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Appendix A Proof of Lemma 1
Lemma 1. Given an instance I = (D,F,P, k, g, f) of k-MP and a real number ε > 0, we can find in polynomial time either a

3-approximation solution to I, or two integer solutions G1 = (x1, y1) and G2 = (x2, y2) to LP2γ such that
∑
i∈F,p∈P y

1
ip = k1 < k,∑

i∈F,p∈P y
2
ip = k2 > k, and aV (G1) + bV (G2) 6

(
3 +O(ε)

)
OPT, where a =

k2−k
k2−k1

and b = 1− a.

Proof. Denote by cmax = maxi,j∈D∪F c(i, j) and cmin = mini,j∈D∪F c(i, j) the maximum and minimum distances between any

i, j ∈ D ∪ F , respectively. Similarly, let fmax = maxp∈P f(p) and fmin = minp∈P f(p). Let OPT(γ) denote the cost of an optimal

solution to LP2γ . The dual of LP2γ is

max
∑
j∈D

αj − γk DUALγ

s.t. αj 6 c(j, i) + βij ∀i ∈ F, j ∈ D (A1)∑
j∈D∩ g(j)6p

βij 6 f(p) + γ ∀i ∈ F, p ∈ P (A2)

αj , βij > 0 ∀i ∈ F, j ∈ D (A3)

Observe that LP2γ is an LP relaxation of a facility location with priorities problem, except that its objective function contains

an additional constant term of −γk. Using the primal-dual algorithm given in [1], we can get integer solutions to LP2γ that have

the following guarantee.

Claim 1 ( [1], Theorem 3.12). Given an instance I = (D,F,P, k, g, f) of k-MP and a real number γ > 0, there is a

polynomial-time algorithm that yields an integer solution G = (x, y) to LP2γ and its corresponding dual solution (α, β), such

that 3γ
∑
i∈F,p∈P yip + V (G) 6 3

∑
j∈D αj .

Consider an integer solution G = (x, y) to LP2γ and the corresponding dual solution (α, β) given by Claim 1. We have

V (G) 6 3(
∑
j∈D

αj − γk + γk − γ
∑

i∈F,p∈P
yip) 6 3

(
OPT(γ) + γ(k −

∑
i∈F,p∈P

yip)
)
6 3
(
OPT + γ(k −

∑
i∈F,p∈P

yip)
)
, (A4)

where the first step follows from Claim 1, the second step is due to the fact that DUALγ is the dual of LP2γ and
∑
j∈D αj − γk

is the dual objective, and the last step follows from the fact that LP2γ is a relaxation of LP1.

Denote by G0 = (x0, y0) the solution to LP20 returned by Claim 1. If G0 satisfies constraint (3) (i.e.,
∑
i∈F,p∈P y

0
ip 6 k), then

G0 is a feasible solution to k-MP. Using inequality (A4), we have V (G0) 6 3OPT, which implies that a 3-approximation for the

problem is obtained.

We now consider the case where the solution to LP20 given by Claim 1 violates constraint (3). By inequality (A4), we know that

for any γ > 0, the solution (x, y) to LP2γ given by Claim 1 satisfies OPT + γ(k −
∑
i∈F,p∈P yip) > 0. Consequently, the solution

satisfies k −
∑
i∈F,p∈P yip > −1 when γ > OPT. By the fact that (x, y) is an integer solution, we have k −

∑
i∈F,p∈P yip > 0.

This implies that the solution to LP2γ given by Claim 1 satisfies constraint (3) if γ > OPT. It can be seen that OPT <

2|D|(cmax + fmax). We perform a binary search on the interval [0, 2|D|(cmax + fmax)] to find two real numbers γ1 and γ2 with

0 < γ1 − γ2 6 ε(cmin + fmin)/|F|, such that the solution to LP2γ1 given by Claim 1 satisfies (but does not tighten) constraint (3),

and the solution to LP2γ2 given by the claim violates constraint (3) (if we find a real number γ′ such that Claim 1 yields a solution

to LP2γ
′

tightening constraint (3), then inequality (A4) directly implies a 3-approximation for k-MP). The binary search invokes

the algorithm in Claim 1 for O(log
|D||F|(cmax+fmax)

ε(cmin+fmin)
) times, which can be polynomially bounded based on standard discretization

methods [2].

Let G1 = (x1, y1) and G2 = (x2, y2) denote the solutions to LP2γ1 and LP2γ2 obtained using Claim 1 respectively, and let

(α1, β1) and (α2, β2) denote the corresponding dual solutions. Define
∑
i∈F,p∈P y

1
ip = k1 and

∑
i∈F,p∈P y

2
ip = k2. We have

k1 < k and k2 > k. Observe that

V (G2) 6 3(
∑
j∈D

α
2
j − γ2k2) = 3(

∑
j∈D

α
2
j − γ1k2) + 3(γ1 − γ2)k2 6 3(

∑
j∈D

α
2
j − γ1k2) + ε

3k2

|F|
(cmin + fmin)
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6 3(
∑
j∈D

α
2
j − γ1k2) + ε

3k2

|F|
OPT = 3(

∑
j∈D

α
2
j − γ1k2) +O(ε)OPT, (A5)

where the first step follows from Claim 1, and the third step is derived from the fact that γ1 − γ2 6 ε(cmin + fmin)/|F|.
Let a =

k2−k
k2−k1

and b = 1 − a. We construct a dual solution (α̃, β̃) by letting α̃j = aα1
j + bα2

j and β̃j = aβ1
j + bβ2

j for each

j ∈ D. It is the case that

aV (G1) + bV (G2) 6 3a(
∑
j∈D

α
1
j − γ1k1) + 3b(

∑
j∈D

α
2
j − γ1k2) +O(ε)OPT = 3[

∑
j∈D

(aα
1
j + bα

2
j )− γ1(ak1 + bk2)] +O(ε)OPT

= 3(
∑
j∈D

α̃j − γ1k) +O(ε)OPT, (A6)

where the first step follows from Claim 1 and inequality (A5).

By the fact that γ1 − γ2 > 0, we know that (α2, β2) is a feasible solution to DUALγ1 . Consequently, (α̃, β̃) is feasible

for DUALγ1 since it is a convex combination of two feasible solutions, and its cost for DUALγ1 is
∑
j∈D α̃j − γ1k. We have∑

j∈D α̃j − γ1k 6 OPT due to the fact that DUALγ1 is the dual of a relaxation of LP1. Thus, using inequality (A6), we get

aV (G1) + bV (G2) 6 3(
∑
j∈D

α̃j − γ1k) +O(ε)OPT 6
(
3 +O(ε)

)
OPT.

This completes the proof of Lemma 1. �

Appendix B Proof of Proposition 1
Proposition 1. For any 0 < τ < 1, if V (G1) > 1

τ V (Gf ), then we have a < τ and V (G2) < V (Gf ).

Proof. The assumption that V (G1) > 1
τ V (Gf ) implies that

V (G1) >
1

τ

(
aV (G1) + bV (G2)

)
>

1

τ
aV (G1),

which implies that a < τ. Also by the assumption that V (G1) > 1
τ V (Gf ), we have

V (Gf ) = aV (G1) + bV (G2) >
a

τ
V (Gf ) + bV (G2) =

a

τ
V (Gf ) + (1− a)V (G2).

Thus, we get

V (G2) 6
1− a/τ
1− a

V (Gf ) < V (Gf ),

where the second step is due to the fact that a < τ and 0 < τ < 1. �

Appendix C Proof of Proposition 2
Proposition 2. We can find in polynomial time an optimal solution to LP3 that has at most one fractional variable, which is

associated with a facility i ∈ H1 such that |Li| > 1.

Proof. Observe that LP3 is an LP relaxation of a 0-1 Knapsack problem, and we can obtain the desired solution using a simple

greedy method. Define H† = {i ∈ H1 : |Li| > 1}. We sort each i ∈ H† by increasing value of Ψ1(i)/(|Li| − 1), and let iq

denote the q-th facility in this order for each 1 6 q 6 |H†|. Define H†q = {iq̃ : 1 6 q̃ 6 q} for each 1 6 q 6 |H†|. Let H†0 = ∅
and

∑
i∈H†0

(|Li| − 1) = 0. The definition of H† implies that
∑
i∈H† (|Li| − 1) >

∑
i∈H1 (|Li| − 1) = |H2| − |H1| > |H2| − k.

Consequently, we can find an integer 1 6 q 6 |H†| that satisfies∑
i∈H†

q−1

(|Li| − 1) 6 |H2| − k <
∑
i∈H†q

(|Li| − 1). (C1)

We construct a solution z∗ to LP3 as follows. Let z∗i = 1 for each i ∈ H†q−1 and z∗i = 0 for each i ∈ H1\H†q . Let z∗iq =
1

|Liq |−1

(
|H2| − k −

∑
i∈H†

q−1

(|Li| − 1)
)

to satisfy constraint (6). By inequality (C1), we have 0 6 z∗iq < 1. Since we sort each

i ∈ H† by increasing value of Ψ1(i)/(|Li| − 1), it is easy to show that z∗ is an optimal solution to LP3. The solution has at most

one fractional variable z∗iq , which is associated with a facility from H†. Thus, z∗ is the desired solution to LP3. �

Appendix D Proof of Lemma 2
Lemma 2. |H′| 6 k.

Proof. If none of the facilities from H1 is associated with a fractional variable, then we have |H′| =
∑
i∈O0

|Li| + |O1|. Using

constraint (6), we get
∑
i∈O1

|Li|− |O1| = |H2|−k, which implies that k = |H2|−
∑
i∈O1

|Li|+ |O1| =
∑
i∈O0

|Li|+ |O1|. Thus,

we have |H′| = k, as desired.

For the case where facility t ∈ H1 is associated with a fractional variable z∗t , we have H′ = (
⋃
i∈O0

Li) ∪ O1 ∪ {t} ∪ (Lt\L†),
and thus |H′| 6

∑
i∈O0

|Li|+ |O1|+ 1 + (1− z∗t )|Lt|. Constraint (6) implies that

k = |H2| −
∑
i∈O1

|Li|+ |O1| − z∗t |Lt|+ z
∗
t =

∑
i∈O0

|Li|+ |O1|+ (1− z∗t )|Lt|+ z
∗
t .

Consequently, we get |H′| 6 k + 1− z∗t . By the fact that z∗t is a fractional variable and |H′| is an integer, we have |H′| 6 k. This

completes the proof of Lemma 2. �
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Appendix E Proof of Lemma 3
Lemma 3. For any 0 < τ < 1, if V (G1) > 1

τ V (Gf ), then Φ < max{2, 3+τ
2−τ }V (Gf ).

Proof. We first show that Φ is near to V (G2).

• For each i ∈ O0 and i′ ∈ Li, our solution opens i′ at priority p2(i′), and assigns each j ∈ φ(i′) to i′. The total opening

cost of the facilities from Li induced by the solution is
∑
i′∈Li

f(p2(i′)), and the assignment cost of the clients from φ(Li) is∑
j∈φ(Li)

c2(j).

• For each i ∈ O1, the solution opens i at priority maxi′∈Li p2(i′), and assigns each j ∈ φ(Li) to i. The opening cost of i is

maxi′∈Li f(p2(i′)) 6
∑
i′∈Li

f(p2(i′)), and the assignment cost of the clients from φ(Li) is no more than
∑
j∈φ(Li)

(
2c2(j)+c1(j)

)
due to inequality (5).

• If facility t ∈ H1 is associated with a fractional variable, then the solution opens t at priority max
i′∈L† p2(i′) and assigns each

j ∈ φ(L†) to t. For each i′ ∈ Lt\L†, the solution opens i′ at priority p2(i′), and assigns each j ∈ φ(i′) to i′. The cost of opening

the facilities from {t} ∪ (Lt\L†) is max
i′∈L† f(p2(i′)) +

∑
i′∈Lt\L†

f(p2(i′)) 6
∑
i′∈Lt

f(p2(i′)), and the assignment cost of the

clients from φ(Lt) is at most
∑
j∈φ(L†)

(
2c2(j) + c1(j)

)
+
∑
j∈φ(Lt\L†)

c2(j) due to inequality (5).

By the argument above, the assignment cost induced by the solution can be upper-bounded by
∑
j∈φ(

⋃
i∈O1

Li)∪φ(L†)
(
2c2(j)+

c1(j)
)

+
∑
j∈φ(

⋃
i∈O0

Li)∪φ(Lt\L†)
c2(j), which is at most C(G2)+

∑
i∈O1

Ψ1(i)+
∑
i∈L† Ψ2(i) due to the definitions of Ψ1(i) and

Ψ2(i), and the cost of opening facilities induced by the solution is no more than
∑
i∈H1

∑
i′∈Li

f(p2(i′)) =
∑
i′∈H2 f(p2(i′)) 6

F (G2). Compared with G2, this solution increases the cost for the problem by no more than
∑
i∈O1

Ψ1(i) +
∑
i∈L† Ψ2(i). Let

R =
∑
i∈O1

Ψ1(i) +
∑
i∈L† Ψ2(i) denote this upper bound on the increased cost. We now show that R is quite small compared

with V (G1) and V (G2). Denote by opt =
∑
i∈H1 z

∗
i Ψ1(i) the value of z∗ for LP3. Observe that

|H2| − k
|H2| − |H1|

∑
i∈H1

(|Li| − 1) =
|H2| − k
|H2| − |H1|

(|H2| − |H1|) = |H2| − k.

This implies that the solution taking zi =
|H2|−k
|H2|−|H1|

for each i ∈ H1 is feasible for LP3, whose value is

|H2| − k
|H2| − |H1|

∑
i∈H1

Ψ1(i) 6
k2 − k
k2 − k1

∑
i∈H1

Ψ1(i) = a
∑
i∈H1

Ψ1(i) < a
(
V (G1) + V (G2)

)
,

where the first step follows from the fact that |H1| 6 k1 and |H2| 6 k2, and the last step is due to the definition of Ψ1(i). The

fact that z∗ is an optimal solution to LP3 implies that opt is no more than the value of the solution considered above, and thus

opt < a
(
V (G1) + V (G2)

)
. (E1)

If we can show that

R < opt+
a

1 + a

(
V (G1) + V (G2)

)
, (E2)

then using inequality (E1), we have

R < a
2 + a

1 + a

(
V (G1) + V (G2)

)
. (E3)

It remains to show inequality (E2). If there is not a fractional variable in z∗, then we have L† = ∅ and R =
∑
i∈O1

Ψ1(i) +∑
i∈L† Ψ2(i) =

∑
i∈O1

Ψ1(i). By the definition of O1, we get R =
∑
i∈O1

Ψ1(i) = opt, as desired. We now consider the case

where facility t ∈ H1 is associated with a fractional variable z∗t . For this case, we have

R− opt =
∑
i∈O1

Ψ1(i) +
∑
i∈L†

Ψ2(i)− opt =
∑
i∈O1

Ψ1(i) +
∑
i∈L†

Ψ2(i)−
∑
i∈O1

Ψ1(i)− z∗tΨ1(t) =
∑
i∈L†

Ψ2(i)− z∗tΨ1(t)

6
dz∗t |Lt|e
|Lt|

Ψ1(t)− z∗tΨ1(t) <
1

|Lt|
Ψ1(t), (E4)

where the second step follows from the definitions of O1 and O2, and the fourth step is derived from the fact that L† =

arg min
L⊆Lt ∩ |L|=dz∗t |Lt|e

∑
i′∈L Ψ2(i′) and Ψ1(t) =

∑
i′∈Lt

Ψ2(i′). We break the analysis into the following two subcases: (2.1)

1
|Lt|

< a
1+a , and (2.2) 1

|Lt|
> a

1+a .

We first consider case (2.1). We have

1

|Lt|
Ψ1(t) <

a

1 + a
Ψ1(t) <

a

1 + a

(
V (G1) + V (G2)

)
, (E5)

where the second step follows from the definition of Ψ1(t). Using inequalities (E4) and (E5), we get R < opt + Ψ1(t)/|Lt| <
opt+ a

1+a

(
V (G1) + V (G2)

)
, as desired.

We now consider case (2.2). Proposition 2 implies that |Lt| > 1. We have

1

|Lt|
Ψ1(t) = (1−

1

|Lt|
)

1

|Lt| − 1
Ψ1(t) 6

1

(1 + a)(|Lt| − 1)
Ψ1(t), (E6)

where the second step is due to the condition of case (2.2). By the fact that z∗t is a fractional variable and |Lt| > 1, we know that

z∗t (|Lt| − 1) > 0. Constraint (6) implies that z∗t (|Lt| − 1) = |H2| − k −
∑
i∈O1

(|Li| − 1), which in turn implies that z∗t (|Lt| − 1)

is an integer. Thus, we get z∗t (|Lt| − 1) > 1. Consequently, we have

R− opt <
1

|Lt|
Ψ1(t) 6

1

(1 + a)(|Lt| − 1)
Ψ1(t) 6

1

1 + a
z
∗
tΨ1(t) 6

1

1 + a
opt <

a

1 + a

(
V (G1) + V (G2)

)
,
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where the first step is derived from inequality (E4), the second step follows from inequality (E6), the third step follows from the

fact that z∗t (|Lt| − 1) > 1, and the last step is due to inequality (E1). This completes the proof of inequality (E2), and thus

inequality (E3) is true.

Using inequality (E3), we have

Φ

V (Gf )
6
V (G2) + R

V (Gf )
=

V (G2) + R

aV (G1) + (1− a)V (G2)
<

1

1 + a
·
a(2 + a)V (G1) + (a2 + 3a+ 1)V (G2)

aV (G1) + (1− a)V (G2)
. (E7)

If a <
√

6
2 − 1, then we have a2 + 3a+ 1 < (1− a)(2 + a), and thus

a(2 + a)V (G1) + (a2 + 3a+ 1)V (G2)

aV (G1) + (1− a)V (G2)
<
a(2 + a)V (G1) + (1− a)(2 + a)V (G2)

aV (G1) + (1− a)V (G2)
= 2 + a. (E8)

Using inequalities (E7) and (E8), we have
Φ

V (Gf )
<

2 + a

1 + a
< 2,

where the second step is derived from the fact that a > 0. This implies that Lemma 3 is true for the case where a <
√

6
2 − 1.

We now consider the case where a >
√

6
2 − 1. For this case, it can be seen that the right hand side of inequality (E7) decreases

monotonously with increasing value of V (G1)/V (G2). Consequently, we get

Φ

V (Gf )
<

1

1 + a
·
a(2 + a)V (G1) + (a2 + 3a+ 1)V (G2)

aV (G1) + (1− a)V (G2)
<

1

1 + a
·
a(2 + a)/τ + a2 + 3a+ 1

a/τ + 1− a

=
(1/τ + 1)a+ 1

(1/τ − 1)a+ 1
+

(1/τ + 1)a

(1/τ − 1)a2 + a/τ + 1
, (E9)

where the first step is due to inequality (E7), and the second step follows from the fact that V (G1)/V (G2) > V (G1)/V (Gf ) > 1
τ ,

which is derived from Proposition 1. It can be easily verified that the right hand side of inequality (E9) increases monotonously

with increasing value of a for 0 < a 6 τ and 0 < τ < 1. Thus, using inequality (E9), we get

Φ

V (Gf )
<

(1/τ + 1)a+ 1

(1/τ − 1)a+ 1
+

(1/τ + 1)a

(1/τ − 1)a2 + a/τ + 1
<

(1/τ + 1)τ + 1

(1/τ − 1)τ + 1
+

(1/τ + 1)τ

(1/τ − 1)τ2 + τ/τ + 1
=

3 + τ

2− τ
,

where the second step is due to the fact that a < τ , which follows from Proposition 1. This completes the proof of Lemma 3. �
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