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Dear editor,

The main objective of this study is to investigate one type

of stochastic optimal control problem for a delayed system

using the maximum principle method. The existing research

can be categorized into two categories. In the first category,

the adjoint equation comprises two backward stochastic dif-

ferential equations (BSDEs) and one backward ordinary dif-

ferential equation (BODE), which is assumed to have a zero

solution; see e.g., [1–3]. However, there is still scope for

improvement in this research direction. Here, a special set-

ting is considered for the system parameters; see e.g., (3.9)

and (3.12) in [2]. The BODE is assumed to result in a zero

solution when the necessary maximum principle is strictly

applied; see e.g., Theorem 5.1 in [3]. In the second category,

a type of anticipated/time-advanced BSDE is introduced as

the adjoint equation; see e.g., [1, 4–7].

In this study, (i) the averaged and point-wise time delays

of the state and control processes are observed to be involved

with the system equation and the cost function, ensuring

that the problem that is being studied is in accordance

with the general framework. (ii) Further, the necessary and

sufficient maximum principles are clearly established, prov-

ing that the sufficient maximum principle conforms to some

slightly relaxed conditions. (iii) Next, two types of adjoint

equations are introduced, among which the first type con-

tains an anticipated BSDE (see (3)) and a BSDE (see (4)),

which can be expressed using one HamiltonianH. The other

type of adjoint equation comprises one time-advanced BSDE

(see (5)) and one BSDE (see (6)), both of which can be ex-

pressed using another Hamiltonian H. BODE is not needed

as part of the adjoint equation. Furthermore, to the best

of the author’s knowledge, the two aforementioned types of

adjoint equations are proved to be equivalent for the very

first time. Thus, a unified adjoint equation can be obtained

(see (2)).

Formulation. Here, let (Ω,F ,P) be a complete prob-

ability space, where the expectation is denoted by E[·].

Let W (t), t > 0 be a one-dimensional standard Brow-

nian motion, the augmented filtration of which is F =

{Ft, t > 0}. Let Et[·] = E[·|Ft] for each value of t. Fur-

ther, assume that T is a finite time horizon, λ1, λ2 are

constants and δ1, δ2, δ3 are positive constants, such that

max{δ1, δ2, δ3} < T . Let L2
F
(0, T ;Rn) denote the class

of R
n-valued progressively measurable processes that are

square integrable and S2
F
(0, T ;Rn) denote the subspace of

L2
F
(0, T ;Rn), where each element ψ(·) is continuous and sat-

isfies E
[

sup06t6T |ψ(t)|2
]

< ∞. Let x0(·) : [−δ1, 0] → R
n

and u0(·) : [−δ2, 0] → R
m be two functions that satisfy

∫ 0
−δ1

|x0(t)|2dt < ∞ and
∫ 0
−δ2

|u0(t)|2dt < ∞. Let U

be a nonempty convex subset of R
m. Let U denote the

class of functions u(·) : Ω × [−δ2, T ] → R
m which sat-

isfies that u(t) = u0(t) for t ∈ [−δ2, 0). u(·)|[0,T ] takes

values in U and u(·)|[0,T ] ∈ L2
F
(0, T ;Rm). The element

of U is called an admissible control. Here, each u(·) ∈ U

is accompanied by a moving-average delayed control ν(·)

and a point-wise delayed control µ(·) which are defined as

ν(t) =
∫ 0
−δ2

eλ2su(t+s)ds and µ(t) = u(t−δ2), respectively.

By changing the variables, a constant c1 can be obtained

that depends on (λ2, δ2) and satisfies

E

[

sup
06t6T

|ν(t)|2 +

∫ T

0
|µ(t)|2dt

]

6 c1E

∫ T

−δ2

|u(t)|2dt.

Let π = (x, y, z, u, ν, µ) ∈ R
3n+3m. Let b(·, π) and σ(·, π) be

progressively measurable R
n-valued functions for any π.

Assumption 1. b(t, π) and σ(t, π) can be differentiated

with respect to π, having continuous and bounded partial

derivatives. b(·, 0) and σ(·, 0) are square integrable.

The controlled system evolves as
{

dXu(t) = b(t,Πu(t))dt + σ(t,Πu(t))dW (t), 0 6 t 6 T,

Xu(t) = x0(t), −δ1 6 t 6 0,

where Πu(t) = (Xu(t), Y u(t), Zu(t), u(t), ν(t), µ(t)), Y u(t)

=
∫ 0
−δ1

eλ1sXu(t + s)ds, Zu(t) = Xu(t − δ1). Y u(·) and

Zu(·) are considered to be the moving-average delayed state

and point-wise delayed state of Xu(·), respectively. Under

Assumption 1, the system equation results in a unique so-

lution Xu(·) ∈ S2
F
(0, T ;Rn) for any u(·) ∈ U . There also

exists a constant c2, which depends on (λ1, δ1) and satisfies

E

[

sup
06t6T

|Y u(t)|2+

∫ T

0
|Zu(t)|2dt

]

6 c2E

∫ T

−δ1

|Xu(t)|2dt.
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Let us introduce the cost function J as

J(u(·)) = E

[

g(Xu(T ), Y u(T )) +

∫ T

0
f(t,Πu(t))dt

]

,

where g(x, y) is FT -measurable for any (x, y) and f(·, π) is

progressively measurable for any π.

Assumption 2. In case of u(·) ∈ U ,

E

[

|g(Xu(T ), Y u(T ))|+

∫ T

0
|f(t,Πu(t))|dt

]

< ∞.

The stochastic optimal control problem under considera-

tion is formulated as follows: to find u∗(·) ∈ U such that

J(u∗(·)) = inf
u(·)∈U

J(u(·)). (1)

In this case, the admissible control u∗(·) that satisfies

(1) is referred to as an optimal control. The correspond-

ing average and point-wise delayed controls are denoted by

ν∗(·) and µ∗(·), respectively. Set l∗(t) = lu
∗

(t) where l de-

notes X, Y,Z, h∗(t) = h(t,Πu∗

(t)) where h denotes b, σ, f

and their partial derivatives, and ι∗(T ) = ι(X∗(T ), Y ∗(T ))

where ι denotes g along with its partial derivatives.

Adjoint equations. Let us introduce the following adjoint

equation:



































− dP (t) =
{

A1(t)P (t) + B1(t)Q(t) + b̃(t)

+ Et
[

A2(t+ δ1)P (t+ δ1)

+B2(t + δ1)Q(t + δ1)
]

χ[0,T−δ1](t)
}

dt

−Q(t)dW (t), 0 6 t 6 T,

P (T ) = ζ,

(2)

where A1(t) = (
b∗x(t)T I

b∗y(t)T −λ1I
), B1(t) = (

σ∗

x(t)T 0

σ∗

y(t)T 0
), A2(t) =

(
b∗z(t)T −e−λ1δ1 I

0 0
), B2(t) = (

σ∗

z (t)T 0

0 0
), ζ = (

g∗x(T )

g∗y(T )
), and

b̃(t) = (
f∗

x (t) + Et[f∗

z (t + δ1)
]

χ[0,T−δ1](t)

f∗

y (t)
). I denotes the n×n

identity matrix, whereas χ denotes the indicator function.

Eq. (2) is a kind of anticipated BSDE that was first intro-

duced in [8].

Assumption 3. When ξ = x, y, z,

E

[

|g∗ξ (T )|
2 +

∫ T

0
|f∗ξ (t)|

2dt

]

< ∞.

Under Assumptions 1 and 3, Theorem 4.2 in [8]

shows that Eq. (2) has a unique solution (P (·), Q(·)) ∈

S2
F
(0, T ;R2n)×L2

F
(0, T ;R2n). Let P (·) = (P1(·)T, P2(·)T)T

and Q(·) = (Q1(·)T, Q2(·)T )T. Next, define a Hamilto-

nian function H as

H(t, π, p, q) = 〈b(t, π), p1〉+ 〈σ(t, π), q1〉

+〈x− λ1y − e−λ1δ1z, p2〉+ f(t, π),

where p = (p1, p2), q = (q1, q2). By setting H∗(t) =

H(t,Π∗(t), P (t), Q(t)), we obtain















− dP1(t) =
{

Et[H∗
z (t+ δ1)]χ[0,T−δ1](t)

+H∗
x(t)

}

dt−Q1(t)dW (t),

P1(T ) = g∗x(T ),

(3)

and

{

− dP2(t) = H∗
y (t)dt −Q2(t)dW (t),

P2(T ) = g∗y(T ).
(4)

The system of adjoint equations used in [1–3] is a special

case of (3) and (4) where it is assumed that H∗
z (t) ≡ 0.

Next, a new Hamiltonian H is defined as follows:

H(t, π, p1, q1) = 〈b(t, π), p1〉 + 〈σ(t, π), q1〉+ f(t, π).

Proposition 1. Eqs. (3) and (4) are equivalent to











































− dP1(t) = {Et
[

H∗
z(t+ δ1)

]

χ[0,T−δ1](t)

+Et
[

eλ1(t−T )g∗y(T )
]

χ(T−δ1,T ](t)

+ Et[

∫ t+δ1

t

eλ1(t−s)H∗
y(s)χ[0,T ](s)ds]

+H∗
x(t)}dt −Q1(t)dW (t), 0 6 t 6 T,

P1(T ) = g∗x(T ),

(5)

and















− dP2(t) = [−λ1P2(t) +H∗
y(t)]dt

−Q2(t)dW (t), 0 6 t 6 T,

P2(T ) = g∗y(T ),

(6)

where H∗(t) = H(t,Πu∗

(t), P1(t), Q1(t)). Eq. (5) is just one

type of time-advanced BSDE, coupled to (6). The result

shows that the system presented in (5) and (6) is equivalent

to that presented in (3) and (4) and that both of these sys-

tems originate from (2). In [1,7], the time-advanced adjoint

equation does not comprise any delayed controls. In [6],

the time-advanced adjoint equation does not comprise the

average delayed control and the terminal cost function g is

independent of y.

The maximum principle.

Assumption 4. The partial derivatives of f with respect

to (u, ν, µ) exist.

Assumption 5. H(t, π, P (t), Q(t)) is convex in π and

g(x, y) is convex in (x, y).

Let us first establish the sufficient maximum principle.

Theorem 1. Let u∗(·) ∈ U be an admissible control sat-

isfying Assumptions 1–5. Then u∗(·) is an optimal control

if the following maximum principle condition is satisfied:

E

∫ T

0

[

〈u(t) − u∗(t), H∗
u(t)〉 + 〈ν(t) − ν∗(t), H∗

ν (t)〉

+ 〈µ(t) − µ∗(t), H∗
µ(t)〉

]

dt > 0, ∀u(·) ∈ U . (7)

The continuity and square integrability of f∗u(·), f
∗
ν (·),

f∗µ(·) are not required to achieve the sufficient maximum

principle.

Assumption 6. The partial derivatives of g with respect

to (x, y) as well as those of f with respect to π are continuous

with linear growth. Besides,

E

[

|g(0)|+

∫ T

0
|f(t, 0)|dt

]

< ∞.

The next result is the necessary maximum principle.

Theorem 2. Let Assumptions 1 and 6 hold. If u∗(·) ∈ U

is an optimal control, then it satisfies (7).
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When H is independent of ν, it can be easily verified that

the condition (7) is equivalent to the following point-wise in-

equality:
〈

H∗
u(t) + Et[H∗

µ(t+ δ2)]χ[0,T−δ2](t),

v − u∗(t)
〉

> 0, a.s., a.e., ∀v ∈ U.
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