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Dear editor,

Consensus turns out to be an important paradigm in coor-

dination of multi-agent systems [1]. Previous studies largely

concentrate on consensus problem over networks where the

weights on edges are scalars, which cannot completely char-

acterize the correlation of different dimensions correspond-

ing to the state of an agent in the network. In fact, matrix-

valued weights naturally arise when characterizing the in-

teraction between a pair of agents in multi-agent networks,

such as generalized electrical networks where currents, volt-

ages, and resistances take matrix values [2, 3], opinion dy-

namics of multiple related topics in social network analy-

sis [4], the observability problems for an array of coupled LC

oscillators [5], and the consensus problems over matrix-

valued weighted networks [6]. Therefore, the matrix-valued

weighted networks provide a natural extension of scalar-

valued weighted networks, allowing characterizing more

elaborate mutual interactions.

In scalar-valued weighted networks, the negatively

weighted edges, also referred to as antagonistic interactions,

can destroy the inherent stability of the network [7]. To

this end, a bipartite consensus protocol is employed and the

connection between bipartite consensus and structural bal-

ance of the network has been established [8, 9]. In matrix-

valued weighted networks, challenges arise in terms of the

complexity of the consensus space. For instance, the net-

work connectivity cannot completely guarantee the con-

sensus in the matrix-valued weighted networks due to the

existence of the positive semi-definite weighted edges [6].

Moreover, multi-agent coordination on networks with edge

weights allowing negative definite or negative semi-definite

matrices is not well understood. This study examines the bi-

partite consensus problem on directed networks whose edge

weights allow both positive semi-definite/definite and neg-

ative semi-definite/definite matrices. It is shown that the

structural balance of the underlying matrix-valued weighted

network together with the definiteness of the matrix-valued

weights play a central role in determining bipartite consen-

sus and the positive-negative directed tree is introduced to

examine the necessary and/or sufficient conditions of bipar-

tite consensus under matrix-valued weighted directed multi-

agent networks.

Notations. Let R and N be real and natural numbers,

respectively. Define n = {1, 2, . . . , n} for an n ∈ N. A ma-

trix M ∈ Rn×n is symmetric if MT = M . A symmetric

matrix M ∈ R
n×n is positive definite (resp. negative defi-

nite), denoted by M ≻ 0 (resp. M ≺ 0), if zTMz > 0 (resp.

zTMz < 0) for all z ∈ Rn and z 6= 0, and is positive (resp.

negative) semi-definite, denoted by M � 0 (resp. M � 0),

if zTMz > 0 (resp. zTMz 6 0) for all z ∈ R
n and z 6= 0.

0d×d denotes the d× d matrix whose entries are all equal to

0. The absolute value of a matrix M ∈ R
n×n is denoted by

|M | such that |M | = M if M ≻ 0 or M � 0 and |M | = −M

if M ≺ 0 or M � 0. The null space of a matrix M ∈ Rn×n

is null(M) = {z ∈ R
n|Mz = 0}.

Main results. Consider a multi-agent network consist-

ing of n ∈ N agents. The state of an agent i ∈ n is de-

noted by a vector xi(t) = [xi1, xi2, . . . , xid]
T ∈ Rd, where

d ∈ N is corresponding to the dimension of weight matrices.

The state of the multi-agent network is denoted by x(t) =

[xT

1
(t), xT

2
(t), . . . , xT

n (t)]
T ∈ Rdn. The interaction topol-

ogy of the multi-agent system is characterized by a matrix-

valued weighted directed graph G = (V , E, A). The node

set and the edge set of G are denoted by V = {1, 2, . . . , n}
and E ⊆ V × V , respectively. The matrix-valued weight is

a matrix Aij ∈ R
d×d such that |Aij | � 0 or |Aij | ≻ 0 if

(j, i) ∈ E and Aij = 0d×d otherwise, where the node i and

j are referred to as head and tail, respectively. An edge

(j, i) ∈ E is positive (resp. negative) definite or positive

(resp. negative) semi-definite if the corresponding weight

matrix Aij is positive (resp. negative) definite or positive

(resp. negative) semi-definite. Thereby, the matrix-valued

weighted adjacency matrix A = [Aij ] ∈ Rdn×dn is a block

matrix such that the block located in the i-th row and the j-

th column is Aij . We assume that Aii = 0d×d for all i ∈ V .

The in-degree neighbor set of an agent i ∈ V is denoted by
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Ni = {j ∈ V | (j, i) ∈ E}. The out-degree neighbor set of

an agent i ∈ V is denoted by N ′
i = {j ∈ V | (i, j) ∈ E}. Let

Cr = diag{Cr1, Cr2, . . . , Crn} ∈ R
dn denote the matrix-

valued weighted row degree matrix of a graph where Cri =∑
j∈Ni

|Aij | ∈ Rd×d. Let Cc = diag{Cc1, Cc2, . . . , Ccn} ∈

R
dn denote the matrix-valued weighted column degree ma-

trix of a graph where Cci =
∑

j∈N ′

i

|Aji| ∈ Rd×d. If

Cr = Cc, the matrix-valued weighted directed graph G
is balanced. The matrix-valued weighted Laplacian ma-

trix of a matrix-valued weighted directed graph G is de-

fined as Ls = Cr − A. Analogously, a directed path in a

matrix-valued weighted directed graph G is a sequence of

directed edges in the form of (i1, i2), (i2, i3), . . . , (ip−1, ip)

where nodes i1, i2, . . . , ip ∈ V are all distinct. A matrix-

valued weighted directed graph G is strongly connected if

there exists a directed path between any two distinct nodes

in G. A directed cycle in a matrix-valued weighted directed

graph G is a directed path starting and ending with the same

node. A matrix-valued weighted directed graph is acyclic if

it contains no directed cycles. A directed tree in a matrix-

valued weighted directed graph G is an acyclic directed graph

with the following property: there exists a node, called the

root, such that any other nodes in G can be reached by

one and only one directed path starting at the root. A

positive-negative directed path in a matrix-valued weighted

directed graph G is a directed path such that every edge in

this directed path is positive definite or negative definite. A

positive-negative directed tree in a matrix-valued weighted

directed graph G is a directed tree such that every edge in

this directed tree is positive definite or negative definite. A

positive-negative directed spanning tree of a matrix-valued

weighted directed graph G is a positive-negative directed

tree containing all nodes in G. The positive-negative di-

rected spanning tree in the matrix-valued weighted directed

networks is essentially more complicated than the directed

spanning tree in the scalar-valued weighted directed net-

works. An example of a matrix-valued weighted directed

network is shown in Figure A1. The matrix-sign function

sgn(·) : Rd×d 7→ {0,−1, 1} for the matrix-valued weight Aij

of an edge (j, i) ∈ E satisfies that sgn(Aij) = 1 if Aij � 0

or Aij ≻ 0, sgn(Aij) = −1 if Aij � 0 or Aij ≺ 0, and

sgn(Aij) = 0 if Aij = 0d×d. A pair of edges in a directed

graph sharing the same nodes is referred to as a digon.

Assumption 1. This study assumes that

sgn(Aij)sgn(Aji) > 0 for all i, j ∈ n, which is referred

to as the digon sign-symmetry.

Under Assumption 1, a directed graph G = (V , E, A) ad-

mits an undirected mirror graph Gu = (V , Eu, Au) where

Au = (A(G) + A(G)T)/2.

The bipartite consensus protocol for each agent i ∈ V in

a matrix-valued weighted directed network is dictated by

ẋi(t) = −
∑

j∈Ni

|Aij |(xi(t) − sgn(Aij)xj(t)), (1)

and the resultant dynamics of the multi-agent system is

characterized by

ẋ(t) = −Lsx(t). (2)

In signed networks, the concept of structural balance

turns out to be an important graph-theoretic object playing

a critical role in bipartite consensus problems [8]. Here, we

extend this concept to the matrix-valued weighted networks.

Definition 1. A bipartition of node set V of matrix-valued

weighted network G = (V , E, A) is a pair of two subsets V1

and V2 such that V = V1 ∪ V2 and V1 ∩ V2 = ∅.

Definition 2. A matrix-valued weighted network G =

(V , E, A) is structurally balanced if there exists a biparti-

tion of the node set V , V1 and V2, such that the matrix

weights on the edges within each subset are positive definite

or positive semi-definite, but negative definite or negative

semi-definite for the edges between the two subsets; G is

structurally imbalanced if it is not structurally balanced.

Let G = (V , E, A) be a structurally balanced matrix-

valued weighted directed network with a node bipartition V1

and V2 and d ∈ N representing the dimension of edge weight.

The matrix-valued gauge transformation for G is performed

by the diagonal matrix D∗ = diag{σ1, σ2, . . . , σn} where

σi = Id if i ∈ V1 and σi = −Id if i ∈ V2.

Definition 3. The multi-agent system (2) admits a bipar-

tite consensus solution if lim t→∞|xi(t)| = lim t→∞|xj(t)| 6=
0 for all i, j ∈ V .

Theorem 1. Let G = (V , E, A) be a structurally bal-

anced matrix-valued weighted directed network and D∗ be

a matrix-valued gauge transformation such that D∗AD∗ =

[|Aij |]. For the initial value x(0) satisfying (1T ⊗
Id)D

∗x(0) 6= 0, the multi-agent network (2) admits a bipar-

tite consensus solution if and only if null(Ls) = R, and the

bipartite solution of (2) is x̃ = D∗(1⊗( 1

n
(1T⊗Id)D

∗x(0))).

Theorem 2. Let G = (V , E, A) be a structurally bal-

anced matrix-valued weighted directed network. If G has a

positive-negative directed spanning tree, let D∗ be a gauge

transformation such that D∗AD∗ = [|Aij |]. For the initial

value x(0) satisfying (1T ⊗ Id)D
∗x(0) 6= 0, the multi-agent

network (2) admits a bipartite consensus solution.

Theorems 1 and 2 provide the conditions for the bipartite

consensus from the algebraic and graph-theoretic perspec-

tives, respectively. Next, we shall examine conditions for

the bipartite consensus under the matrix-valued weighted

directed networks with only positive definite and negative

definite edges.

Theorem 3. Let G = (V ,E, A) be a matrix-valued

weighted strongly connected directed balanced network. Let

Ls denote the Laplacian matrix of G and κ ∈ N denote

the algebraic multiplicity of eigenvalue zero of Ls. If the

edge weight matrix Aij ∈ Rd×d satisfies |Aij | ≻ 0 for all

(j, i) ∈ E, then G is structurally balanced if and only if

κ = d.

Note that for a matrix-valued weighted strongly con-

nected directed balanced network, the structural balance

is not a sufficient condition for bipartite consensus. How-

ever, the structural balance is necessary and sufficient for

bipartite consensus when the matrix-valued weights are ei-

ther positive/negative definite or null. It turns out that the

semi-definiteness of matrix-valued weights plays a negative

role in achieving a bipartite consensus solution to multi-

agent system (2).

Conclusion. This study investigates the bipartite con-

sensus problem on matrix-valued weighted directed net-

works. Necessary and/or sufficient conditions for bipartite

consensus are provided in terms of the null space of matrix-

valued weighted Laplacian matrix and the positive-negative

directed spanning tree. Simulation examples are given in

Appendix E to illustrate the theoretical results.
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