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Dear editor,

During the past few decades, a significant amount of at-
tention has been focused on deterministic time-delay sys-
tems. These studies are based on all types of growth condi-
tions on nonlinear functions. In a recent study [1], Zhang et
al. obtained particularly good results using a dynamic gain
method with wide practical use [2], and proved that restric-
tive growth conditions are unnecessary and can be removed
in the case of state feedback control.

The problem regarding the controller design of stochas-
tic nonlinear systems has been an active area of research;
see [3-5] and the references therein. However, similar to de-
terministic systems, each of these studies also requires some
growth conditions on nonlinear functions, such as [6,7].

Considering stochastic nonlinear systems:

dz; = (w1 + fi (T, zs(t — d)))dt

+9f (@, 2t —d))dw, i=1,...,n—1,
dzn = (u+ frn(z,z(t — d)))dt
+ gX(z, z(t — d))dw,
:D(S) = C(s)v s € [7d7 0]7 (1)
where z = (z1,...,2,)T € R", u € R are the system

state and control inputs; Z; = (z1,...,x;)T; the drift terms
fi : R?* — R and the diffusion terms g; = (gi1,-- -, Gim) T
R2* - R™, i=1,...,n, are continuously differentiable with
£i(0,0) = 0 and ¢;(0,0) = 0; and w is an m-dimensional
standard Wiener process on a complete probability space
(2, F, P) with Q being a sample space, F being a o-field,
and P being a probability measure.

The aim of this study is to construct a delay-independent,
dynamic state feedback controller such that the equilibrium
at the origin of the closed-loop system is globally asymp-
totically stable in probability without imposing any growth
conditions on the nonlinearities.

It should be noted that, although the dynamic gain de-
sign idea of the controller in this study stems from [1], it
only considers deterministic systems. Compared with [1],
the contributions and difficulties of this study are charac-
terized through the following novel features:
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(i) The main contribution of this study is to remove
restrictive conditions in existing studies for a stochastic
nonlinear time-delay system (1). Without imposing any
growth conditions on the nonlinearities f; and g;, a delay-
independent, dynamic state feedback controller is con-
structed to guarantee that the equilibrium at the origin of
the closed-loop system is globally asymptotically stable in
probability.

(ii) For a stochastic system (1), the appearance of the
diffusion and Hessian terms will inevitably produce many
more nonlinear terms, and dealing with them is not easy.

(iii) Because Eq. (1) describes a stochastic nonlinear
time-delay system, its stability analysis is much more dif-
ficult than its deterministic counterpart.

Preliminary results.

Lemma 1 ([8]). For positive real numbers m, n and a real-
valued function 7(z,y) > 0, |[z™y"| < m(z,y)|z|™m T +

Snm T (@, )y
Lemma 2 ([9]). For a continuous function f(z, y), there
exist smooth functions a(z) > 0, b(y) > 0, c¢(z) > 1
and d(y) > 1 such that |f(z,y)| < a(z) + b(y), |f(z,y)| <
c(z)d(y).

Lemma 3 ([9]). For the C! function f;(z;,z;(t — d))
with f;(0,0) = 0, there exist smooth functions ¥;;(z;) > 0
and 75 (z;(t —d)) > 0, j = 1,...,4, such that |f;(-)| <
251 (g () l25] + 775 (5 (¢ = d)) [ (¢ = d)).

Remark 1. By Lemma 3, it is easy to see that contin-
uously differentiable nonlinear functions f; and g;; can be

_m
m+n

transformed into

7

il <D0 ()l
=1
3 o3 (= g — ), =1,y
7

lgirl < DNk @i)lzi| + Ay (@5 (t = d)
=1
Test— ), k=1,...,m, (2)

where 7Yzj() =0, 77:]() >0, /\i,k,j(') >0, /\;'k,]“j(') = 0 are
smooth functions.
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Design and analysis of dynamic state feedback controller.
For simplicity, for any vector a = (a1,...,a,)T, we define
a; = (a1, . ,ai)T.

Initial step. Take & = 21 and Vi (z1,01) = i(lJr ﬁ) ‘11
where 11 (t) >
Then

1 is a dynamic gain to be designed in Step 2.

LV < (1+ )£1x2+2|£?£2|
Iy
+2Ael 1]+ 3¢El9T 1| — g€l (3)
1
where £ = 22 — 3. By (2) and Lemmas 1 and 2,
3 1

90€3e,] < Det 4 Zgd
€7 2| 2§1+2§2=

2163 f1] < 268711 (1) + &

+4€1 (t — d)Fit (1 (t — d)), (4)
3¢71g91 g1] < €101 (a1)
+E1(t — d) VT (21 (t — d)),

where W11 (-) > 0and Wi, (-) > 0 are smooth functions. Con-
struct the Lyapunov—Krasovskii (L-K) functional Vipx =
Vi(z1,l) +ft 2 E1()(Ai1(s) + Wi (s))ds. By (4), the fol-
lowing is obtained:

LViLk < ( )515E2+52 + &3 + 2911 (1)

. i i
+47 1 (1) + W1 (z1) + T (21)) — ﬁ&i‘- (5)
1

In view of (5) and 1 > 1, the virtual controller

x5 = *€1<nT_1 + 4+ 2711 (1) + 4311 (21)
UL (@) + ¥ (@) £ —Gfi@)  (6)

leads to LViLk < 51 - 761 + 52 llf fil
Step 2. Construct L-K functional

1 1
Vo = VlLK+l—W2(731= $2)+ﬁ (51 +Wa (1, w2))
1l2

= &= 2o - ), (7)

with l2(t) > 1 being a dynamic gain to be designed in
the next step. Construct L-K functional Vorx = Vo +

ft 265 ()A( s)ds-‘,—ft 4 ll(s)fl(s) (s)ds, where A(-), B(+)
are appropriate nonnegative smooth functions. Then,

__1 4, - - 3
wHt AGIE
oy, L 1

—a)+ 16 0@+ Bel+ (15

)el(t=d) B (t — ) +E31 + D(ar,22)

I1la+11lo (51
212 \4

n—1_4

LVark < —€1—

(x54x3
1
Li(t—d)

+A(zl,x2)]f%Wz(-)f W ()) ®)
1

where C(-) > 0, D(-) > 0 are smooth functions.
update law is then designed as follows:

il = max{fl% +lip1 (1‘1),0}, ll(O) =1,
p1(z1) = 4[C(z1) + B(z1)]. 9)

The gain

From (9), it is easy to verify that the gain {1 has the follow-
ing properties:

0<i < lipi(z1), I > —13 4+ l1p1(z1),
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l1(t) >

Using the relationship (10), we arrive at

1 4 & 1 1
Y \___ ’—_—<07
PTEATINN &ipi(e) 1(t) L(t—d)

i 1112+11l2 &t
—sWa() — e ( L wa(- ))
12

s (&
*@(i‘i’W()) (11)

L(t—d) > 1. (10)

Using Lemma 1, the following is obtained:
2163 (w3 — 23)| < € + eaés, (12)

where {3 = 23 — z}, and c3 is a positive constant.
Substituting (9), (11), and (12) into (8) and designing a
virtual controller as
Il‘g = 7[162[17, + 1+ A(:L‘17 1‘2) —+ D(:El, :EQ)]
£ & Ba(z1, T2), (13)

the following is obtained:

LVork < — 25]*( ( +52)
roe - 1 (Semae). an

Using the recursive method, we can obtain the dy-
,ln—1 and a series of virtual controllers
xi,..., T} given by

Iy = max{—1? 4+ l1p1(z1), 0},

Iy =max{—13 +lppr(le1, T1), 0}, k=2,...,n—1,

namic gains [, ...

] =0, x3=—&pf1(w1),

o =—lli2giaBi-1li-3,352),

E—1=zj1 -2y, j=1,...,n, (15)
with pg(-) > 0, Bj(-) > 0 being smooth functions. The
controller

w=—l1lp1Bn(ln_2,) (16)
renders LV, .k < — > £ <0

Theorem 1.
tem (1), there is a delay-independent, dynamic state feed-
back controller (16) such that the closed-loop system has a
unique solution in [—d, 00), and the equilibrium at the origin
of the closed-loop systems is globally asymptotically stable
(GAS) in probability.
Proof. The proof is divided into two steps.

Step I: We first prove the almost sure boundedness of

For a stochastic nonlinear time-delay sys-

z1(t), ..., zn(t), L1(8),...,ln—1(¢) in [—d,o0). It follows
from Itd’s formula that

E{V,Lk(z(or At),l(or ANt), 00 NE)}
where o 2 inf{t > 0: |z(t)] =71}, r =0, 9= (g1,. .. ,gn)T

From the definition of V,,k,
E{V Lk (z(or A T), l(or At),or Nt)}

(za(s) —a3())* 4+

). 19)
s=o, At

> E<<ix1(s)+

1

YU (s) b (9)

4l (s)

(n(s) —$Z(S))4>
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Letting 7 — oo, it is easy to see from (17) and (18) that
e1(t), gy (@20 — @3 - e @n () —
x¥ ())* are bounded almost surely in [~d, 0s0). It is clear
from (8) that the gain /1 (¢) is monotonously non-deceasing.
We claim that [1(t) is bounded almost surely in [—d, 000).
If not, suppose lim¢—s__ l1(t) = oco. Through continuity,
p1(z1) is almost surely bounded from the almost sure bound-
edness of x1. Thus, there is a time instant 0 < T} < 0o
such that —13(t) + Li(t)p1(z1(t)) < 0 on [T1,000). From
(10), 11 (t) = max{~13(t)+l1 (t)p1(21(t)), 0} = 0in [T1,000),
which contradicts lim¢— o 11(t) = oco. Hence, l1(t) is al-
most surely bounded in [—d, 0o ), and thus so is z2(t) based
on the definition of z%(t). It is not difficult to see that

0oc = 00. Hence, it is recursively easy to obtain la(t),
z3(t), ..., ln—1(t), zn(t), which are bounded almost surely
in [—d, 00).

Step II: It is easy to see that V,,rx > i&i‘ )+ ﬁ(t)éé(t)Jr
sk mg;‘l (t). In view of the almost sure bounded-

ness of I; and [; > 1, there is a class Koo function a; (+) such
that VL, > a1 (|z(¢)]). From the almost sure boundedness
of I; and [; > 1, it is easy to see that there is a class Koo
function a2 (+) such that Vark < a2 (sup_ g, <o l2(T +1)]).

Hence, by Theorem 2 in [3], Theorem 1 holds.

Remark 2. From the controller design and stability anal-
ysis, we can see that the choice of Lyapunov-Krasovskii func-
tion is important.

Conclusion. This study solved the important problem
of state feedback stabilization of stochastic nonlinear time-
delay systems without imposing any growth conditions on
the nonlinearities.
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