition 1. This completes the proof of Lemma 3. O
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