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Dear editor,

Neural networks (NNs) and fuzzy systems are commonly

used computational intelligence techniques, each with their

own merits in terms of applications. The integration of

NNs and fuzzy systems, which leads to a hybrid framework

known as neuro-fuzzy systems, inherits the useful proper-

ties of its constituents: the learning power of an NN and

the knowledge representation of a fuzzy inference system,

which makes their combination a powerful tool for ma-

chine learning. Numerous structures and models of neuro-

fuzzy systems have been proposed and applied to real-world

problems [1–5].

The fuzzy broad learning system (Fuzzy BLS) [6] is a re-

cently proposed neuro-fuzzy model which is constructed by

replacing the feature layer of a BLS [7] with Takagi-Sugeno-

Kang (TSK) fuzzy sub-systems (see Figure 1(a)). It retains

the main architecture of a BLS and employs the k-means

algorithm to cluster the input data to reduce computation

complexity. Fuzzy BLS achieves higher accuracy in clas-

sification and regression problems compared with current

state-of-the-art neuro-fuzzy models.

To further investigate the performance of Fuzzy BLS, we

employ fuzzy c-means to cluster the input data and deter-

mine the number of fuzzy rules as well as the centers of

Gaussian membership functions. We also randomly gener-

ate centers in the input data domain to perform a compre-

hensive comparison between the case of using cluster meth-

ods (i.e., k-means and fuzzy c-means) and the case without

clustering. The three variants of Fuzzy BLS (denoted by

FBLS-KM, FBLS-FCM, and FBLS-RAND) are evaluated

and compared using some popular data sets for classifica-

tion.

Fuzzy broad learning system. We consider a simpli-

fied version of Fuzzy BLS, which has m enhancement

nodes instead of m groups of enhancement nodes (see

Figure 1(a)). Given the following training data: X =

(x1, . . . ,xN )T ∈ R
N×D , and the corresponding targets

Y = (y1, . . . ,yN )T ∈ R
N×C (N is the number of sam-

ples, D represents the input dimension, and C is the output

dimension), we employ n TSK fuzzy sub-systems with Ki

fuzzy rules in the ith fuzzy sub-system for Fuzzy BLS, where

the fuzzy rules have the following form (k = 1, 2, . . . , Ki):

If x1 is Ai
k1

· · · and xD is Ai
kD

, then ri
k
=
∑D

t=1
ai
kt
xt, where

Ai
kt

is a fuzzy set associated with the Gaussian membership

function µi
kt

= exp(−(
x−cikl

σi
kl

)2), the coefficients ai
kt

in the

consequent part are random numbers generated from [0, 1],

and the width σi
kl

is usually 1, while the center ci
kl

is deter-

mined by k-means.

Suppose that xs = (xs1, xs2, . . . , xsD) is one training

sample and ys = (ys1, ys2, . . . , ysC) is the corresponding

target (s = 1, 2, . . . , N). Then the weighted activation de-

gree of the kth fuzzy rule in the ith fuzzy sub-system is

λi
sk

= τ i
sk

/
∑Ki

k=1
τ i
sk

, where τ i
sk

=
∏D

t=1
µi
kt
(xst).

For the ith fuzzy sub-system and the sth training sam-

ple xs, we define its weighted rule outputs as a vector

Rsi = (λi
s1r

i
s1, λ

i
s2r

i
s2, . . . , λ

i
sKi

risKi
)T.

For all training samples X, the weighted rule out-

put matrix of the ith fuzzy sub-system is Ri =

(R1i,R2i, . . . ,RNi)
T ∈ R

N×Ki .

Then, we combine every weighted rule output matrix

of each fuzzy sub-system into one matrix, which is R =

(R1,R2, . . . ,Rn) ∈ R
N×

∑n
i=1

Ki . These intermediate val-

ues denoted by R will be fed into the enhancement layer for

further nonlinear transformation.

We now calculate the defuzzification output of

every fuzzy sub-system. The output of the ith

fuzzy sub-system for training sample xs is Fsi =

(
∑D

t=1 a
i
kt
xst(λi

s1, . . . , λ
i
sKi

)wi)T, where we include a new

parameter wi = (wi
kc
)Ki×C in the consequent part of each

fuzzy rule in the ith fuzzy sub-system (i = 1, 2, . . . , n).

For all training data X, the defuzzification

outputs of the ith fuzzy sub-system are as fol-

lows: Fi = (F1i,F2i, . . . ,FNi)
T , BΛiwi, where

B = diag{
∑D

t=1
ai
kt
x1t, . . . ,

∑D
t=1

ai
kt
xNt}, and Λi =

(λi
sk

)N×Ki
.

Hence, the defuzzification output matrix of n fuzzy

sub-systems is F =
∑n

i=1
Fi , BΛWf , where Λ ∈

R
N×

∑n
i=1

Ki is the activation degree matrix consisting of

λi
sk

, and Wf = (w1, . . . ,wn).
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Models
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Figure 1 (Color online) Simplified structure of Fuzzy BLS.

Using the intermediate matrix R, we can compute the

outputs of the enhancement layer H = ξ(RWe + βe) ∈

R
N×m, where We represents the weights between the fuzzy

sub-systems and their corresponding enhancement nodes

with bias terms βe, which are initialized as random num-

bers from [0, 1], and ξ is the activation function.

The weights between the enhancement layer and top layer

are denoted by Wh ∈ R
m×C . Hence, we have the following

model output

Ŷ = F +HWh = (BΛ,H)

(

Wf

Wh

)

, (BΛ,H)W ,

where W includes all parameters.

Given the training targets Y , we can calculate W directly

by the ridge regression approximation of the pseudoinverse

of E , (BΛ,H), i.e.,

E+ = lim
α→0

(ETE + αI)−1ET, (1)

where α is the regularization coefficient.

Then we can obtain

W = E+Y . (2)

Fuzzy BLS based on fuzzy c-means and random centers.

Now, we consider replacing k-means with fuzzy c-means in

the Fuzzy BLS. For the ith fuzzy sub-system, the training

data is divided into Ki clusters with center C = (ck)Ki×D,

and we apply the fuzzy c-means method by minimizing the

objective function Jf (U,C) =
∑N

s=1

∑Ki
k=1

uf
sk

‖xs − ck‖
2
2,

where f = 2 is a fuzzification coefficient, U = (usk)N×Ki
is

a membership matrix, usk is the degree of xs belonging to

cluster k, and ck is the D-dimension center of cluster k.

The above objective function Jf (U,C) can be solved by

iteratively updating the membership usk and center ck by

usk =





Ki
∑

p=1

(

‖xs − ck‖

‖xs − cp‖

) 2

f−1





−1

, (3)

and ck =
∑D

s=1 u
f
sk

· xs/
∑D

s=1 u
f
sk

.

Unlike the k-means method, we can directly set the

weighted fire strength in the ith fuzzy sub-system as λi
sk

=

usk without defining extra membership functions for fuzzy

rules.

Because it is time-consuming to run cluster algorithms

on large-scale data with relatively high dimension, alterna-

tively we can randomly generate the centers for Gaussian

membership functions within the domain of input variables

to speed up the learning process, and follow the same re-

maining steps discussed above for Fuzzy BLS.

The algorithms for training Fuzzy BLS with different

cluster methods are summarized in Algorithm A1.

We use FBLS-KM, FBLS-FCM, and FBLS-RAND to

represent the Fuzzy BLS using k-means, fuzzy c-means, and

random centers, respectively. We select eight classification

benchmarks from the UCI repository to analyze the perfor-

mance of the three variants of Fuzzy BLS and compare them

with OS-F-ELM [1], Fuzzy ELM (F-ELM) [2], and improved

fuzzy ELM (IF-ELM) [3].

The details of the selected data sets are displayed in Ta-

ble A1. The optimal parameters for the models are listed in

Table A2. The classification performances of the different

approaches on the eight data sets are summarized in Fig-

ure 1(b). The running time of the three variants of FBLS

are compared in Table A3.

We can conclude from the above tables that:

(1) In terms of classification performance, FBLS-KM, FBLS-

FCM, and FBLS-RAND obtain the same accuracy on one

data set, and FBLS-KM achieves the highest classifica-

tion accuracy on three data sets, while FBLS-FCM per-

forms the best on the remaining four data sets. Therefore,

FBLS-RAND does not provide any advantages over FBLS-

KM and FBLS-FCM, which indicates that Fuzzy BLS can

benefit by clustering input data to generate appropriate

centers for fuzzy membership functions rather than by ran-

domly selecting them. (2) FBLS-FCM slightly outperforms

FBLS-KM in some cases; however, the advantage is not
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significant enough to draw the conclusion that the fuzzy

c-means algorithm is generally better than k-means, espe-

cially when we note that the performance of FBLS-FCM on

the Letter data set is much worse than either FBLS-KM or

FBLS-RAND. (3) Compared with OS-F-ELM, F-ELM, and

IF-ELM, the FBLS-KM, FBLS-FCM, and FBLS-RAND

algorithms achieve higher accuracy on the eight data sets.

Conclusion. We carry out a comprehensive comparison

among the variants of Fuzzy BLS, i.e., FBLS-KM, FBLS-

FCM, and FBLS-RAND. They are evaluated using certain

UCI benchmarks for classification. The results reveal that

FBLS-KM and FBLS-FCM can generally obtain higher ac-

curacy than FBLS-RAND, which demonstrates that Fuzzy

BLS does benefit from clustering training data. However,

there is no significant difference between FBLS-KM and

FBLS-FCM in our experiments.
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