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Dear editor,

Recently, convolutional neural networks (CNNs) have ex-

hibited high performance particularly in object detection

[1], face recognition [2], and image classification [3]. How-

ever, there has been little work on CNN models for multi-

dimensional data, such as the three-dimensional (3D) data,

which are typically presented as color images [4]. Tradi-

tional real-valued CNN models [4] have achieved state-of-

the-art results for gray-scale images. However, color images

are handled by simply treating them as three gray-scale im-

ages to apply real-valued CNN models independently, which

potentially leads to the loss of fusion information of different

color channels. Guberman [5] proposed the idea of complex-

valued CNN with complex-valued inputs and parameters,

showing that they can be seen as restricted forms of larger

real-valued CNNs, and as such have the potential to mitigate

over-fitting issues.

Kominami et al. [6] extended CNNs to the quaternionic

domain, namely quaternion-valued CNNs (QCNNs) that

can efficiently handle problems with multiple inputs and

multiple outputs. Traditional real-valued neural networks

cannot directly represent data in multidimensional spaces,

particularly 3D signals such as color images. On the con-

trary, QCNNs can efficiently deal with color images but only

by encoding the three color channels into the three imagi-

nary parts, due to the noncommutativity of quaternionic

multiplication. Unfortunately, it may inevitably produce

substantial data redundancy and a more complicated net-

work structure, and is not conducive to the design of fast

algorithms.

Existing CNN models represent color image pixels either

as scalar [4], resulting in the loss of some inherent color

structure, or as a quaternion vector matrix [6], significantly

increasing the computational complexity. Herein, we present

a novel type of CNN based on reduced geometric algebra

(RGA), which we call an RGA-CNN. This represents both

the input color image pixels and convolution kernels as RGA

multivectors, which enables it to capture the inherent color

structures, eliminates data redundancy, and simplifies the

network.

The theory of RGA with commutative multiplication

properties is introduce in [7]. Our model utilizes RGA the-

ory to represent the input image, neurons, convolution ker-

nels, learning algorithm, and all related computations within

the RGA framework, which is used to define the basic opera-

tional rules, properties, and convolution operations. In this

way, we can fully preserve joint channel information and

consequently reduce the network complexity. Finally, we

conduct experiments to evaluate the effectiveness and feasi-

bility of proposed model, showing that it can preserve the

inherent color structures and achieve higher learning perfor-

mance at a lower training cost.

RGA-CNNs. We propose a novel type of CNN based on

RGA, which we call an RGA-CNN. Its basic structure is

presented in Appendix B, and its operation process can be

summarized as follows.

The input matrix and convolution kernel are represented

as RGA multivectors A ∈ (GR
2 )M×M and K ∈ (GR

2 )N×N ,

respectively. In each convolution layer (shown in Appendix

B), the output B ∈ (GR
2 )(M−N+1)×(M−N+1) is given by

b = f

(

∑ ka

|k|
+ ϕ

)

. (1)

The notation used in (1) is defined in Appendix B.

Then, we extend the conventional max-pooling method

from the real domain to the RGA domain, as follows:

cij = max
(k,l)∈Cij

bkl. (2)

Again, the notation used in (2) is defined in Appendix B.

Generally, after a series of convolution and max-pooling

layers, the final outputs are used as input to an RGA-based

multilayer perception (RGA-MLP). RGA-MLPs and their

associated learning algorithm are defined in Appendix B.

The learning rate and training loss play important roles in

the training of CNN models. Choosing a suitable learning

rate enables the objective function to converge to the local

minimum within a reasonable number of iterations. If the
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Figure 1 (Color online) Training loss curves achieved by the real-valued CNN, QCNN, and proposed RGA-CNN for

(a) the 3D geometrical shape and (b) the color image classification tasks.

learning rate is too low, convergence will be very slow. By

contrast, if the learning rate is too large, the loss may os-

cillate around the minimum value, or even fail to converge.

Using a fixed learning rate means the loss will likely oscillate

within a larger range near the optimal value, while decreas-

ing the learning rate during later epochs means it will con-

verge to oscillate within a smaller area near the minimum

value. This shows that choosing an appropriate learning

rate is very important for training CNN models.

The loss function is typically used to estimate the pa-

rameters, and is some function of the difference between the

estimated and true values for the training examples. During

training, it specifies how differences between the predicted

(output) and true labels are penalized, and is normally based

on the neural network’s final layer.

Results and discussion. Now, we perform classification

experiments with 3D geometrical shape and color image

datasets to compare the practical performance and compu-

tational efficiency of our proposed RGA-CNN model with

those of existing real-valued CNN [4] and QCNN [6] mod-

els, both quantitatively and visually. Figure 1(a) and (b)

show the training loss curves achieved by the real-valued

CNN, QCNN, and proposed RGA-CNN for the 3D geo-

metrical shape and color image classification tasks, respec-

tively. Here, we can clearly see that our proposed RGA-

CNN achieve significantly higher performance, namely lower

training losses and higher test-set accuracies, than the tra-

ditional real-valued network. This is due to the proposed

RGA-CNN’s ability to learn and explore the inherent color

structures of the color images, which play an important role

in such classification tasks. Appendix C presents additional

simulation results.

Currently, CNNs have been developed that are based

on real-valued, complex-valued, and quaternion-valued do-

mains. Many improved schemes have been developed for

real-valued CNNs, enabling them to achieve state-of-art per-

formance. For example, Graham [8] proposed an effective

CNN structure and formulated a fractional max-pooling ap-

proach where the multiplicative factor α is allowed to take

on non-integer values, demonstrating that this could re-

duce overfitting on a variety of datasets, such as CIFAR-

100. Springenberg et al. [9] also presented an improved

CNN architecture, consisting solely of convolutional layers,

that yielded competitive or state-of-the-art performance on

several object recognition datasets (CIFAR-10, CIFAR-100,

and ImageNet).

By contrast, we focus on utilizing RGA theory to ex-

tend existing real-valued CNNs or quaternion-valued CNNs

(QCNNs) to the RGA domain, in order to develop what we

call RGA-CNNs. Our aim is to construct CNNs that can

effectively handle multidimensional signals with higher per-

formance and lower data redundancy and computation com-

plexity than real-valued CNNs or QCNNs. To demonstrate

the superiority of the proposed RGA-CNNs over real-valued

CNNs and QCNNs, we conduct classification experiments by

constructing CNNs of each of these three types with typical

structures.

In future work, we will explore potential extensions to

our proposed RGA-CNNs, aiming to improve their archi-

tectures and achieve greater performance. Inspired by the

work in [8, 9], we also plan to further improve our algo-

rithm. This approach holds great promise for improving

multi-dimensional signal processing.

Conclusion. In this study, we have proposed a new

type of convolutional neural network (CNN) based on RGA,

which we call an RGA-CNN. This successfully extends tra-

ditional real-valued CNNs into RGA spaces. RGA-CNNs

can process multidimensional data in a holistic manner, re-

taining the relationships between different dimensions. To

create RGA-based networks, we have redefined the convo-

lution, pooling, hidden, and output layers based on RGA

theory. To demonstrate the effectiveness of the proposed

RGA-CNNs, we have also performed classification experi-

ments using 3D geometric shape and color image datasets,

comparing the RGA-CNN’s classification results with those

of a real-valued CNNs and a QCNN. This results indeed

show that the proposed RGA-CNN yields the best perfor-

mance, with lower training losses, higher test-set accuracies,

and faster convergence than the real-valued CNN and faster

computation than the QCNN.
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