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Dear editor,

Opinion evolution is ubiquitous in everyday life. People of-
ten alter their attitudes or behaviors such that they can be
more similar to or different from others. These processes of
social influence may occur because of several reasons, e.g.,
persuasion and conformity. In fact, opinion dynamics con-
cerns important topics in social sciences, such as commu-
nity cleavage, political opinion, and social organization [1-3].
Therefore, various mathematical models have been proposed
to reveal the underlying mechanisms [1,4].

The simplest and most natural model is the DeGroot
model [2], where individual views are modified as convex
combinations of others’. The mathematical form of the De-
Groot update rule guarantees that a group will finally come
to an agreement if everyone has some connections with each
other. On the other hand, Friedkin and his colleagues pro-
posed the Friedkin-Johnson (F-J) model [2]. Individuals’ ini-
tial views in this model, which can be regarded as personal
prejudices or a group’s history, can influence their opinion
formation processes. In this way, interpersonal disagreement
appears. Empirical findings of opinion landscapes, however,
cannot be explained alone by most of the existing models,
including the above ones [1]. Social datasets like European
Social Survey and General Social Survey make it possible for
researchers to compare the behaviors of theoretical models
with real-life evidences. It is discovered that mass opinion
usually has three main characteristics: (i) a large part of
the population hold moderate or neutral views; (ii) on both
sides of the middle peak there are two clusters with non-
extreme opinions; (iii) two small groups of individuals hold
oppositely extreme views. This is more complex than the
behaviors of the models mentioned above.

In this study, we consider an opinion model motivated by
previous discussion. Under our model we uncover three ma-
jor phenomena. First of all, the proposed model can partly
explain the patterns indicated by empirical data. Secondly,
the model unifies the classic DeGroot model and F-J model
by introducing a confidence interval. Finally, our model
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also predicts opinion fluctuation, which is another crucial
phenomenon [5,6].

Model definition. Let V = {1,2,...,n} be the set of
agents and £ be the set of edges that represent the interac-
tions among the agents. Hence graph G = (V, £) defines the
social network. Let x;(t) denote the opinion of agent i at
time ¢, and x(t) denote the opinion vector at time ¢.

The update of opinions has two stages. The first one is
actually a DeGroot rule:

1
sit) = > mgcj(t), t>1,

JEN;
where N; is the neighbor set of agent i and contains i itself.
Let Zo(i) := [z:(0) — ci,zi(0) + ¢i], ¢; = 0, be the confi-
dence interval that controls the second stage of updating.
Then the discrete-time opinion update rule of agent ¢ is as
follows:

si(t),
(1 — hyg)si(t) + hiz;(0),

Si (t) (S (Z),

si(t) & Zo(), W

z;(t + 1){

where h; € [0, 1] measures the stubbornness of agent 4, and
the initial value x;(0) represents the personal bias of i, ¢ € V.

Intuitively, s;(t) is the primary discussion result of agent
¢ at time ¢t. According to the confidence interval, the agent
decides whether to accept the result. The impact of personal
bias takes place as soon as an agent realizes the “dissatisfac-
tion” towards the result. Parameters ¢; and h; reflect agent
i’s openness and agreeableness, which are personal traits in
the Big-Five model [7]. The acceptance to new ideas relates
to the first one; the tendency to defer to others is relevant
to the second. For simplicity, here all ¢; are equal and so
are h;, that is, we adopt a homogeneous model. Thus, set
c; =cand h; = h forie V.

In general, not all z;(0) are equal. Therefore, let
max;cp{z;(0)} be 1 and min;ep{z;(0)} be 0, which can
be done via a coordinate transformation. Without loss of
generality, suppose that ¢ € [0,1]. Model (1) becomes a De-
Groot model provided that h = 0 or ¢ = 1. When ¢ = 0
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(Color online) The macro-behaviors of empirical data with a normal distribution, a Beta distribution, the proposed

model, the proposed heterogeneous model, and the homogeneous F-J model. The empirical data demonstrated in (a) are selected
from European Social Survey 2014 (ESS2014), and those in (b) are selected from General Social Survey 2014 (GSS2014).

the model becomes an F-J model with A = hl,, because
5i(t) € Z;(0) < s4(t) = 2:(0).

Macro-behaviors of the model. One of the concerns in the
literature is how much the opinion models can predict the
attitude distributions in reality [1]. In this study, we use the
political landscape data of European Social Survey and Gen-
eral Social Survey (see Appendix F for details) to demon-
strate the major properties and discuss the macro-behaviors,
i.e., the opinion distributions of the DeGroot model, the F-J
model, and the proposed model.

As shown in Figure 1, more than one third of the popu-
lation hold moderate views. A large number of individuals
with non-extreme opinions form two clusters on both sides
of the former group; a small crowd of people are extremists.

The shape of the empirical data is not that of normal
or Beta distribution, which is illustrated in Figure 1. The
DeGroot model cannot explain the complex phenomenon ei-
ther, because it can only generate consensus for a connected
network. As we said before, the proposed model becomes a
homogeneous F-J model when ¢ = 0. The macro-behavior of
the homogeneous F-J model, however, is similar to a normal
or Beta distribution.

In fact, our model can provide an acceptable explana-
tion for the moderate group with a large population and the
clusters of non-extreme views. Proper openness parameter
¢ makes individuals with moderate views influenced by both
positive and negative sides, which results in a crowd of neu-
trals. The emergence of non-extreme clusters is due to large
agreeableness parameter h. That makes non-extreme indi-
viduals stick to their initial positions. The same kind of phe-
nomenon is also discovered for a confidence-based model [8]
but may result from different reasons.

The proposed homogeneous model cannot explain the ex-
istence of extremists, but a slightly modified heterogeneous
model may. When individuals who hold extreme views in
the beginning have large h, they may not be persuaded eas-
ily, which is natural in real life. Then the heterogeneous
model, still having the two characteristics (i) and (ii) we
mentioned above, generates extreme clusters, as shown in
Figure 1.

Behaviors of the model. The model may not converge in
general, but numerical simulations (Appendix D) show that
for ¢ greater than 0.5, which represents that people are ac-
ceptive towards distinct views, the group will finally reach
a consensus. Conversely, when a group is less open to new

ideas, i.e., c is relatively small, it will end in disagreement.
This implies that the phenomena predicted by the DeGroot
and F-J models can also be produced by our model. More
complex phenomena can emerge when c is neither too large
nor too small. In fact, it is illustrated by numerical simula-
tions (Figure D1) that the convergence of system (1) mainly
depends on the value of ¢. Systems that do not converge may
end in fluctuating periodically, which is common in reality,
for example, fashion cycles [6]. A special case is provided
in the following. This complexity shows that the opinion
fluctuations in society [5,6] may be caused by the distrust
between individuals, rather than the existence of stubborn
agents [5]. That adds to the understanding of opinion for-
mation processes.

Analytical results. Let Ms(t) and ma(¢) denote the sec-
ond largest and the second smallest values, respectively.
Clearly, 0 < m2(0) < 1 and 0 < M2(0) < 1. The following
result shows that the model behaves like the DeGroot model
for a sufficiently large c.

Theorem 1. Suppose that G is connected. For any ini-
tial value and 0 < h < 1, system (1) reaches a consensus
if ¢ satisfies that ¢y < ¢ < 1, where ¢y = 1 — n% min{(1 —
M>(0)), m2(0)} and d is the diameter of G.

Corollary 1. Suppose that G is connected and there are
only two agents with initial values 1 and 0, respectively. For
any initial value and 0 < h < 1, system (1) reaches a consen-
sus if c satisfies that 1 — % min{(1—M2(0)),m2(0)} <c< 1.

When the underlying social network is a complete graph,
it is verified that the behavior of our model is the same as
F-J model for a sufficiently small c. Moreover, we also have
a better bound of ¢ for consensus.

Theorem 2. Suppose that G is complete.

(i) System (1) reaches a consensus for ¢} < ¢ < 1, where
cf = maX{% > 2i(0),1 - % > %i(0)}.

(i) If h € [0,1] and ming{|L Y1 2:(0) — 2:(0)[} > 0,
then system (1) converges but not necessarily reach a con-
sensus for 0 < ¢ < b, where ¢} = mini{\% S 2(0) —
z;(0)|}.

We are also able to show the existence of period orbits
for two-island networks with a special initial condition.
Theorem 3. Let G = (V1 UVs, &) be a two-island network
with z;(0) = 1 for all ¢ € V1 and z;(0) = 0 for all ¢ € Va.
Then

(i) For (h,c) € Rp, the system reaches a consensus,
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where Rp := [0, 1] X [%, 1Ju{0} x [0,1];

(ii) For (h,c) € Rp, the system converges to the limit
point of the corresponding F-J model, where Rp := {(h,c) €
[0,1]%[0,1] : (1—w)—2(1—w)c—(2w—1)ch = 0}\{(1, 1—w)};

(iii) For (h,c) € [0,1] x [0,1]\ (Rp U RF), either the sys-
tem converges to a period orbit or the w-limit set of (1) is
a Cantor set.

Conclusion. In this study, we proposed an opinion dy-
namics model, unifying the DeGroot and F-J models, to
predict complex real-life phenomenon which cannot be ex-
plained by the latter two models. The behavior of the pro-
posed model was also discussed briefly.
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