SCIENCE CHINA
Information Sciences

@ CrossMark
&click for updates

« LETTER -

January 2021, Vol. 64 119206:1-119206:3
https://doi.org/10.1007/s11432-019-2826-3

Stochastic maximum principle for optimal control
problems involving delayed systems

Feng ZHANG

School of Mathematics and Quantitative Economics, Shandong University of Finance and Economics, Jinan 250014, China

Received 17 November 2019/Accepted 6 February 2020/Published online 24 November 2020

Citation Zhang F. Stochastic maximum principle for optimal control problems involving delayed systems. Sci
China Inf Sci, 2021, 64(1): 119206, https://doi.org/10.1007/s11432-019-2826-3

Dear editor,

The main objective of this study is to investigate one type
of stochastic optimal control problem for a delayed system
using the maximum principle method. The existing research
can be categorized into two categories. In the first category,
the adjoint equation comprises two backward stochastic dif-
ferential equations (BSDEs) and one backward ordinary dif-
ferential equation (BODE), which is assumed to have a zero
solution; see e.g., [1-3]. However, there is still scope for
improvement in this research direction. Here, a special set-
ting is considered for the system parameters; see e.g., (3.9)
and (3.12) in [2]. The BODE is assumed to result in a zero
solution when the necessary maximum principle is strictly
applied; see e.g., Theorem 5.1 in [3]. In the second category,
a type of anticipated/time-advanced BSDE is introduced as
the adjoint equation; see e.g., [1,4-7].

In this study, (i) the averaged and point-wise time delays
of the state and control processes are observed to be involved
with the system equation and the cost function, ensuring
that the problem that is being studied is in accordance
with the general framework. (ii) Further, the necessary and
sufficient maximum principles are clearly established, prov-
ing that the sufficient maximum principle conforms to some
slightly relaxed conditions. (iii) Next, two types of adjoint
equations are introduced, among which the first type con-
tains an anticipated BSDE (see (3)) and a BSDE (see (4)),
which can be expressed using one Hamiltonian H. The other
type of adjoint equation comprises one time-advanced BSDE
(see (5)) and one BSDE (see (6)), both of which can be ex-
pressed using another Hamiltonian . BODE is not needed
as part of the adjoint equation. Furthermore, to the best
of the author’s knowledge, the two aforementioned types of
adjoint equations are proved to be equivalent for the very
first time. Thus, a unified adjoint equation can be obtained
(see (2)).

Formulation. Here, let (2, F,P) be a complete prob-
ability space, where the expectation is denoted by E[-].
Let W(t),t > 0 be a one-dimensional standard Brow-
nian motion, the augmented filtration of which is F =
{Fi,t > 0}. Let E![] = E[/|F] for each value of ¢t. Fur-
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ther, assume that T is a finite time horizon, A1, A2 are
constants and 1, 02,03 are positive constants, such that
max{61,62,03} < T. Let LZ(0,T;R"™) denote the class
of R"-valued progressively measurable processes that are
square integrable and S2(0,7;R™) denote the subspace of
L2(0,T;R™), where each element () is continuous and sat-
isfies B[ supge;cr [¥(8)]?] < co. Let zo(:) : [—61,0] — R"
and ug(-) : [—d2,0] — R™ be two functions that satisfy
S5, lzo®)2dt < oo and [ |uo(t)[?dt < oo. Let U
be a nonempty convex subset of R”. Let U denote the
class of functions u(:) : @ X [—=d2,T7] — R™ which sat-
isfies that wu(t) = wuo(t) for t € [~02,0). u()|jo,7] takes
values in U and u()|o,r; € L2(0,T;R™). The element
of U is called an admissible control. Here, each u(-) € U
is accompanied by a moving-average delayed control v(-)
and a point-wise delayed control u(-) which are defined as
v(t) = fféz er25y(t+s)ds and u(t) = u(t—52), respectively.
By changing the variables, a constant c¢; can be obtained
that depends on (A2, d2) and satisfies

E| sup
0<t<T

T T
P+ [ m(t)\?dt} <at [ juoPa

Let 7 = (2,9, 2,u,v, p) € R3T3M Tet b(-, m) and o(-, 7) be
progressively measurable R"-valued functions for any .
Assumption 1. b(¢t,7) and o(t,7) can be differentiated
with respect to 7, having continuous and bounded partial
derivatives. b(-,0) and o(-,0) are square integrable.

The controlled system evolves as

dXU(t) = b(t, T%(t))dt + o(t, T*())dW (t), 0<t<T,
XU(t) =xo(t), —d01 <t<0,

where IT%(t) = (X¥(t), Y¥“(t), Z%(¢), u(t), v(t), u(t)), Y¥(t)
= [0, X U(t + s)ds, ZU(t) = XU(t — ). YU() and
Z"(-) are considered to be the moving-average delayed state
and point-wise delayed state of X¥(-), respectively. Under
Assumption 1, the system equation results in a unique so-
lution X%(-) € S2(0,T;R") for any u(-) € U. There also
exists a constant ca, which depends on (A1,d1) and satisfies

T T
E| sup \Y“(t)\2+/ \ZU(t)Pdt} <CQE/ | X% (t)]2dt.
o<t<T 0 —51
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Let us introduce the cost function J as
T
It = Blgxr .,y + [ e,
0

where g(z,y) is Fr-measurable for any (z,y) and f(,7) is
progressively measurable for any 7.

Assumption 2. 1In case of u(-) € U,

T
E[|g<x @y @l+ [ e <t>>|dt} < 0.

The stochastic optimal control problem under considera-
tion is formulated as follows: to find u*(-) € U such that

J(w* () = u(ir)léu J(u(-)- (1)

In this case, the admissible control w*(-) that satisfies
(1) is referred to as an optimal control. The correspond-
ing average and point-wise delayed controls are denoted by
v*(-) and p*(-), respectively. Set I*(t) = [ (t) where [ de-
notes X,Y,Z, h*(t) = h(t,IT*" (t)) where h denotes b, o, f
and their partial derivatives, and *(T) = «(X*(T),Y™*(T))
where ¢ denotes g along with its partial derivatives.

Adjoint equations. Let us introduce the following adjoint
equation:

—dP(t) = {A1(t)P(t) + B1(1)Q(t) + b(t)
+E'[Az(t + 61)P(t + 61)
+ Ba(t 4+ 61)Q(t + 61)]X[0,7—s,1(H) }dE (2)
—QMdAW(t), 0<t<T,

P(T) =¢,

vEn)T axmT o

where Ay (t) = (b;(t)T -7 )s Bi(t) = ( ar@®™ 0 ), A2(t) =

bi)T —e=A01r _oxmT o _ 9T
( ZO 0 )7 BQ(t)_( ZO 0)74_(g;(T))’ and
B(t) = ( fa @) +BUFE @+ 50)]x[0,1— 6,1 (D)
fy (@)
identity matrix, whereas x denotes the indicator function.
Eq. (2) is a kind of anticipated BSDE that was first intro-
duced in [8].

Assumption 3.

). I denotes the nxn

When & = z,y, z,
2 T 2
E[\gg(T)\ + [ 1zl dt} < .

Under Assumptions 1 and 3, Theorem 4.2 in [§]
shows that Eq. (2) has a unique solution (P(-),Q(-)) €
SE(0,T;R?*™) x L2(0, T; R?™). Let P(-) = (P1()T, P2(-)")T
and Q(-) = (Q1(-)T, Q2(-)T)T. Next, define a Hamilto-
nian function H as

H(t,m,p,q) = (b, m),p1) + (o(t,7),q1)
oz — Ay —e M0z po) + f(t,7),

where p = (p1,p2), ¢ = (q1,92). By setting H*(t) =

H(t,11*(t), P(t), Q(t)), we obtain
— dPi(t) = {E'[HZ (t + 61)]x[0,7—6,] ()
+ Hy(t)}dt — Q1 (t)dW (1), (3)
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and

{ — dPs(t) = Hy (t)dt — Qa2 (t)dW (t), @

Py (T) = gy (T).
The system of adjoint equations used in [1-3] is a special

case of (3) and (4) where it is assumed that H(¢) = 0.
Next, a new Hamiltonian H is defined as follows:

H(tvﬂ-vplvql) = <b(t7 7T),p1> + <J(t7 77)7‘11) + f(tvﬂ-)'

Proposition 1. Egs. (3) and (4) are equivalent to

—dP1(t) = {B* [HZ(t+ 61)]x[0,7—51) ()

+ B M D) g5 (T)] x (5, 7 (1)
t+681
+E! [/ e)‘l(tfs)’HZ(s)x[o,T] (s)ds] (5)
t
+HE) At — Q1 (t)dW (t),
Pi(T) = g:(T),

0<t<T,

and

— dP3(t) = [~M\1 Pa(t) + M ()t
— QAW (1), 0<t<T, (6)
Po(T) = gy, (T),

where H*(t) = H(t, 1% (t), P1(t), Q1(t)). Eq. (5) is just one
type of time-advanced BSDE, coupled to (6). The result
shows that the system presented in (5) and (6) is equivalent
to that presented in (3) and (4) and that both of these sys-
tems originate from (2). In [1,7], the time-advanced adjoint
equation does not comprise any delayed controls. In [6],
the time-advanced adjoint equation does not comprise the
average delayed control and the terminal cost function g is
independent of y.
The maximum principle.

Assumption 4.
to (u, v, ) exist.

The partial derivatives of f with respect

Assumption 5. H(t, 7, P(t),Q(t)) is convex in 7 and
g(z,y) is convex in (z,y).

Let us first establish the sufficient maximum principle.
Let u*(-) € U be an admissible control sat-
isfying Assumptions 1-5. Then u*(:) is an optimal control

Theorem 1.

if the following maximum principle condition is satisfied:

T
E /0 [(u(t) — w* (8), H (D) + (v(t) — v (), H (1))
T (ut) — (), H ()]t > 0, Vu() €U. )

The continuity and square integrability of f(-), f(-),
f;() are not required to achieve the sufficient maximum
principle.

Assumption 6. The partial derivatives of g with respect
to (x,y) as well as those of f with respect to 7 are continuous
with linear growth. Besides,

E[\g<o>| +f i o>|dt] < .

The next result is the necessary maximum principle.

Theorem 2. Let Assumptions 1 and 6 hold. If u*(-) € U
is an optimal control, then it satisfies (7).
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When H is independent of v, it can be easily verified that
the condition (7) is equivalent to the following point-wise in-
equality:

(H: () + BUH (4 62)]x[0,7—6,] (1),

v — u*(t)> >0, as., ae, YveU.
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