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Abstract In recent years, the mode localisation phenomenon of weakly coupled resonators has been suc-
cessfully utilised to improve the sensitivity of microelectromechanical system (MEMS) sensors. However,
controversy remians about the resolution limits of mode-localised sensors. This paper asks two questions of
the community: what are the resolution limits of the mode-localised sensors, and can the resolution improve-
ment be obtained using mode-localised sensing? To answer these questions, we report a series of resolution
models of mode-localised sensors. We conclude that mode-localised sensing can realise a higher measuring
resolution by orders of magnitude when more than three resonators are weakly coupled, and this will lay the
theoretical foundation for a breakthrough for the MEMS sensors industry.
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1 Introduction

Microelectromechanical system (MEMS) sensors have given birth to a large industry and there are billions
of MEMS units sold every year [1]. Microelectromechanical system sensors have been well developed and
widely used in consumer electronics, as well as automobile and healthcare fields. Although the MEMS
industry is booming, it appears that several kinds of MEMS sensors have reached their fundamental
accuracy limit [2,3]. It is difficult to improve the practical resolution limit further as the fabrication
process and signal conditioning capabilities have reached a bottleneck state. For example, the etching
aspect ratio has been improved to 40:1 under the current deep reactive ion etching process to improve the
capacitance [4]. The vacuum packaging level has been increased to a few pascals to increase the quality
factor to the millions [5]. These process technologies already operate at a high level, and further improve-
ment is difficult to achieve. Nevertheless, to make such improvements to performance, a variety of novel
methods have been proposed, such as using two-dimensional (2D) materials [6] and new principles [7].
However, often, these attempts are not fully compatible with current MEMS foundry, which has already
existed as a large industry for some time.

Among these attempts, mode-localised sensors in which two or more resonators are weakly coupled to
improve the sensitivity of MEMS sensors [8-11] are fully compatible with current MEMS foundry. Under
the mode-localised sensing paradigm, the frequently used output metric is the amplitude ratio (AR) of two
resonators. Owing to the mode localisation phenomenon of weakly coupled resonators (WCRs) [12,13],
the sensitivity of the AR output metric is at least two or three orders of magnitude higher than that of
the resonant frequency, which has been theoretically and experimentally demonstrated by various types
of WCRs-based resonant sensors [14]. Nevertheless, to what extent the mode-localised sensing paradigm
influences the ultimate resolution remains unknown. In 2018, this idea even was regarded as the most
important fundamental research question in this field [15].

For mode-localised sensors, thermomechanical noise is the most important factor in determining the
lowest detection limit of sensors [16]. This noise is usually caused by Brownian motion around the
resonators in an equilibrium position and is strongly dependent on the temperature and damping of
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Figure 1 (Color online) Schematic diagram of thermomechanical noise mechanism of a resonator.
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Figure 2 (Color online) Schematic diagram of 2-DoF WCRs.

the system [17]. Owing to molecular motion, damping around the structure disturbs the resonators’
motion and provides a path to dissipate energy in the resonant system. Meanwhile, the dissipation
has fluctuations acting on the resonators. Figure 1 indicates that the thermomechanical noise causes
particles to move around the resonator, leading to the amplitude fluctuation based on the amplitude of
the equilibrium position. Therefore, it is fair to conclude that thermomechanical noise determines the
resolution limit of mode-localised sensors.

The beam in Figure 1 indicates two positions: the initial position and the equilibrium position. When
a driving force has an angular frequency that is the same as the natural frequency of the beam, the beam
is resonant, and its equilibrium position shows the mode shape and amplitude compared with its initial
position. Particles around the beam represent the damping, which is also the reason for thermomechanical
noise. The particles will lead to an amplitude fluctuation at its equilibrium position. In this paper,
we analyse how thermomechanical noise determines the ultimate resolution of mode-localised sensors.
According to the Equipartition theorem, the Nyquist relation and Laplace transformation [18,;19] of
differential equations of a 2-degree-of-freedom (2-DoF) mode-localised resonant system, we report our
resolution model of the mode-localised sensors. Based on the model, we have uncovered some interesting
findings with regard to the mode-localised sensors that reveal their resolution limit.

2 Results and discussion

2.1 Theoretical resolution limit of 2-DoF mode-localised sensors

In Figure 2, each resonator is simplified as a mass-spring-damping system with the same parameters
of mass (m), stiffness (resonator stiffness k and coupling spring stiffness k.) and damping (¢). F; is



Zhang Z, et al. Sci China Inf Sci  April 2021 Vol. 64 142401:3

the external driving force acting on the ith resonator. N; is the equivalent fluctuating force caused by
thermomechanical noise. X; is the displacement of the ith resonator. dx; is the fluctuation displacement
of the ith resonator, and Ak is stiffness perturbation.

First, we analyse the resolution limit for the 2-DoF mode-localised sensors when the resonators are
identical and weakly coupled, as seen in Figure 2. We then define k as the coupling factor of WCRs, and
this is calculated by the stiffness ratio between the coupling spring and resonator: x = k./k.

The resonant system is symmetrical and each resonator has the same motion amplitude without per-
turbation, and the vibration energy distributes uniformly in each resonator. In the presence of stiffness
perturbation, a drastic variation of amplitudes of resonators caused by mode localisation can be ob-
served [20]. The first model on the resolution of the mode-localised sensing based on the AR output
metric was established by Seshia et al. [21] from the University of Cambridge. In the model, the mini-
mum resolvable modeshape variation is expressed as [21]

0 noise noise
) x5 x5 xy
x / Y ( ) + 2y )7 (1)
1 Imin 1 2 1

where A|zo/Z1|min is the minimum detectable AR change; |29 /20| is the theoretical AR without noise
fluctuations; x2°'¢ corresponds to the amplitude fluctuations of each resonator, which is determined by
the thermomechanical noises; and z? represents the amplitude of each resonator without fluctuations
theoretically.

For mode-localised sensors, the output signal is in voltage form. Thus, the resolution limit can be
defined as the minimum detectable signal divided by sensitivity of sensors and then multiplied by the
frequency bandwidth around the resonant frequency [22]:

— 2
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An Afl/Q B (xgoise N I?oise) Af1/2
where Ay and Ay represent the amplitudes caused by thermomechanical noise and driving force, re-
spectively, S is the sensitivity of mode-localised sensors and Af is the frequency bandwidth around the
resonant frequency.

Based on (2), we will deduce the resolution model of the mode-localised sensors. Therefore, we need
to calculate the amplitudes Ay and Ay first.

2.2 Amplitudes without fluctuations

According to Figure 2, we calculate the amplitudes of each resonator, X; (X; equals to x? in (2)), based
on the Laplace transformation in the absence of fluctuations (N; = No = 0,dx1 = dxo = 0). The motions
of the 2-DoF resonant system can be described by two differential equations:

mXs + cXo + (k+ Ak)Xo = k(X1 — X2) + Fo,

{ mX, + X1 + Xy = ke(Xo — X1) + F1,
where X is displacement of the ith resonator and F; is the external driving force acting on the ith
resonator. Then, we can perform a Laplace transformation and get the amplitude information of each
resonator:

(~% +ig +1+R+)F +rF

X = )
kE + (*%ﬂ +ige H1+R)
X, —
? Bmw? ’

where w is the angular frequency of driving force F; and wy is the natural frequency of the resonator:
wo = v/k/m; j is an imaginary unit; € is the ratio between stiffness perturbation Ak and the stiffness of
resonator k: € = Ak/k; and @ is the quality factor, which can be expressed as ) = mwy/c. B is a long
polynomial produced during computing the inverse matrix [23].
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When F; = F and F;> =0, we can get X;, AR and sensitivity (S) of the system:
(—% +ige +1+r+eF
X1 = - o ,
Bmw? (5)
KkF
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In this way, we have calculated the displacement of X;, which is also the Ay as defined in (2). Then
we consider how to express the Ay when there is thermomechanical noise in the resonant system.

2.3 Amplitudes caused by thermomechanical noise

Thermomechanical noise correlates to the Brownian motion of particles and is strongly related to the
temperature and damping surrounding the structure. The damping dissipates the energy of the res-
onators and, at the same time, adds a component of fluctuation to the resonant system [16]. Thus, it is
reasonable to use a fluctuation force N; to represent the thermomechanical noise in the system. Then,
we can use differential equations of motion to calculate the response amplitudes with excitation N; in the
frequency domain. Meanwhile, it is acceptable to use the fluctuating force IV; to represent the influence of
thermomechanical noise in the system using Laplace transformation to transform the equations of motion
into the frequency domain [24]. Therefore, in this paper and for the first time, we use the fluctuation force
N; in the differential equations of motion to calculate amplitudes with thermomechanical noise excitation
of mode-localised sensors based on the AR output metric.

According to Figure 2, the motion of the 2-DoF resonant system with fluctuating force N; caused by
thermomechanical noise can be expressed as

{ m5x1 + 05501 + kdxy = k‘c(5$2 — (5I1) + N1, (8)

m5x2 + 05'302 + (k? + Ak)éacg = kc(5I1 — 5$2) + No,
where dx; (6z; equals to z2°¢ in (2)) is the fluctuation displacement of ith resonator, which is also the
Ap as defined in (2). Then we can get the expression of it using Laplace transformation:

2 W
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2.4 Ultimate resolution model of a 2-DoF mode-localised sensor

Once we find a way to express X; and dx;, we can deduce an explicit equation of thermomechanical noise
influencing the resonant system. According to (1) and (2) for a 2-DoF mode-localised sensor, we find

UJ2 ;7w w2 ;7w
A_N _ 5& 5& _ (—w—g +Jm+1+l€++€)N1+l‘@N2 n KN1+(_w_§ +Jm+1+/€)N2
Av X1 Xe (G tjgh tltRttOR +aF kRt (% g 1+ R)F

(10)

Mode-localised sensors are driven at resonant frequency. There are two resonant frequencies and two
resonant modes of a 2-DoF resonant system. The frequencies of the first mode (in-phase mode) and the
second mode (out-of-phase mode) are, respectively,

[k
w1 = )
m

k+ 2k,

Wy = .

(11)
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In particular, when ¢ = 0 and w in (9) equals to the resonant frequency wi, which is the resonant
frequency of the first mode for mode-localised sensors. € = 0 means there is no disturbance from outside,
and we use this condition which is the same as conditions in [14, 25] to establish the resolution model,
and then we can get
(Ii +J%)Nl + HNQ

0x1| e=0 =
T Bmw? ’
kN1 + (k4 j&)Na
53’32 e=0 = ! ( ) Q) y
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The sensitivity of the 2-DoF resonant system can be calculated according to (6):
9(X1/X>) 1
S=—F"—" —. 14
Oe e=0 R ( )

w=w1

Finally, we deduce the resolution limit for the 2-DoF mode-localised system based on (2), (13) and

(14):
N1 N 1

Rar =2k | — + — | AfY/? 15

AR K(F1+F2) e, (15)

where N; mainly depends on temperature and damping. For the two resonators in the system, they

oscillate under the same circumstance, almost with the same temperature and damping. Thus, we can

get
Ny =~ Ny =N = +/4kgTec. (16)

Then, according to (7) in [21], Eq. (15) can be re-expressed as

Af1/2 _ Qﬁﬁi\ﬁlkBFMC_ (17)

RAR ~ 2\/5%5

F

From (17), we notice that Rap is proportional to the coupling factor , which means we can improve

the resolution limit by decreasing the ratio between the stiffness of the coupling spring and the resonator.

Compared with the resolution model in [21], the explicit expression reveals that the resolution limit in

the weakly coupled resonant system depends on the ratio of Ay/Ay, and the ultimate resolution of
mode-localised sensors can be improved by decreasing the coupling factor «.

1
dz1 + dxe = Q(N7 + NQ)Wa
Ni—N, 1 (18)

0x1 — 0o = .
1 or 26 mw?

Compared with the resolution model [25] in which the resolution limit is independent of x, as illustrated
in Table 1, our model reveals that the ultimate resolution of mode-localised sensors can be improved by
decreasing the coupling factor k. We can see from (18) that dz1 + dz2 and dxy — dxe are not the same as
the minus sign in dx1 — dzo and has influences on other items except N7 and No. This accounts for our
different resolution model in comparison with [25] in which 0z, — dx2 is regarded as a whole.

2.5 Theoretical resolution limit of higher DoF mode-localised sensors

Higher DoF mode-localised sensors, like 3-DoF [26] and 4-DoF [27], are demonstrated in Figure 3. Each
resonator is simplified as a mass-spring-damping system with the same parameters of mass (m), stiffness
(resonator stiffness k and coupling spring stiffness k.) and damping (¢). F; is the external driving force
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Table 1 Comparison of resolution limit model of 2-DoF WCRs

Resolution limit model

This model RARQQ\/Q@%A]A/Q:Q@K\/@
shi ~ EqpAF kpTCSfAf
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Figure 3 (Color online) Schematic diagram of multi-DoF WCRs.

acting on the ith resonator. N; is the equivalent fluctuating force caused by thermomechanical noise. X;
is the displacement of the ith resonator. dz; is the fluctuation displacement of the ith resonator. And Ak
is the stiffness perturbation. The two outer resonators contain the same factors. Moreover, the stiffness
of the resonators in the middle of the resonant system is larger than that of the outer resonators. The
ratio between the stiffness of the middle resonators and the stiffness of the outer resonators is a.

When we choose the AR of outer resonators as the output metric, we can use the same method to
deduce the resolution limit of a multi-DoF with (2). Then we can get the differential equations of the
resonant system to calculate X; and dx; in Figure 3:

mX1 + cX1 + kX1 = k(X2 — X1) + 1,

mX, + cXp + akXy = k(Xp1 + Xpr1 — 2X,) + Fp, (19)

an + CXn + (k' + Ak)Xn = kc(Xn—l - Xn) + F’m

m5x1 + 05'301 + kdxy = k‘c(5$2 — (5%1) + N1,

méuxp + célch + akdxy = ke(dxp—1 + dxpyp1 — 20xp) + Np, (20)

MLy, + cOxy + (k + Ak)oxy, = kc(0xp—1 — d0x) + Ny,

where p is a resonator in the middle of resonant system. We just need the amplitude ratio of the two
outer resonators, which means the way to calculate Ay and Ay is the same as before. Then we get
the expressions of Ay and Ay. B’ is a complicated polynomial produced during computing the inverse

matrix:
 CnFi+- -+ CrFy

X1

B’ P} )
n — B'mw% )
CiiN1+ -+ C1y Ny
51.1 = ’ 2 Y
B muwg (22)
oz, =

B'mw3 ’
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Table 2 Comparison of resolution limit model using frequency and AR output metrics

Resolution limit model

Frequency output metric % %Afl/2
2-DoF 2v2r N Af1/2
AR output metric 3-DoF % %Afl/2
2v2k3 N A £1/2
4-DoF Loy Fart

AU Xl Xn 011F1+"'+CI7LF7L Cn1F1+"'+CnnFn .

Because the sensitivity is increased with increasing DoF [26-28], the resolution limit for a higher DoF
resonant system will improve. According to our calculation, the sensitivity of a 3-DoF system is related
to k% and the sensitivity of a 4-DoF system is related to x*:

§(X1/X3) a+rk—1 a-1
Rop = U el el (29
w/wg=1
d(X1/X3) (a—2)2—-kK% (a—2)?
Favar===5—| , * @~ s (25)
w/wg=1

Thus, the resolution limit for 3-DoF and 4-DoF resonant systems may be expressed, respectively, as

2v/2k2 gAfl/Q _ 2V2k? ARET.Af

RAR 3-Dof & -1 F BECES) o ) (26)
2V2k% N 223 ARBT.Af
N /2 = c
RARA-DOf (a _ 2)2 F Af (a _ 2)2 F * (27)

The resolution for a single resonator using frequency as the readout metric can be expressed as [29]

1N
R, = @FAfl/Q, (28)
where @ is the quality factor; x is the coupling factor; a is ratio between the stiffness of the middle
resonators and the outer resonators and its value is 3 [26].

In Table 2, the resolution limit of the sensors based on the frequency-output metric is proportional
to 1/@Q [29], and the resolution limits based on the AR output metric of 2-DoF, 3-DoF and 4-DoF are
proportional to &, x? and 3. It can be seen that the resolution limit of the frequency-output metric
has a better resolution than the 2-DoF mode-localised sensors using the AR output metric. The 3-DoF
mode-localised sensors using the AR output metric have a better resolution limit than both the 2-DoF
and frequency-output sensors, and the 4-DoF sensors indicate the best resolution limit, which is three
orders better than 3-DoF. This trend coincides with the experimental data in [11,23,28]. It can be
seen from the experimental data of mode-localised electrometers that the resolution is improved from
8000 e/vHz to 9.21 e/v/Hz (3-DoF) and 0.256 e/+/Hz (4-DoF).

Thus, we draw some important conclusion about mode-localised sensors. First, the resolution limit of
mode-localised sensors is always related to the coupling factor. We can improve the resolution limit by
decreasing the value of it. Second, for 2-DoF mode-localised sensors, the frequency-output metric has a
better resolution limit than the AR-based output metric since k@) > 1 is necessary for resolving two peaks
in the frequency response of two outer resonators [25]. However, we cannot conclude that the frequency-
output metric is better than the AR output metric since the resolution limit of the AR output metric can
be improved by increasing DoF's in the system. For the AR output metric, the thermomechanical noise,
which is determined by the two outer resonators, would maintain the same level no matter how many
resonators exist in the WCR system. Meanwhile, the enhancement of the sensitivity of 3-DoF and 4-DoF
mode-localised sensors has been proven theoretically and experimentally [26-28]. Thus, the resolution
limit, which primarily depends on noise fluctuations, will improve with the increase in the sensitivity.
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The final and most important conclusion is that the resolution limit of the high-order (the DoFs > 3)
mode-localised sensors using the AR output metric is better than that of the frequency-output metric.
Thus, we can answer the question of whether the ultimate resolution can be improved for mode-localised
sensors by increasing the resonators in the mode-localised system, and the resolution limit is better than
frequency-output metric based on a single resonator. This conclusion also paves the way for further
enhancement of the accuracy of the MEMS sensors based on current fabrication facilities.

3 Models and methods

Based on (2), we use the Laplace transformation to calculate the amplitudes of each resonator as well as
the amplitude fluctuations caused by thermomechanical noise in the resonant system. The amplitude X;
originates from differential equations of the resonant system in Figure 3. The dynamic equations in (19)
can be used to represent a 2-DoF or a higher DoF resonant system. The difference between them is the
middle resonators, whose stiffnesses are at least two times that of the outer resonators.

After simplification, we use Laplace transformation and substitute S = jw to obtain a new set of
equations from (19):

w? w F
(——2+j—+1+ﬁ)xl_ﬁxgz_g,
Wy wo mwg
X1+ (=2 4 fat2k) X, — kX £y (29)
kX, —— —+a K —K = —
p—1 wg Jw()Q p p+1 mwg’

2
w . w F,
—kXn1 + (—2 +j— +1+n+e) X, = —5,
wi  Twoe@ mwg

where wy is the natural frequency of resonators and equals to y/k/m; w is the angular frequency of driving
force Fj; j is the imaginary unit; @ is the quality factor; x is coupling factor, which is a ratio of k./k;
and e represents stiffness perturbation, which is a ratio of Ak/k.

Then we transform (29) into matrix form:

(Dy =k 0 -ov oev e 0 X, F
7’€ e e L .
0 —K :
1
AxX = 5k = —k Dy —k Xl =z | B | (30)
—K 0
—K
L 0 -+ o0 o.n 0 —k Dn_ _Xn_ _Fn_
Di= - i
_ W .
1 w(Q) JWOQ
Dy= = i o (31)
=——+j—+a+2x,
P w? ‘]on
Dy= Y i ks
= ——s +j—— K+ €,
Wi Two@

where D; is diagonal element of the system matrix A, X represents a column vector of displacements X;,
F represents the column vector of driving forces F;.
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X, Dy —k 0 -or oer on. 0 F

B T

0 —K

1
X = e —k Dy —k 108 (32)
—K 0

. . . . . - —KR

_Xn_ [0 o e e 0 —k Dy _Fn_

According to the displacements X; of each resonator, we can get amplitude ratio between the two outer
resonators and sensitivity of the resonant system.

The thermomechanical noise acting on the resonant system can be regarded as fluctuating force INV; to
represent the influence in the system [24]. Thus, we get the dynamic equations of a 2-DoF equivalent
model as shown in Figure 3:

m5x1 -+ c&cl -+ k&cl = kc(5x2 - 51'1) —+ Nl,

moz, + cdx, + akdx, = ko(0x,_ 1 + 6xpi1 — 20x,) + Ny, (33)

MLy, + coxy + (k + Ak)oxy, = kc(0xp—1 — ) + Ny,

where N; represents the magnitude of equivalent force of the thermomechanical noise perturbation. Using
Laplace transformation to transform the equations of motion into frequency domain [24], so we can get
the magnitude of dx; after the same processes of X;:

- - - - -1 _ .

(5I1 D1 —k 0 0 o 0 N1

—k 0 -+ --- :

0 —k 0

1
oxp | = mwa 0 -k Dy =k 0 np (34)
0 —k 0

: : 0 . - —K

_5%_ [0 0 —k Dy _Nn_

Mode-localised sensors are driven at a resonant frequency. There are at least two resonant frequencies
and two resonant modes for a resonant system. We assume the frequencies of the first mode (in-phase
mode) is wq, and the second mode (out-of-phase mode) is we. So, in particular, when ¢ = 0, F; = F,
the rest of the driving force is equal to zero, and w in (9) equals the resonant frequency wy, which is the
resonant frequency of the first mode for mode-localised sensors [25]. Thus, we can attain AR, sensitivity
and the resolution limit of 2, 3 and 4-DoF resonant systems.

4 Conclusion

We have theoretically analysed the resolution limits of mode-localised sensors and compared them with
the frequency-output metric. Here we conclude that first, the resolution limit of mode-localised sensors
is related to the coupling factor x, and we can improve the resolution limit by decreasing the value of
it. Second, for 2-DoF mode-localised sensors, the frequency-output metric has a better resolution limit.
However, the resolution limit of AR-based mode-localised sensors can be improved by increasing DoF's
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in the resonant system, and the resolution limit of the high-order (the DoFs > 3) mode-localised sensors
using the AR output metric is better than that of the frequency-output metric. This finding provides a
theoretical foundation for breakthroughs in the MEMS sensors industry.

In the future, the electrical circuitry noise contribution to the resolution should be studied, and a
direct experimental verification can be obtained. Furthermore, the resolution limit with or without mode
overlapping should be established since it does not exist at the condition to avoid mode overlapping for
high-order systems.
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