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Appendix A Proof of Lemma 1

Lemma 1. Let s, t be positive numbers such that ts > 1 and c ∈ [0, 1). We have

1. ∑
k∈Z

|k−c|>ts

ρs(k − c) 6 2e−πt
2

(
1 +

e−
2πt
s

2
(ρs(Z)− 1)

)
. (A1)

2. If s > ηε(Z), then ∑
x∈Z

|x−c|>t·s

Prx←DZ,c,s (x) 6 2e−πt
2
·

1 + ε

1− ε

1 + e
− 2πt

s

2
(ρs(Z)− 1)

ρs(Z)

 . (A2)

Proof. Note that ∑
k∈Z

|k−c|>ts

ρs(k − c) = e−πt
2 ∑

k∈Z
|k−c|>ts

e
−π (k−c)2−s2t2

s2

= e−πt
2 ∑
k>c+ts

e
− π
s2

(|k−c|−ts)(|k−c|+ts)

+e−πt
2 ∑
k6c−ts

e
− π
s2

(|k−c|−ts)(|k−c|+ts)
.

Since ∑
k>c+ts

e
− π
s2

(|k−c|−ts)(|k−c|+ts)
=

∑
k>dc+tse

e
− π
s2

(k−(c+ts))2
e−

2π
s

(k−(c+ts))t

6 1 + e−
2πt
s

∞∑
k=dc+tse+1

e
− π
s2

(k−(c+ts))2

6 1 + e−
2πt
s

∞∑
k=1

e
−π k

2

s2 ,

and ∑
k6c−ts

e
− π
s2

(|k−c|−ts)(|k−c|+ts) 6
∑

k6bc−tsc

e
− π
s2

(k−(c−ts))2
e−

2π
s
|k−(c−ts)|t
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6 1 + e−
2πt
s

−∞∑
k=bc−tsc−1

e
− π
s2

(k−(c−ts))2

6 1 + e−
2πt
s

−∞∑
k=−1

e
−π k

2

s2 .

So we get an improved Banaszczyk bound

∑
|k−c|>ts

ρs(k − c) 6 2e−πt
2

(
1 +

e−
2πt
s

2
(ρs(Z) − 1)

)
.

Appendix B Proof of Lemma 2

Lemma 2. Let Λ be an n-dimensional lattice, z ∈ Zm a nonzero integer vector, s ∈ Rm with si >
√
z2
max + z2

minηε(Z) for

all i 6 m and ci+Λ arbitrary cosets. Let yi be independent samples from Dci+Λ,si , respectively. Let Y =
∑
i zici+gcd(z)Λ

and s =
√∑

i(zisi)
2. Then D̃Y,s, the distribution of y =

∑
ziyi, is close to DY,s. More precisely,

δRE(PrD̃Y,s [x = x̄], P rDY,s [x = x̄]) 6
1 + ε

1 − ε
− 1.

Proof.

We just include the modification part here. Readers are referred to the proof Theorem 3.2 of [1] for necessary notations.

Our goal is to show that the result holds for a larger scope of si where si >
√
z2
max + z2

minηε(Z).

When bounding the smoothing parameter of L in [1]

η(L) 6 η((S′)−1 · (Z ⊗ Λ)) 6 ηε(Z) · b̃l(Z)/min(si)

where Z = Zm ∩ ker(zT ) = {v ∈ Zm : 〈z,v〉 = 0} and b̃l(Λ) represents the Gram-Schmidt minimum of a lattice Λ where

b̃l(Λ) = minB ‖B̃‖, ‖B̃‖ = maxi ‖b̃i‖ and the minimum is taken over all bases B of Λ.

Micciancio and Peikert bound b̃l(Z) 6 min(‖z‖,
√

2‖z‖∞) because there exist a full-rank set of vectors zi ·ej− zj ·ei ∈ Z
where zi has the minimal |zi| 6= 0 and j 6= i ∈ [1, ..,m]. Among this set of vectors, we have maxi ‖b̃i‖ =

√
z2
max + z2

min

where
√
z2
max + z2

min 6 ‖z‖ when m = 2 it takes equality and
√
z2
max + z2

min 6
√

2‖z‖∞ when zmax = zmin it takes

equality.

And by bounding b̃l(Z) 6
√
z2
max + z2

min, we have η(L) 6 ηε(Z) · b̃l(Z)/min(si) 6 ηε(Z) ·
√
z2
max + z2

min/min(si). And

for si >
√
z2
max + z2

minηε(Λ), it is seen that ηε(Z) ·
√
z2
max + z2

min/min(si) 6 1.

Appendix C Proof of Lemma 3

Lemma 3. If s1t >
√
a2+b2

ψ
,

b(xc) =
β(xc)

α(xc)
6 C3e

−πω2ψ2t2 .

Proof.

Recall that we use the following notations: η =

√
a2+b2

s1
, ψ =

√
a2+b2−a

b
and ω = 1 − η

ψt
. Our goal is to show that

under the condition of s1 = s2 and s1t >
√
a2+b2

ψ
, we have

b(xc) =
β(xc)

α(xc)
6 Ce−πω

2ψ2t2 .

where C = 2(
1−e−π(2ωψηt+η2)

)(
1+e−2πη2 (1+e−4πη2 )

) .

We first analyse α(xc)

α(xc) =
1

ρ2
s1

(Z)

∑
(x1,x2)∈Sxc

e
−π

x21+x22
s21 .

Note that ξ = −ub+va
a2+b2

xc. By (??), we know that

∞∑
k=dξe+1

e
−π (xcu+kb)

2+(xcv+ka)
2

s21 = e
−π ‖P1‖

2

s21

∞∑
i=1

e−πη
2(i2+2i(dξe−ξ)),

and
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−∞∑
k=bξc−1

e
−π (xcu+kb)

2+(xcv+ka)
2

s21 = e
−π ‖P0‖

2

s21

∞∑
i=1

e−πη
2(i2+2i(ξ−bξc)).

Thus

α(xc) =


1

ρ2s1
(Z)

e−π ‖P1‖
2

s21
∑∞
i=0 e

−πη2(i2+2i(dξe−ξ)) + e
−π ‖P0‖

2

s21
∑∞
i=0 e

−πη2(i2+2i(ξ−bξc))

 , if ξ /∈ Z,

1
ρ2s1

(Z)

e−π ‖P0‖
2

s21 + 2e
−π ‖P0‖

2

s21
∑∞
i=1 e

−πη2i2

 , if ξ ∈ Z.

Let

d0 = e−πη
2(1+2(ξ−bξc))(1 + e−πη

2(3+2(ξ−bξc))),

d1 = e−πη
2(1+2(dξe−ξ))(1 + e−πη

2(3+2(dξe−ξ))).

We have

1 + d0 6
∞∑
i=0

e−πη
2(i2+2i(ξ−bξc)),

1 + d1 6
∞∑
i=0

e−πη
2(i2+2i(dξe−ξ)).

These yield an estimation of α(x), if ξ /∈ Z

1

ρ2s1(Z)

(
e
−π ‖P1‖

2

s21 (1 + d1) + e
−π ‖P0‖

2

s21 (1 + d0)

)
6 α(x);

if ξ ∈ Z

(1 + 2d0)e
−π ‖P0‖

2

s21

ρ2s1(Z)
6 α(x).

And as for β(xc), we have

β(xc) =
1

ρ2s1(Z)
∑

(x1,x2)∈Sxc
|x1|>s1t or |x2|>s1t

e
−π x

2
1+x22
s21 .

where |xc| 6
√
a2 + b2s1t.

Three cases shall be discussed separately

1. (a− b)s1t 6 xc 6
√
a2 + b2s1t;

2. −(a− b)s1t < xc < (a− b)s1t;

3. and −
√
a2 + b2s1t 6 xc 6 −(a− b)s1t.

Case I: (a− b)s1t 6 xc 6
√
a2 + b2s1t.

In this case, condition |x1| > s1t or |x2| > s1t corresponds to k 6
⌊−s1t−xv

a

⌋
or k >

⌈
s1t−xu

b

⌉
. So by

(??),

β(xc) =
1

ρ2s1
(Z)


∞∑

k=

⌈
s1t−xcu

b

⌉ e
−π (xcu+kb)

2+(xcv+ka)
2

s21 +

−∞∑
k=

⌊
−s1t−xv

a

⌋ e
−π (xu+kb)2+(xv+ka)2

s21


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=
1

ρ2s1
(Z)

e−π
‖P1‖

2

s21

∞∑
i=

⌈
s1t−xcu

b

⌉
−dξe

e
−πη2(i2+2i(dξe−ξ))

+

1

ρ2s1
(Z)

e−π
‖P0‖

2

s21

−∞∑
i=

⌊
−s1t−xcv

a

⌋
−bξc

e
−πη2(i2−2i(ξ−bξc))



Note that (a− b)s1t 6 xc 6
√
a2 + b2s1t, we see that

⌈
s1t− xcu

b

⌉
− dξe > s1t− xcu

b
− ξ − 1 >

√
a2 + b2 − a
b
√
a2 + b2

s1t− 1

Obviously,
√
a2+b2−b
a
√
a2+b2

>
√
a2+b2−a
b
√
a2+b2

as a > b > 0, we get

⌊−s1t− xcv
a

⌋
− bξc 6

−s1t− xcv
a

− ξ + 1 6 −
√
a2 + b2 − b
a
√
a2 + b2

s1t+ 1 6 −(
√
a2 + b2 − a
b
√
a2 + b2

s1t− 1).

Case III: −
√
a2 + b2s1t 6 xc 6 −(a− b)s1t.

In this case, condition |x1| > s1t or |x2| > s1t corresponds to k 6
⌊−s1t−xcu

b

⌋
or k >

⌈
s1t−xcv

a

⌉
. So

similarly with Case I, we see that

⌈
s1t− xcv

a

⌉
− dξe >

s1t− xcv
a

− ξ − 1 >

√
a2 + b2 − b
a
√
a2 + b2

s1t− 1 >

√
a2 + b2 − a
b
√
a2 + b2

s1t− 1.

Also

⌊
−s1t− xcu

b

⌋
− bξc 6 −s1t− xcu

b
− ξ + 1 6 −(

√
a2 + b2 − a
b
√
a2 + b2

s1t− 1).

Case II: −(a− b)s1t < xc < (a− b)s1t.
In this case, condition |x1| > s1t or |x2| > s1t corresponds to k 6

⌊−s1t−xcv
a

⌋
or k >

⌈
s1t−xcv

a

⌉
. So by

(??),

β(x) =
1

ρ2s1
(Z)


∞∑

k=

⌈
s1t−xcv

a

⌉ e
−π (xcu+kb)

2+(xv+ka)2

s21 +

−∞∑
k=

⌊
−s1t−xcv

a

⌋ e
−π (xcu+kb)

2+(xcv+ka)
2

s21



=
1

ρ2s1
(Z)

e−π
‖P1‖

2

s21

∞∑
i=

⌈
s1t−xcv

a

⌉
−dξe

e
−πη2(i2+2i(dξe−ξ))

+

1

ρ2s1
(Z)

e−π
‖P0‖

2

s21

−∞∑
i=

⌊
−s1t−xcv

a

⌋
−bξc

e
−πη2(i2−2i(ξ−bξc))



Obviously, a
2+2b2−ab
a(a2+b2) >

√
a2+b2−a
b
√
a2+b2

as a > b > 0, we have

⌈
s1t− xcv

a

⌉
− dξe >

s1t− xcv
a

− ξ − 1 >
a2 + 2b2 − ab
a(a2 + b2)

s1t− 1 >

√
a2 + b2 − a
b
√
a2 + b2

s1t− 1.

and ⌊−s1t− xcv
a

⌋
− bξc 6

−s1t− xcv
a

− ξ + 1 6 −
a2 + 2b2 − ab
a(a2 + b2)

s1t+ 1 6 −(
√
a2 + b2 − a
b
√
a2 + b2

s1t− 1).
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When s1t >
√
a2+b2

ψ , we have ω > 0 and ψ
η t−1 > ωψ

η t. As a result, for all xc ∈ [−
√
a2 + b2s1t,

√
a2 + b2s1t],

we have

−∞∑
i=

⌊
−s1t−xcv

a

⌋
−bξc

e
−πη2(i2−2i(ξ−bξc)) 6 D0, and

∞∑
i=

⌈
s1t−xcv

a

⌉
−dξe

e
−πη2(i2+2i(dξe−ξ)) 6 D0.

where D0 = e−πω
2ψ2t2

1−e−π(2ωψηt+η2)
.

So

β(x) 6
1

ρ2s1(Z)

e−π ‖P1‖
2

s21

∞∑
i=d s1t−xcva e−dξe

e−πη
2(i2+2i(dξe−ξ))

+

1

ρ2s1(Z)

e−π ‖P0‖
2

s21

−∞∑
i=b−s1t−xcva c−bξc

e−πη
2(i2−2i(ξ−bξc))


6

1

ρ2s1(Z)
D0

(
e
−π ‖P1‖

2

s21 + e
−π ‖P0‖

2

s21

)

Thus when ξ ∈ Z

b(xc) =
β(xc)

α(xc)
6

D0

(
e
−π ‖P1‖

2

s21 + e
−π ‖P0‖

2

s21

)

e
−π ‖P0‖2

s21 (1 + 2d0)

=
(1 + e−π/s

2
1)e−πψ

2ω2t2

(1− e−π(2ωψηt+η2))(1 + 2e−πη2(1 + e−3πη2))

6 D1e
−πω2ψ2t2

where D1 = 1+e−π/s
2
1

(1−e−π(2ωψηt+η2))(1+2e−πη2 (1+e−3πη2 ))
.

And when ξ /∈ Z, assume ‖P1‖2 > ‖P0‖2 without loss of generality, we have

b(xc) =
β(xc)

α(xc)
6

D0e
−π ‖P1‖

2

s21 +D0e
−π ‖P0‖

2

s21

e
−π ‖P1‖2

s21 (1 + d1) + e
−π ‖P0‖2

s21 (1 + d0)

6
2D0e

−π ‖P0‖
2

s21

e
−π ‖P0‖2

s21 (1 + d0)

6
2e−πω

2ψ2t2

(1− e−π(2ωψηt+η2))(1 + 2e−2πη2(1 + e−4πη2))

6 D2e
−πω2ψ2t2

where D2 = 2
(1−e−π(2ωψηt+η2))(1+2e−2πη2 (1+e−4πη2 ))

.

Let C = D2 > D1, for all ξ, we have

b(xc) 6 Ce−πω
2ψ2t2
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