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Abstract We propose a scheme to generate two-axis countertwisting squeezed spin states from a one-axis
twisting Hamiltonian via Uhrig dynamical decoupling. The proposed scheme significantly reduces the number
of control pulses or requires shorter evolution time compared to previous proposals. The minimum number
of applied pulses changes relative to the spin number almost linearly. The proposed scheme significantly
relieves the experimental demand on the applied pulses or the evolution time, and we expect it would be
within the reach of current spin squeezing experiment.
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1 Introduction

Squeezed spin states (SSS) [1-4] are a type of quantum correlated states of a spin ensemble. SSS can
reduce fluctuations in one of the collective spin components and, therefore, play a crucial role in quantum
metrology [2,3,5-11] and quantum information science [12-24]. Kitagawa and Ueda identified two types
of SSS: one-axis twisting (OAT) and two-axis countertwisting (TACT) [1]. OAT SSS can be realized
by the Hamiltonian H; o« J? and allow precise measurements to scale with 1/N 2/3 where N is the
spin number of the system. TACT can be generated under the Hamiltonian Hy o J2 — Jg and causes
Heisenberg limited noise reduction to scale as 1/N. The squeezing direction of OAT is time-dependent
while that of TACT is fixed. Thus, TACT provides better spin squeezing than OAT.

OAT SSS have been achieved experimentally in binary Bose-Einstein condensates (BEC), where the
OAT Hamiltonian inherently turns up from inter- and intra-component interactions. A natural promotion
for preparing SSS is to achieve the high quality of the OAT and even to realize the TACT. Coherent control
of external pulses is an effective way to improve an OAT SSS, and to date, various related schemes have
been proposed [25-30]. In a previous scheme [26], one or two global rotation pulses with an appropriate
evolution time and optimized rotation angles can achieve significant improvement compared to OAT
squeezing. However, to achieve the best squeezing, this scheme requires a long evolution time, which
would be an obstacle in systems with a short coherence time. In addition, that scheme is spin-number-
dependent; thus, it is naturally difficult to apply to some systems, such as ultracold atomic gases, where
the exact spin number N is unknown. Another scheme [25], stroboscopically applied a large number
of repeated Rabi pulses and successfully converted the OAT to TACT. However, in that scheme, the
large number of pulses acting on the atoms inevitably results in accumulated noise and imperfect control
pulses. Some subsequent studies [27, 28] developed this idea, and reduced the applied pulse number to a
much smaller value; however, it is still difficult to realize them in experiment.
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In this paper, we propose a scheme to generate TACT SSS by manipulating the OAT interactions via
Uhrig dynamical decoupling (UDD) [31-33]. Taking advantage of the optimal control on external pulse
sequences provided by UDD, we found that only a small number of pulses are required to realize TACT.
Compared to previous schemes that require 2000 [25] and 100 [27] control pulses to reach the TACT
type of spin squeezing, the proposed scheme requires only 38 control pulses. This dramatic reduction of
manipulated resources sheds light on the experimental realization of TACT SSS [34].

This remainder of this paper is organized as follows. In Section 2, we present the theoretical scheme
based on UDD and show the specific pulse sequence. In Section 3, we provide numerical results and
compare the new UDD scheme to our previous proposal based on Trotter-Suzuki expansion theory [27].
Conclusion and suggestion for future work are presented in Section 4.

2 The scheme

We consider a two-component BEC consisting of N atoms in two different hyperfine states |g) and |e)
coupled by an external field (microwave field or a Raman laser). Under the resonant condition, the
Hamiltonian of this system is [35, 36]

leHg+He+Hext; (1)

where H, and H, describe the two-component condensate and Hey is the interaction with the external
field. In the second quantization, the above terms are given by (i = 1) [35, 36]

V2 Ui
_ 3 T 4 t .
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where ¥;(r) and ‘I/j (r) are the atomic field operators that annihilate and create a particle at position r
in the hyperfine state |i) (i = g, e). The trapping potential for atoms in state |g) and |e) is presented by
Vy(r) and Ve(r), and the mass of the atoms is m. The interaction strengths are denoted by Uy, Uee and
Uge for collisions between particles in state |g), |e) and interspecies collisions, respectively. A(t) is the
effective Rabi frequency.

We assume that the spatial degrees of freedom can be described using one spatial mode function
for each component ¥,(r) = ap,(r) and ¥.(r) = bp.(r), where ¢4(r) and ¢.(r) are normalized wave
functions, and a and b are bosonic annihilation operators in the internal state |g) and |e) obeying the usual
bosonic commutation relations [a,af] = 1, [b,b7] = 1, [a,b] = 0 and [a,b[] = 0. Under the single-mode
approximation, the Hamiltonian in (1) can be rewritten as

Q(t
Hy = wya'a + wbb + %(alfb + ab') 4+ ugeatab’d + %awcﬁ + %bwa, (3)
where the relevant parameters are as follows:
3 Ve
Wo(e) = / drege) () [—% + V(o) (T)} a(e) (1), (4)
o = Uni [ 11, (0Plo, (P, 0= g.c 5)

mw:A@/ﬁ%@vmam. (6)

We define the angular-momentum operators in term of the BEC operators in this way: J, = %(bTa —
a'b), J, = +(aTb+bla) and J. = 1 (a'a—b'b), the Hamiltonian of the two-component BEC shown by (3)
reduces to the OAT Hamiltonian:

Hy = xJ? +Q(t)J, + 6], (7)

where the relevant parameters are given by

X = (ugg + Uee — 2uge) /2, (8)
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6 = wy — we + (Ugg — tee) (N —1)/2, (9)

where x is the effective nonlinearity resulting from intra- and interspecies interaction, and we may take
0=0.
For ideal pulses, i.e., YN < |€(t)|, the nonlinear interaction can be ignored when the control pulses are

. . s 2 i (T2
switched on. A 7/2 pulse corresponds to [*_Q(t)dt = 7t/2, which can generate e X7+t and e iX(=J, At
. 2 .
from e~ X7t via
. 2 . 2

RY pe XTI RY = e Xat (10)

-3 5 Y
RY ﬂefifo%Rgr efiX.IfAtRy nefix.lf%Rzi ~ efix(fjj)At, (11)

—% ) —% 3

—i+Z,

where At is a small time duration, and R@:’t% =e , rotating the spin around y-axis by an angle £7.

The derivation of (11) can be described as follows.
If we assume the time evolution operator Uy as follows:

s 2 At s 2 s 2 At
Ui =RY ze X5 Rhe XWEAIRY e X5 RY
2 2 2 2

. 2 A . 2 . 2A
e_IXJ”Tte_IXJZAte_IXJ”Tt
L 72 At S 72 At S T2 At L 72 At
eflix = efliz > efliz 5 eflix 5 (12)

Using the Baker-Campbell-Hausdorff (BCH) formula, the evolution operator U; becomes

(xAt)?
924

Up = exp (—iX(Jﬁ +J2)At (202, { T, {dy, T 1Y + 12, { Ty { Ty, 1) + O((XAt)g)) , (13)

where {A, B} = AB + BA denotes the anticommutator of operator A and B. For small xYAt, we have
3

—%(2[@2, { T, {dy, T3 + T2, { T, {Jy, T2} }]) + O((At)?) ~ 0 after ignoring the 3rd- and higher-

order terms. Because of the commutation relation [J?, Hy] = 0, J? = JZ 4+ J; + JZ is conserved during

the dynamics. So up to a constant phase factor, the evolution operator can be rewritten as

Uy ~ e~ x(2+7D)At

. 2 2 2 2
_ e*IX(JwJFJz +Jy7Jy)At
. 2
_ e—lX(—Jy)At' (14)

Hence, according to (12)—(14), one can obtain the relation of (11).
It is well known that UDD can eliminate the qubit-bath coupling to the Mth-order of the whole
evolution time ¢, using M instantaneous 7 pulses applied at [31,32]

9 T

tj = tysin® ———
g wSIin S 1)’

7=12..., M. (15)

Inspired by the main idea of UDD that the system-environment interaction Hgp is switched between
Hgsp and —Hgp by external pulses applied at t; and UDD may get the best result in the sense that
it uses the minimum number of control pulses for a given order of decoupling in dynamical decoupling
field, we propose to generate TACT from OAT based on UDD. Since the desired TACT Hamiltonian
is Hy oc x(J2 — J;), we arrange the spins to evolve alternately under the Hamiltonian y.J? and —XJy2
following the pulse sequence of UDD. Hereafter we abbreviate the M-pulse UDD as UDD,;, and the
corresponding sequence of x.J2 and fxn]yQ to get TACT is written as UDD}{/I. The schematic plots of
UDD}{/I with M =1,2,...,6 are shown in Figure 1(a). We apply the pulse sequence according to UDD}@
for each single period t., = topt/Ne, Where top¢ is the optimal squeezing time when the spin squeezing
reaches its minimum, and N, is the total number of cycles. The entire pulse sequence is named as
PSyppy, as shown in Figure 1(b).

Based on UDD}{/I, let us turn to the realistic pulse sequence, namely UDD{/I7 that is applied to generate
the corresponding effective interactions of x.J2 and fog from the system Hamiltonian H; = xJ 22+Q(t)Jy
respectively according to (10) and (11) as illustrated in Figure 2(a). The red and green rectangles
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Figure 1 (Color online) Schematic illustrations of the alternate evolution under the Hamiltonian XJi and —xJﬁ according
to UDD. (a) The sequence of X.Ii and 7)(.15 corresponding to UDD]JW for M = 1,2,...,6, and for simplicity x is omitted.
(b) PSUDD]JW, the whole series of xJ2 and 7)(.15 from t =0 to t = topt-

represent the 3 and —% pulses around y-axis respectively, between which the system evolves under the

Hamiltonian H; = x.J2. For UDD%F1 and UDD% with M being even, the £7 pulse is instantly applied
at the following time:

3t — tima1 El El
Ty = mfm*_ +Zt2i *thi—l,

(16)
Tm+1 :TnL+tnL+1 —tm, m=1,3,..., M —1,

o o
Ty=Tys1 =1+ Ztm‘ - Zt%—l;
i=1 i=1

where ¢y, = 1 for UDD}, ;.

Being subject to the impact of the UDDE pulse sequence, the atomic dynamics can be described by
the following evolution operator:

Uy = e_iX*]i(Tw_Tl\l)e_iXJf(TI\/I_TJ\l—l)
. e*iXJg(TM—l*TMfz) . e*iXJﬁ(TS*Tz)
. e—ifo(Tg—Tl)e—ifo,Tl

~ e B (=TT, (17)
By periodically repeating the above UDDQ pulse sequence, we get the whole pulse sequence PSUDDE.

Eventually the entire evolution within a duration ¢, = N1, can be expressed as
U— UQNC ~ o 13 (2= J)NTw _ e—i%(Jﬁ—Jﬁ)t, (18)

which manifests that the evolution is governed by the desired TACT Hamiltonian:
X/ 72 2

H, = §(Jf - Jy) (19)

with a reduced interaction strength x/3.
Moreover, from Figure 2 one can note that, for even M, PSyppr and PSyppr  need the same pulse
number M N. + 2 for N, pulse cycles. The accuracy of the former is 1-order higher than that of the
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Figure 2 (Color online) An illustration of the pulse sequences for generating TACT-type Hamiltonian Hy o X(Ji - Js) (a) The
pulse sequence of UDDL for M = 1,2,...,6, here the red and green rectangles correspond to the 5 and —Z pulses around y axis,

respectively. (b) PSUDDT , the whole pulse sequence from ¢t = 0 to t = topt.
M

(a) 2 12
UDD] ]x y

1770 t,=0.5t,, tw 't
UDD/ | R Ji 5 |
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Figure 3 (Color online) (a) The sequences of x.J2 and —st based on UDD{ and UDDj. (b) The pulse sequences for one single
period used in [25] and in our previous work [27], which can be obtained via UDD{ and UDDJ respectively.

latter. In order to achieve higher performance with smaller number of pulses, in practice, we will focus
on PSUDD};I Wlth M = 2, 47 6, P

In addition, it should be noted that our UDD%I proposal is not exceptional, but actually a universal
scheme in the context of pulse-assisted TACT spin squeezing. It can recover the previous schemes
proposed by Liu et al. [25] and by our group [27]. According to UDD? and UDDj (see Figure 3(a)), one
can take advantage of (10) and the following (20) to realize the free evolution of the effective Hamiltonian
xJ2 and —XJyQ,

Us = R_ge_ixijtR%e—ifoAt
— o iXJI At —ix AL

_ o (I AH SR 1 (], 7.} HO((xA)?)

~ e—iX(—Jz)At, )

so the final realistic pulse sequence for one single period in [25] and our previous work [27] are shown in
Figure 3(b).
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Moreover, one can note that Liu et al.’s scheme actually corresponds to the UDDI‘] with the 1lst-order
approximation of the BCH formula, and our previous scheme (the TS2 scheme), which is based on Trotter-
Suzuki 2nd-order expansion theory, corresponds to the UDDg with the 1st-order BCH approximation,
while our present UDD& is the UDDJM (M =2,4,...,6) with the 2nd-order approximation of the BCH
formula. This is the key point that our current PSUDDL scheme can reach high precision TACT with
significantly smaller number of pulses, which will be discussed in detail in Section 3.

3 The numerical results and analysis

The degree of spin squeezing, following Kitagawa and Ueda’s criteria, can be quantified by the squeezing
2
parameter £2 = %, where (AJ) )2 is the smallest variance in the direction normal to the mean

min
spin vector and J = N/2 is the total spin of the system. If £2 < 1, the states are in SSS, and the states
are coherent spin states when 2 = 1. To generate the TACT Hamiltonian Hy oc x(J2 — Ji), we choose
17,7) = | 1)® (all the spins are polarized along the z-axis) as the initial state.
To simulate the effective dynamics under the effective TACT Hamiltonian Hy and the actual dynamics
ruled by the Hamiltonian H; with the PSUDDL pulse sequence, we expand the state vector evolved from

the initial state |4, j),

et (1)) = e XUZ=IDBY gy = 7 e (8)]4,m),
" (21)
[act(t)) = UPSUDD}\} 7, 7) = de(tﬂja m)

into |j,m), which is the common eigenstate of J? and J,. Because [J% H;] = 0 is satisfied, J? is
conserved during the dynamics and the value of j = N/2 is fixed through the entire evolution. Since
m = —j,—j+1,—j+2,...,4, the dimension of the Hilbert space is N + 1, much smaller than 2V,
therefore, a classical computer has the capability to perform the simulation.

In the following, we demonstrate the performance of our PSUDD}\"/[ scheme by simulating the dynamical
process numerically. To compare the PSUDDL scheme with our previous TS2 proposal, we consider the
system with the atom number N = 1250.

As demonstrated in Section 2, our PSyppr, scheme results in an effective TACT Hamiltonian Hs
shown in (19) with the interaction strength yeg = % The optimal time for generating TACT SSS using
our PSUDDL scheme is Xegtopt = 3In(4N)/2N [25]. tops is fixed for N = 1250 and divided into N, cycles

in PSUDD;@, and thus the time duration for one single cycle is T, = t;,"; ~ 921]%(;]1\\2. Apparently Ty, is

N.-dependent. UDD& pulse sequence is applied in each cycle. Since UDD can reduce the error up to
the M-th order of the evolution time t¢,, using M instant pulses, on one hand, the performance of UDD@
can be improved by increasing M for the same T, (i.e., the same N.); on the other hand, we can also
improve the result of UDDE via shortening T;, (i.e., increasing N.) while keeping M unchanged.

These two behaviors have been confirmed by our numerical simulation as shown in Figure 4. The
squeezing parameter £2 decreases further and further with the increase of M in our PSUDD;@ scheme
for the same cycle number N, and the dynamics of PSUDDL gradually approaches the ideal dynamics
controlled by the effective TACT Hamiltonian Hs. Besides, for the fixed M, the larger cycle number N,
will lead to the better squeezing performance.

To reach the TACT SSS with a high accuracy, our previous TS2 scheme demands N, = 50 cycles, i.e.,
N, = 100 control pulses in total, as shown in Figure 5. In contrast, to gain the same performance, the
number of control pulses can be reduced to N, = 72 (N, = 35) by PSyppyz. Furthermore, one can note

that both the pulse sequences of TS2 and PSyppr scheme in one single period stem from UDDg , while
the only difference between them is how they get the evolution controlled by —JE. TS2 scheme generates

e X(=7)At hased on the BCH 1st-order approximation (see Eq. (20)) while PSyppzr obtains emix(=T])Al
under the BCH 2nd-order approximation (see Eq. (11)). Hence the reduction of applied pulses number
from 100 to 72 attributes to the higher-order BCH approximation adopted in the design of the pulse
sequences.

Proceeding to our PSyppr scheme, we find a further reduction to N, = 38 (N. = 9) pulses that can
achieve the same TACT SSS generated by TS2 scheme with N, = 100 (N, = 50) (see Figure 5). This
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Figure 4 (Color online) The spin squeezing vs. the evolution time of our PSUDDT scheme while M = 2, 4, 6, 8, 10 for the system
M

with N = 1250 spins. The solid grey, the dotted (solid) cyan, the dotted (solid) black, the dotted (solid) yellow, the dotted (solid)
red and the dotted (solid) green line display the result for the ideal TACT Hamiltonian Hz, PSy;yr with N. = 3(6), PS;ppr
2 1

with N. = 3(6), PSUDDg with N. = 3(6), PSUDDg with N, = 3(6), and PSUDDTO with N, = 3(6), respectively. N is the cycle

number of the pulse sequences.

improvement results from that PSyppr is based on UDD; while TS2 scheme corresponds to UDDj,
in addition to that the BCH 2nd-order approximation is taken in PSyppr while TS2 scheme takes the
1st-order BCH approximation.

However, the total required pulse number turns up to increase for PSUDD@, with M > 4 in comparison
with the result of PS r scheme. For example, PS r needs N, = 44 (N. = 7) control pulses as
shown in Figure 5. e v R ' ( : ’

This implies PSUDDZ scheme has the best performance in the sense of employing the least number of
control pulses to achieve the effective TACT Hamiltonian Hs. To confirm this conclusion, we show the
numerical result of the relative error

_e2
) eff

2
5TS2(PSUDDﬂ

2
eff

B, =

in Figure 6. One can note that, with limited pulse numbers as discussed before, the PSyppr (N.=9)
attains the smallest relative error. Though the relative error can be reduced further by increasing the
order of the UDD expansion M or the cycle number (e.g., see the solid yellow line), the applied total
number of pulses would, however, go beyond that of PSyppr (i.e., 38). Therefore, the analysis of relative
error brings to the same conclusion; i.e., PSUDDZ is the optimal sequence that can minimize the number
of the required pulse number.

For a given small enough accuracy, why PSUDDZ performs better than PSUDDL with larger M for the
system with N = 1250 spins? Taking PSUDDZ and PSUDDGT as an example, the pulse cycle number is
Ne =9 and N, = 6 for PSyppr and PSUDDg respectively which leads to the same pulse number of NV, =

. . Lo . _ 9In(4N) UDD] _ 9In(4N) UDD{ | 9In(4N)
38. Since the time duration in one cycle is To, ~ 5 ~~, we have Ty, ~ e < Tw > SN

And this relationship leads to smaller cumulative error of PSyppr than that of PSyppr. If reducing

T
TEDD“’ by increasing the cycle number to N, = 7 (N, = 44), we find the spin squeezing of PSUDDGT
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2, for the corresponding pulse schemes shown
e
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Figure 7 (Color online) The minimum pulse number N, for different spin number N. The inset shows the corresponding pulse
cycle number N, for different spin number N.

becomes better than that in PSyppr with Ne =9, as presented in Figures 5 and 6.

According to the above analysis, for the system N = 1250, our PSyppr has the best performance and
requires only N, = 38 (N, = 9) external pulses. In order to determine the optimal M in PSyppr, as
well as the least pulse number for different spin number N, we also examine the numerical simulations
for larger particle number ranging from N = 2000 to 8000 as shown in Figure 7. Surprisingly, one can
see that the superiority of PSUDD{ to others is independent of N. More importantly, one can also note
that N, and N, change with N almost linearly and only N, = 114 pulses are required for 8000 particles,
from which one can conclude that PSyppr is optimal for a large range of N.

4 Conclusion

Inspired by UDD theory, we have presented the PSUDDT scheme to upgrade the OAT type Hamiltonian
to the TACT type. We numerically demonstrate the fea51b1hty of the proposed scheme under current
technology. Although the Trotter-Suzuki strategy can tailor the Hamiltonian to the ideal one [25,27],
that strategy typically requires a large number of control pulses to approach high control accuracy. In
this work, we show that starting from the OAT type Hamiltonian, the UDD strategy can reach the ideal
TACT type of spin squeezing while significantly reducing the number of control pulses. However, in
realistic UDD sequences, the Hamiltonian yJ2 can be perfectly achieved, and the other part —XJy2 can
only be realized approximately. We find that the best choice is to use BCH second-order approximation
to approach — XJyQ. This approach can realize the ideal TACT type of spin squeezing and requires fewer
control resources. In particular, the PSUDDZ is best for the N = 1250 case, and reduces the pulse number
to N, = 38, while it requires N, = 100 for the TS2 scheme. Moreover, we find that the PSyppr is optimal
for large-scale IV, and the least pulse number N, changes relative to N almost linearly. In a practical spin
squeezing experiment of BEC, unavoidable noise can cause decoherence and hinders the perfect TACT.
For example, a stray magnetic field noise commonly occurs [37]. For such type of noise, techniques
like spin echo using additional 7t pulses between neighboring PSUDDZ pulses can effectively suppress
their negative effects. With the current techniques, the proposed scheme has shown great experimental
feasibility [34]. We expect that the proposed innovative scheme to generate TACT SSS will advance
quantum metrology and quantum information science into new territory.
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