
SCIENCE CHINA
Information Sciences

January 2021, Vol. 64 119101:1–119101:3

https://doi.org/10.1007/s11432-019-2717-4

c© Science China Press and Springer-Verlag GmbH Germany, part of Springer Nature 2020 info.scichina.com link.springer.com

. LETTER .

Tensor restricted isometry property analysis for a
large class of random measurement ensembles

Feng ZHANG1, Wendong WANG1, Jingyao HOU1,

Jianjun WANG2* & Jianwen HUANG1

1School of Mathematics and Statistics, Southwest University, Chongqing 400715, China;
2College of Artificial Intelligence, Southwest University, Chongqing 400715, China

Received 4 June 2019/Revised 6 September 2019/Accepted 6 November 2019/Published online 24 July 2020

Citation Zhang F, Wang W D, Hou J Y, et al. Tensor restricted isometry property analysis for a large class of

random measurement ensembles. Sci China Inf Sci, 2021, 64(1): 119101, https://doi.org/10.1007/s11432-019-2717-4

Dear editor,

Low-rank tensor recovery (LRTR) [1] is a natural higher-

order generalization of the compressed sensing (CS) [2]

and the low-rank matrix recovery (LRMR) [3, 4]. It has

been applied extensively in various fields of artificial intelli-

gence, including computer vision, image processing and ma-

chine learning. Let X ∈ R
n1×n2×n3 be a low-rank ten-

sor (third-order), M be a random map from R
n1×n2×n3

to R
m (m ≪ n1n2n3) and w ∈ R

m be a vector of mea-

surement errors with a noise level ‖w‖2 6 ǫ. Suppose that

y = M(X )+w is a linear noise measurement. Then, LRTR

aims at recovering X from y. It is often difficult to achieve

this goal. On one hand, the naive approach of solving the

nonconvex program

min
X∈Rn1×n2×n3

rank(X ) s.t. ‖y −M(X )‖2 6 ǫ (1)

is the NP-hard in general, where the operation rank(X ) acts

as a sparsity regularization of tensor singular values of X .

On the other hand, some existing tensor ranks do not work

well, such as CP rank and Tucker rank. The reason for

this is that the calculation of CP rank of a tensor is usually

NP-hard and the convex surrogate of the Tucker rank, sum

of nuclear norms (SNN), is not the tightest convex relax-

ation. To avoid these defects, Lu et al. [5] paid attention

to the novel tensor tubal rank of X , denoted by rankt(X ),

induced by tensor-tensor product (t-product) and tensor sin-

gular value decomposition (t-SVD). More importantly, it has

been proved that some commonly used original tensor data,

including color image data, video data and face data from

the Berkeley segmentation dataset, the UMist faces dataset

and the YUV video sequences dataset, have a low-tubal-

rank structure. So, some related problems such as image

denoising, video foreground and background segmentation,

face recognition, can be solved effectively by t-SVD and low-

tubal-rank methods. Further, Lu et al. considered the fol-

lowing convex tensor nuclear norm minimization (TNNM)

model:

min
X∈R

n1×n2×n3

‖X‖⊛ s.t. ‖y −M(X )‖2 6 ǫ, (2)

where ‖X‖⊛ is referred to as tensor nuclear norm (TNN)

which has been proved to be the convex envelop of ten-

sor average rank within the unit ball of the tensor spectral

norm. To facilitate the design of algorithms and the needs

of practical applications, in previous study [6], Zhang et al.

presented a theoretical analysis for regularized tensor nu-

clear norm minimization (RTNNM) model, which takes the

form

min
X∈R

n1×n2×n3

‖X‖⊛ +
1

2λ
‖y −M(X )‖22, (3)

with a positive parameter λ. However, the RTNNM model

(3) is more applicable than the constrained-TNNM model

(2) when the noise level is not given or cannot be ac-

curately estimated. The tensor restricted isometry prop-

erty (t-RIP) was first defined based on t-SVD in [6] as an

analysis framework for LRTR via (3). For an integer r,

the r-tensor restricted isometry constants of a linear map

M : R
n1×n2×n3 → R

m are defined as the smallest con-

stants satisfying

(1 − δr)‖X‖2
F

6 ‖M(X )‖22 6 (1 + δr)‖X‖2
F
,

for all tensor X ∈ R
n1×n2×n3 whose tubal rank is at most

r. Moreover, Theorem 4.1 in [6] shows that if M satisfies the

t-RIP with δtr <
√

(t − 1)/(n2
3 + t − 1), for certain t > 1,

the solution to (3) can robustly recover the low-tubal-rank

tensor X .

Note that Zhang et al. [6] derived a deterministic con-

dition of robust recovery for the RTNNM model (3) based

on the t-RIP. Unfortunately, a way to construct the linear

map M that satisfies t-RIP is yet to be known. The aim

of this study is to show the existence of these satisfactory
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linear maps under suitable conditions on the number of mea-

surements in terms of the tubal rank r and the dimensions

n1, n2 and n3 of the tensor using probabilistic arguments.

We consider the sub-Gaussian measurement ensemble such

that all elements are drawn independently according to a

sub-Gaussian distribution. This includes zero-mean Gaus-

sian distributions, symmetric Bernoulli distributions, and all

zero-mean bounded distributions. For such linear maps, the

t-RIP holds with high probability in the stated parameter

regime.

In 2018, Lu et al. [1] provided an exact recovery result

based on the Gaussian width for TNNM model (2). Specif-

ically, they pointed out that the unknown tensor of size

n1×n2×n3 with tubal rank r can be exactly recovered with

high probability by solving (2) when the given number of

Gaussian measurements is of the order O(r(n1+n2−r)n3).

In 2019, Wang et al. [7] presented a generalized tensor

Dantzig selector for a low-tubal-rank tensor recovery prob-

lem with noisy measurements y = M(X ) + w, where w

is the noise term. They showed that when the sample size

m = Ω(r(n1 + n2 − r)n3), the solution X̂ of generalized

tensor Dantzig selector satisfies ‖X̂ − X‖2
F

6 O(r(n1 +

n2 − r)n3m−1) with high probability. In the noiseless set-

ting (i.e., w = 0), their results degenerate to Lu’s case.

All recovery results mentioned are probabilistic. Some de-

terministic results involving tensor RIP have emerged in

LRTR. In 2013, the first tensor deterministic condition—

tensor RIP based on Tucker decomposition which can guar-

antee that a given linear map M can be utilized for LRTR

was proposed by Shi et al. [8]. They showed that a ten-

sor X ∈ R
n1×n2×n3 with Tucker rank-(r1, r2, r3) can be

exactly recovered in the noiseless case if the linear map M

satisfies the tensor RIP with the constant δΛ < 0.4931 for

Λ ∈ {(2r1, n2, n3), (n1, 2r2, n3), (n1, n2, 2r3)}. Such tensor

RIP is hardly practical because it depends on a rank tuple

that differs greatly from the definition of a familiar matrix

rank, which will cause that some existing analysis tools and

techniques cannot be used for tensor cases. Moreover, it is

still an open problem for them which linear maps satisfy

such tensor RIP.

Zhang et al. [6] used the t-RIP to answer the question

regarding the conditions under which the robust solution to

model (3) can be obtained. In this study, we continue the

work and answer a quintessential and an all-important ques-

tion: which linear map M satisfies the t-RIP? The practical

significance of this topic is to provide theoretical support

for the robust recovery of low-tubal-rank tensor data from a

small number of linear measurements in some real problems,

such as magnetic resonance imaging (MRI), hyper-spectral

imaging, and video security monitoring. For illustration,

we consider an MRI. Imaging speed is important in many

MRI applications. However, the speed depends largely on

the amount of data collected in MRI. If the reconstructed

image with high resolution can be obtained by using a small

amount of data, then we can reduce the scanning time, sam-

pling cost and pain of patients. So, how to design the sam-

pling operator and how many samples are needed to ensure

the accurate estimation of the image on the hardware side,

are problems to be solved. Thus, our research results will

provide some theoretical guarantees to similar application

environments.

The following two results are the main contributions of

this study.

Theorem 1. Fix δ, ε ∈ (0, 1) and let X ∈ R
n1×n2×n3 be

any given third-order tensor whose tubal rank is at most r,

and then a random draw of a sub-Gaussian measurement

ensemble M : R
n1×n2×n3 → R

m satisfies δr 6 δ, with

probability at least 1− ε, in the condition that

m > Cδ−2 max
{

r(n1 + n2 + 1)n3, log(ε
−1)

}

,

where the constant C > 0 only depends on the sub-Gaussian

parameter.

Corollary 1 is trivial but an important special case of

Theorem 1.

Corollary 1. Let M : Rn1×n2×n3 → R
m be a zero-mean

Gaussian or symmetric Bernoulli measurement ensemble.

Then there exists a universal constant C > 0, such that the

tensor restricted isometry constant of M satisfies δr 6 δ,

with probability at least 1− ε, in the condition that

m > Cδ−2 max
{

r(n1 + n2 + 1)n3, log(ε
−1)

}

.

Discussion. We know that sub-Gaussian distributions be-

long to a larger class of random distributions, including zero-

mean Gaussian distributions, symmetric Bernoulli distribu-

tions and all zero-mean bounded distributions. Thus, in

some sense, Theorem 1 completely characterizes the behav-

ior of numerous random measurement ensembles in term of

the t-RIP. In CS and LRMR, Gaussian random matrix or

Bernoulli random matrix is often used as a universal mea-

surement matrix (ensemble) because it satisfies vector RIP

with high probability. Accordingly, Corollary 1 guarantees

that the zero-mean Gaussian or symmetric Bernoulli mea-

surement ensemble can also be used for LRTR.

The degrees of freedom of X ∈ R
n1×n2×n3 and X̄ (the

result of DFT on X along the third dimension) are the same

because the DFT is the invertible. Suppose rankt(X ) = r,

and then we have rank(X̄(i)) 6 r, i = 1, . . . , n3, where

X̄(i) is the i-th frontal slice of X̄ . Then X̄(i) has at most

r(n1 + n2 − r) degrees of freedom, and thus X has at most

r(n1 + n2 − r)n3 degrees of freedom. So, the required num-

ber of measurements is very reasonable when compared with

the degrees of freedom. This reason is consistent with the

viewpoint of Recht et al. on Theorem 4.2 in [4]. Now, we

further ascertain the strength of the bound. Observe that

O(r(n1 + n2 + 1)n3) can be rewritten as O(n(1)n3r) where

n(1) = max(n1, n2). Thus, the bound indicates that one

only needs a constant number of measurements per degree

of freedom of the underlying rank-r tensor in order to ob-

tain the t-RIP at rank r. The above explanation coincides

with the statement on Theorem 2.3 in [3] by Candès et al.

If n3 = 1, the third-order tensor X will reduce to a second-

order tensor, i.e., a matrix. Accordingly, the tensor tubal

rank will reduce to the matrix rank, and t-RIP will reduce

to the Definition 2.1 in [3]. Thus, the required number of

measurements for random sub-Gaussian measurement en-

sembles in Theorem 1 includes the results of Theorem 2.3

in [3] for LRMR.

It is worth mentioning that there exists a good study

on the low-tubal-rank tensor recovery from Gaussian mea-

surements by Lu et al. [1]. Based on the Gaussian width

rather than RIP, they showed that the sampling number

O(r(n1 + n2 − r)n3) (or O(rn(1)n3)) is sufficient and order

optimal compared to the degrees of freedom of a tensor with

tubal rank r. As mentioned previously, the recovery results

provided by Lu et al. are probabilistic: they are valid for a

random measurement ensemble M and with high probabil-

ity. One may wonder if there exists a deterministic condition

which can guarantee that a given operator M can be used
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for tensor recovery. Consequently, Theorem 1 and Corollary

1 in this study were just inspired by this problem.
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