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Abstract In this study, we discuss global adaptive stabilization for a class of uncertain nonlinear systems.
The input powers of the system are unknown, and the upper bound and the nonzero lower bound are not
known in advance. This suggests that the system suffers from severe uncertainties with respect to the
input powers when compared with the related literature, which would considerably challenge the control
design. The switching-based strategy can compensate for severe system uncertainties, especially new types
of uncertainties, including those associated with the input powers. Herein, a switching adaptive controller
is successfully designed to ensure that the resulting closed-loop system states are globally bounded and
ultimately converge to the origin (the equilibrium point). The proposed controller is extended to the systems
with unknown control directions by redefining the involved switching sequences. A simulation example
demonstrates the effectiveness of the proposed switching adaptive controller.
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1 Introduction and problem formulation

In this study, we discuss global adaptive stabilization for uncertain nonlinear systems in the following
representative form:

i =iy + filz), i=1,...,mn—1,
Ty = uPr + fo(w),

(1)
where = [71,...,7,]T € R™ denotes the system state with an initial value of x(0) = =z, T =
[#1,...,2;]T, u € R denotes the control input that should be pursued, the unknown functions f;(-) are
locally Lipschitz and are considered to be the unknown nonlinearities of the system, and the unknown
constants p; € RY, £ {z—; | ¢1 and ¢y are positive odd integers},i = 1,...,n, called the unknown input
powers of the system.

Over the previous three decades, numerous classes of nonlinear systems, such as (1), have received
considerable research attention. The renowned strict-feedback system, which is a special form of (1)
(pi=1,i=1,...,n), is frequently observed in numerous practical applications, including a controlled
pendulum, robot manipulator, DC-DC (direct current—direct current) buck converter, and magnetic
levitation system [1-4]. System (1) refers to broad plants exhibiting inherent nonlinearities and/or
uncertainties, including the underactuated, weakly coupled, and unstable mechanical system and leaky
bucket [5,6]. Furthermore, a comprehensive study on system (1) exhibiting severe uncertainties with
respect to the input powers would provide us with a detailed insight about the feedback capability
against various nonlinearities and/or uncertainties [1,7-10].

In particular, we intend to design an adaptive controller for globally stabilizing system (1), i.e., all the
system states are steered from any initial system condition to the origin. To achieve the control objective,
the following two mild assumptions are imposed on system (1).
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Assumption 1. The sequence of unknown input powers {p;}"_; decreases, i.e.,

p1 = p2 = - = pn > 0.

Assumption 2. There exist an unknown positive constant § and known nonnegative smooth functions
fi(wp)),i=1,...,n, such that

[filwg)| < OFi(ap) Y faslP (2)
j=1

Assumption 1 shows that the unknown powers p; of system (1) are not necessarily greater than or
equal to 1 but that they still satisfy the “decreasing property”. This implies that the system allows more
severe uncertainties in the input powers and is different from that in the previously conducted studies.
(i) Majority of the related studies [7,9-12] required the power p; to be known and not less than 1. (ii)
In the recent studies [13-15], the input powers were allowed to be unknown when the requirement of
“p; = 1”7 was present. (iii) Only a few studies [16-18] had considered the case of p; < 1; however, the
powers should be exactly known.

Assumption 2 indicates that the system nonlinearities exhibit adequate smoothness in the vicinity of
the origin (and vanish at the origin) and that severe parameter uncertainties are allowed in system (1).
Even though this is a rather standard assumption, differences still exist when compared with the related
literature. (i) The unknown constant # or unknown power p; in Assumption 2 is excluded from many
studies [7,14,17]. (ii) Based on Assumption 1, the possibility of p; < 1 indicates that the Holder continuity
is included, which considerably differs from the related studies [7,15]. (iii) Unknown power p; appears
in (2) instead of its upper bound p as in [14,15], which would render the considered system in this study
more general®).

Owing to the rather weak Assumptions 1 and 2 (the positive unknown input powers have the unknown
upper bound, and the assumption with respect to nonlinearities is considerably general), continuous
strategies are unavailable [11,14,17], making the control design of system (1) a challenge. This enables
us to pursue a powerful strategy to globally stabilize system (1). A switching adaptive controller is
proposed to achieve the aforementioned control objective to effectively compensate/dominate the severe
uncertainties/nonlinearities, which are inspired by the extraordinary ability of switching control [8,15,
19,20].

In this study, in particular, a parameterized controller containing design parameters that have to
be updated is recursively designed by utilizing the backstepping method. Furthermore, these design
parameters are not continuously updated in a dynamic manner as classical adaptive control but in a
switching manner as the piecewise method by considering different constant values based on the prescribed
switching mechanism. Designing an appropriate switching mechanism is important because it determines
when and how to update the design parameters online; the reasonable online-generated switching times are
detected to update the design parameters online, and the values of the design parameters are dependent
on the appropriate switching sequences. By employing the switching adaptive controller, the resulting
closed-loop system states are observed to be globally bounded and ultimately converge to the origin
(equilibrium point). The proposed controller is extended to the systems with unknown control directions
by redefining the involved switching sequences.

The remainder of this study is organized as follows. Section 2 presents several useful lemmas. Section 3
focuses on the controller design by combining the backstepping method and the switching adaptive
scheme. In Section 4, the main results of this study are summarized. Section 5 proves a technical

1) System (1) is more general than those considered in the closely related studies [14,15], because the assumptions in the previ-
ously conducted studies with respect to the system nonlinearities can be transformed into Assumption 2 of this study. Particularly,
. . L. . _ . _ pP—pP1
in [14], p is known, obtaining >77_, [2;|P = 35_; 25|77 2P0 < (1 + [|lzqy 1) =2
observe the generality of Assumption 2 above (as well as system (1)). When p is unknown as in [15], |z|® < (%)ae‘z‘ forV.a >0
and V z € R; thus,

ijl |z;|PL. Further, we can directly

i _ i _ i
5 P —P1\P—P1 ] P —P1\P—P1 . Jit|ax; ]2

Z le; P < (T) Ze\zy\llem < (T) eV [4] Z ||

j=1 j=1 j=1

Therefore, by defining the new unknown constant # and the new known smooth function fq,(;c[i]), generality is immediately estab-
lished.
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proposition arising from Section 3. A simulation example is demonstrated to illustrate the proposed
switching adaptive controller in Section 6. Section 7 presents some concluding remarks.

2 Preliminaries

In this section, we present six useful lemmas. The proofs of the first five lemmas can be observed
in [7,21,22]; hence, they have been omitted from this study.

Lemma 1. When p >0,¢>0,and ¢ >0 for Vz € R, Vy € R,

p
q p a
zPlyl? < elx|PT? + ( ) Ptq.
2Pyl < elaf 4 (s )

Lemma 2. If0<p<p<pforVreR, then

|z

Tz S 7 < la

Lemma 3. When p >0 for Vz € R, Vy € R,
|z +yP < max{1, 227 }(|z[P + [y[?).
Lemma 4. When p € R:dd <landgqe€e R:dd >1lforVzeR, VyeR,

2P — yP| < 2V Pl —yf?,
|29 — 7| < q(2972 4 2)(Jz — y|? + |z —y| - [y|*7 ).

Lemma 5. For a continuously differentiable function x : Rt — R, if fOJrOO Ix(®)|Pdr < +oo for some
p = 1 and sup;> [X(f)| < +oo, then lim; 4o x(t) = 0.
Lemma 6. For a >0,

o< (2) lel
|| g(g>e , VzeR.

a . d a—1_,a .
x> 0is (2)*. Because fi(;) = 22—~ we can obtain

the unique extremum point x = a of g(z). Further, because lim,_,o+ g(z) = 0 and lim,_,  g(z) = 0,
a

r = a is the maximum point of g(z), implying that sup,-, g(x) = (£)*.

Proof. The supremum of the function g(z) = £

er

3 Switching adaptive controller design

In this section, we focus on the switching adaptive controller design for an uncertain nonlinear sys-
tem (1) based on Assumptions 1 and 2. First, a parameterized state-feedback controller is designed (in
Subsection 3.1) by applying the backstepping method, whose rationality is indicated in Proposition 1 (see
the proof in Section 5) and Lemma 7. Furthermore, a switching adaptive controller containing design
parameters that have been updated online by a switching mechanism is proposed in Subsection 3.2.

3.1 A parameterized state-feedback controller

For system (1), we design the following state-feedback controller by employing the backstepping method,
which is parameterized by b = [by, ..., b,]T.

u = an(z,B,b),
21 = T,
a1(21, B1,b1) = —b12181(21, b1), (3)
2 = i — i1 (21, Br—1), b)) 1=2,...,m,

i (21, Brip» b)) = —biziBi(21)s Briz1y, b))y 1= 2,...,m,
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where 2z = [z1,...,2,]%, B = [B1,..., 8], and b; denotes the positive design parameters that have to
be updated, z[;, by}, and fB}; denote [21, .. 2T, by, .., 6T, and [By, ..., Bi] T, respectively, and B;(+)
denotes the known smooth functions given by

ﬂi = q)?i(zli]aﬂ[i—l]ab[i—l])a i=1,...,n,
1 =1+ fi(z1),

D, :eVH'Zl2 (( i 1ﬂ1 1) b 1*1+Z 1+f 1+bJe\/1+z (b ﬂ )b1(1+b)

7j=1

2\ 2
+Z (( (aaz '1) ) (e\/@jL(bjﬁj)bj<1+bj>(1+m1+bj

T

xz((H b (4 )eV ) ) ) )i

For system (1) with controller (3) in the loop, we obtain the following technical proposition (the proof
is presented in Section 5) and an important lemma. Based on the specified §;(+) and ®;(+), the proposition
illustrates the special dynamic behavior of the resulting closed-loop system. When each of the parameters
b; in controller (3) is sufficiently large, the lemma shows that the closed-loop system would be globally
asymptotically stable. Thus, this partly motivates the following selection of switching sequences and
logic.

Proposition 1. By considering the solutions of the system (1) with controller (3) in the loop, the
Lyapunov function candidate V,, = ZZ 1 2 22 satisfies the following inequality:
n n
Vi <Y =02 B (21, By biap) |2l P+ Y 0i®i(2qay, Bpa—1p, pri—p) il (5)
i=1 i=1
where O; denotes the unknown positive constants (depending on 6 and p;), and ®;(-) defined in (4)
denotes the known positive smooth design functions that increase on p;,j =1,...,i — 1.

In Section 5, the explicit expressions for ®;(-) in Proposition 1 are achieved in a step-by-step manner.
Furthermore, the explicit dependence (or independence) of ©; with respect to p; and 6 (or b) is specified.
Remark 1. 1In (4), ®;(z}, Bi—1), bfi—1)) is introduced in the controller to compensate for the nonlinear
term @; (23, Bji—1], pi—1)) arising in (5). When b; is sufficiently large such that b; > p;, the increasing
property of ®;(-) for each p; (or b;) implies that ®; (23], Bji—1], bji—1)) = Pi(2}), Bli—1), Pli—1])- This indicates
the possibility and validity of the proposed switching mechanism design and performance analysis.
Lemma 7. If b; in (3) is large such that

s 1

bi>max{®f7', 14 p1, —}, i=1,...,n, (6)
n

then system (1) with controller (3) in the loop is globally asymptotically stable.

Proof. Basedonb; > p; (by (6) and Assumption 1), the increasing property of p; of ®;(-), the replacement

of p; with b; for ®;(-) in (5), and Proposition 1, we can observe that

n n
Vi < D0 =00 B (2, By bl zal 7+ Oz, Bricys brap) 2l (7)
i=1 i=1
From (6) and Assumption 1, bp > 0; and b;p; > 1. Then based on the definitions of 8; and ®; in
(4), we obtain bY" 87 (2(;), Bii—1), b)) > ©i®i(2[i], Bli—1], bfi—1]), which along with (7) implies the negative
definiteness of V,,. T hus, by employmg the Lyapunov stability theorem (Theorem 4.2, page 124 in [23]),
the system (1) in the loop with (6) is observed to be globally asymptotically stable.

Because of the presence of unknown ©; (which depends on the unknown parameters 6 and p;), the
occurrence of such b; satisfying (6) is unknown, which would obstruct the real-time implementation of
the designed controller. Thus, we exploit the switching adaptive feedback scheme that would update
b; to sufficiently large values online (via an event-triggered jump instead of continuous dynamics) for
compensating for the system unknowns; once b; is large such that Eq. (6) holds, the controller (3)
could achieve global stabilization for the system (1). To implement the scheme, an appropriate switching
mechanism, which particularly comprises switching sequences and switching logic, should be presented.
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3.2 A switching adaptive controller

In the context of global stabilization via switching adaptive feedback, we need to select certain switching
sequences to update the design parameters b; online based on inequality (6), and an appropriate switching
logic to determine when and how the designed controller should act on the system (1).

First, we select { H;(k)|k € ZT}, i = 1,...,n to be infinite switching sequences that satisfy the following
important increasing properties:

1< Hy(k) < Hi(k+1), i=1,...,n,
limy s 00 Hz(k') =400, t=1,...,n.

For the aforementioned {H;(k)}, the increasing properties of {H;(k)} immediately yield the following
inequality similar to (6) if k is sufficiently large:

1
H;(k) > max{@f*, 1+ p1, i}, i=1,...,n,
Pn

because p;s are constants which do not vary with k (although they are unknown). Thus, the switching
sequences are appropriate to update the design parameter b; online in controller (3). Specifically, when b;
successively takes the values of the switching sequence { H;(k)}, Proposition 1 and Lemma 7 indicate that
the aforementioned parameterized controller with an appropriate switching logic would globally stabilize
the system and admit the severe uncertainties caused by the unknown powers and nonlinearities of the
system.

Based on the parameterized controller (3) and the switching sequences { H;(k)}, the following switching
adaptive controller can be designed with the parameters b; being updated online:

wp = an(2(8),b(k)), t€ (o1, trl, 8)

where b(k) is updated online as b;(k) = H;(k), i = 1,...,n, and t; denotes the switching times that are
generated online by

t n 2 (T 3k
max {0, [ Y e ar) >vn<t;1>+§k}7 )

with ¢ being a prespecified positive constant (usually moderately small).

Thus, switching logic can be described as follows:

(i) At initial time ¢g, the design parameter b(1) is initiated with b;(1) = H;(1), i = 1,...,n and the
controller u; parameterized by b;(1) acts on the system from ¢ until ¢; is detected by (9).

(i) At 1 (the first switching time), the design parameter b(1) is instantly updated to b(2) with b;(2) =
H;(2),i = 1,...,n, whereas u;y is replaced by wus that acts on the system from ¢; until ¢5 is detected
by (9).

(iii) At tg, similar “updating”, “replacing”, and “acting” recursively achieve/concern w1 with b;(k +
1) =H;(k+1),i=1,...,n. This process is repeated until no such finite time is detected.

tr, = min {t > tp_1

Remark 2. In actual implementation, switching cannot be considered along with detection. In particu-
lar, Eq. (9) is detected at t,—1 when b; is actually updated at t;ll, where t;ll denotes the time after t;_1
but infinitely close to t;_1. Therefore, the controller uy, acts on the system in the (left-open, right-closed)
time interval (tx—1,tx], as shown in (8). Using the prescribed switching logic and the switching sequence
{H;(k)}, the above proposed switching adaptive controller is observed to present as piecewise continuous
feedback.

4 Main results

We will now summarize the main results of this study into the following theorem.
Theorem 1. For system (1) based on Assumptions 1 and 2, the switching adaptive controller (8)
guarantees the following claims:

(i) For any initial state g € R™, all the closed-loop system states are bounded on [0, +00) and
ultimately converge to the origin.
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(ii) There exists a continuous positive function My ,(z0,0,p,d), p = [p1, ..., pn)T with lims_,o+ M (0,6,
p,0) = 0, such that sup,~ [|2(t)|| < My ,(z0,0,p,9), Voo € R™.

In claim (ii) of Theorem 1, the unknown 6 and unknown power p; are not only the arguments of function
Mp (0,0, p,d) but also help to determine its expression (subscripts § and p). As shown in the following
proof of the theorem, function My ,(-) is obtained by composition and the number of operation depends
on 6 and p;, which have an unknown bound. Although this treatment is not absolutely necessary, it is
mainly used to demonstrate the undesirable effect of unknown 6 and unknown power p; on the system.

The claim (i) of Theorem 1 qualitatively indicates the boundedness of the resulting closed-loop system,
whereas claim (ii) indicates the quantitative description of the boundedness. If the unknown 6 and
unknown power p; are confined to the known domains, then the ultimate bound of the closed-loop system
states can be made sufficiently small by choosing a sufficiently small §, indicating the significance of claim
(ii) of the theorem.

Proof of Theorem 1. We initially prove the switching finiteness of the designed controller. Then, we
analyze the global stability and convergence of the resulting closed-loop system as well as the quantitative
description of the global boundedness.

Finiteness of switching. Suppose there are infinite switchings. This implies that there exists a
sufficiently large k* > lgp L guch that b;(k*), which takes values based on the specified switching logic,
satisfies (6), and that tx« is the finite switching time. Then, by Proposition 1 and (6), with respect to
(tg*—1,tx], we obtain

Z —bP (k) 8P ( )|Z|1+pl+Z@(I) |Z|1+pl

=1 =
n

— Z |Zi|1+pi7
i=1
which implies that V,(¢) is decreasing in the same interval. Hence, with respect to (tx-_1, tg=], we obtain
tk*) Vn(tz*—l)a
. 10
/ Z|Zi|1+p1 dr < Va(tie ). (10)
bix—1 =1

Furthermore, by applying Lemma 2 and based on 3k > 1+ p; > 1, we obtain

n

|Zz| 14-p;
Z 1+ |z3k -1 = Z|Zz| "

Together with (10), this directly yields on (tk*,l, tr+],
|Zz|3 K - 14p; + +
/ B Z T [P 2l dr S Vatly) <Valto) + g

[

which contradicts the fact that ¢z« is a finite switching time detected by (9).
Global boundedness and convergence. We use t; to denote the final finite switching time detected
by (9). Then, from (9), we obtain

Vo <Va(th )+ & < +o0, Vi € (t, +00),
(11)

/t S |Zl( )|3k dr < V,(tf )+ 0 < 400, Vt € (t, +00)
—————dr n(ts; — 0, i, +00),
o (S L () PR e '

which indicates that V,, is globally bounded on [0,400). Therefore, by employing the definition of V,
and based on (3), the system state x(¢) and control input u(¢) are globally bounded on [0, 400).
The boundedness of all the closed-loop system signals directly leads to that of Z; on (¢;,+00). Then,

because > =l g continuously differentiable, we obtain

i=1 TH|z; [3F 1
n |Z7V|3f€
d(Zi:l 14|z |3k—1
dt

< 400, Vte (t;,+00).
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Based on this observation and the second inequality of (11), the utilization of Lemma 5 (i.e., Barbalat
lemma) yields

n |3k
t—o0 P 14+ |Zz| _
By applying the expressions of u, z;, z; in (3), we obtain

lim x(t) =0, lim u(t) =0.

t—o0 t—o00

A quantitative description of the global boundedness.  We initially assume that switching
- - _ 1
occurs at majority of the k times, where k = max;=1___,{k; | k; = argmin;b;(k) > max{O;", 1+p1, pi}}

Further, if ¢; actually occurs, the definition of k ensures that V,, < — Zyzl |z; | P after t7., which excludes
the observation of a large finite switching time (by an analysis similar to finiteness of switching).

With respect to (3), there exist two known continuous functions v;(z,b) and v2(x,b) such that z =
7 (z,b) and z = y2(x,b). Furthermore, from the boundedness of the system state x(¢) and control input
u(t) on [0, +00), we can observe that the vector field of the closed-loop system is bounded, implying the
continuity of the system state x(¢) on [0, +00). Then, for any switching interval (tx_1,tx], 1 < k < k, we
obtain

2(4) = 72(2 (), b(k + 1)) = y2(x(te), b(k + 1)) = v2(y1(2(tx), b(k)), b(k + 1)). (12)
From (9) and V,, < — 31 |2|' P, ¢ > t;, we obtain

el ]I\Z(t)ll <zt DIl +6, 1<k <k (lz@ < 2@, Vi€ (¢, +00). (13)
E(tk—1,tk

Then, by applying b(k) < b(l:: +1),1<k< k, and (12), we obtain

2O < A0k +1),6), 1<k <E, (14)

where (-, b(l~f+ 1), 0) denotes a known positive nondecreasing continuous function with lims_.o+ (0, b(l::+
1),8) = 0. Based on (14), we can observe that

120 < Tr(ll=() 11, b(k +1),6), 1<k <k, (15)

where I'; (-, b(l;: +1),9) denotes a positive nondecreasing continuous function that is actually the k-times
composition of the function 7(-,b(k + 1),6), i.e., [z =50 --- 07 (k-times).

Using the continuity of z(t), we obtain z(tg) = y2(2(td),b(1)) = va(z(to),b(1)) = Y2(x0,b(1)). Then,
by employing the inequalities (13) and (15), we obtain

sup [ 2(8)l] < Te(llr2 (o, (D)1, b(k +1),0). (16)

=

Because x = v1(z,b), we obtain [|z| < 71(]|z||, b), where 71 (:) denotes a positive nondecreasing contin-
uous function with 7, (0,b) = 0. Then, by utilizing(16), we obtain

sup z(®)] < %(igg I2()], bk + 1)) <3 (i (72 (20, b)), b(E + 1), 8), b(k + 1)).

>

Because the definitions of & and b(l:: + 1) are particularly dependent on unknown 6 and p = [p1, ... )Y,
we can use Mg (0,0, p, 0) to represent 1 (L' ([|v2(z0, b(1))|l, b(k+1),9),b(k+1)), where Mg ,(-) denotes
a positive nondecreasing continuous function with lims ,o+ My ,(0,6,p,0) = 0 [24].

Thus, the switching adaptive controller design in Section 3 can be slightly modified to the following
nonlinear system with unknown control directions:

{Jbizgixfjrl—i—fi(x[i]), 1=1,....n—1, (17)

Tp = gpuPr + fu(x),
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where g; denotes the unknown nonzero constants, whose unknown signs indicate the unknown control
directions of the system.

For applicability, the switching sequence {H;(k)} employed in Section 3 is slightly modified to satisfy
the following condition:

1< |Hy(k)| < |Hy(k+1), i=1,...,n,
limg oo |Hi(k)| = +00, i=1,...,n,
sign(H;(k)) = —sign(H;(k +2"7%), i=1,...,n.

Consequently, for each i = 1,...,n, H;(k) exhibits strictly increasing magnitude and periodically varies
its sign with period 2"~%. Further, we remark that [sign(H;(k)), sign(Ha(k)),...,sign(H,(k))]T is of
period 2™ and exhibits 2™ possible different values because each of its entry is 1 or —1. Additionally,
we can observe that [sign(Hi(k)),...,sign(H,(k))]T takes every possible value infinity times as k —
+00 because it traverses all the (2") possible values in each period 2". For example, when n = 3,
(sign(Hy(k)), sign(Ha(k)), sign(Hs(k))) would take values from (1,1,1), (1,1,-1), (1,-1,1), (1,-1,-1),
(-1,1,1), (=1,1,-1), (=1, -1,1), and (—1,—1,—1).

Thus, if the design parameter b; in (3) is updated online based on the switching mechanism presented
in Section 3 with the above-modified { H;(k)}, then there exists a sufficiently large k such that

L 1
|H¢(k)|>max{®f7', 1+ p1, —}, i=1,...,n,

Pn

[sign(Hy(k)),...,sign(H,(k))]T = [sign(g1), .. .,sign(g,)]T,

which is the key to ensure the validity of the modified switching adaptive controller.

Quite similar to the proofs of Proposition 1 and Theorem 1, we can obtain the following concluding
theorem.
Theorem 2. For system (17) under Assumptions 1 and 2, the switching adaptive controller (8) based
on the refined switching sequences can obtain the same conclusion as that in Theorem 1.

5 Proof of Proposition 1

The proof proceeds recursively to specifically demonstrate the selection of the design parameter b; and
the specified design function ®;(z(;, Bi—1], pi—1]) as well as the reason for designing the parameterized
controller (3).

Step 1. Let Vi(z1) = %zf Then, by utilizing the solutions of system (1) and Assumption 2, we obtain

Vi =22 4+ 21 f1 < z1(2h — ofY) + 2108t 4+ 01|z [P
Consequently, because (21, B1,b1) = —b12181(21,b1) in (3) while ®1(21) = 14 fi(21) in (4), we obtain

Vi < z1(aB — ofr) — b8 |z | MR B 4 O f1 |z | T
< =AY 2 [T + 0191 (21) |21 TP 4 21 (! — of"),

where ©1 = 6.
Inductive step I (I = 2,...,n). Suppose that the first [ — 1 steps have been completed and that

Vici(zp—q)) = Zi;} 127 satisfies

-1 -1
Vi < Z —bﬁ’iﬁfilzil”’“ + Z @z‘q)i(z[ip5[i71]7p[i71])|2i|1+p" + Zl—1($§)l71 - Oéfl:ll), (18)
i=1 i=1

where ®; denotes the known positive smooth design functions that are increasing with respect to pj,
j=1,...,i—1.

Let Vi(zp) = Vi—1(-) + 327. Then, by applying the solutions of systems (1) and (18), we obtain (with
Tpyl = U

-1 -1
Vi <) =B ] TP Y 004 (2, Bri— g pi—)) |zl TP+ zi(ally — of)
=1 =1
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day_q .
+aal + (2] = o))+ afi -y . (19)

Subsequently, we present appropriate estimates to the final three terms on the right-hand side of (19)

(marked by (i), (ii), and (iii), respectively).

For term (i), i.e., z—1(2)'~" —a}"}"), by noting that the system input power p;_1 is only larger than 0

instead of greater than or equal to 1 [13-15], we initially proceed with its estimate in terms of p;—1 > 1
and 0 < p;—1 < 1 and subsequently combine both the cases.
When p;—1 > 1, by employing Lemma 4 with respect to (3), we obtain

() = 2m1 (@)™ = ') < poa (@22 2z |(|al” = + [zl - [mze B Y.
Because (by Lemmas 1 and 6)

|2y | 1Pt = |z Pro1 P || TP (@)mfl—pzevlﬂf|Zl|1+pz,

pr1 (2P 72 4 2) 2] - | |P ot = ] - (17171(2”“*2 + 2)|Zl|p“1)
1+p;_q

< |Zl71|1+p171 + (pl71(2p17172 + 2))ﬁ|zl|1+pl,l’
P (27172 4 2) |z | -zl - bz B[P

= |z_q1|P-1 - (pl—1(2p’*1_2 + 2)|bl_1/3l_1|p171—1|2l|)

< Jzioa|[SFP 4 (prog (2172 4 2)) P (b By P g TP

we obtain

1+p;_q

(1) < 2|Zl71|1+pl—1 + ((pl71(2P1—1*2+2)) Pr_1 +(pl71(2P171*2+2))1+p171
1 — pPi—1—p
x(bl_lﬁl_l)pil—l) (u) T VI (20)

e

When 0 < p;—1 < 1, by applying Lemmas 1, 4, and 6 with respect to (3), we obtain

1-pf
(i) < 21*pl—1|zl71| . |Zl|m271 < |Zl71|1+pl71 + 2 P |Zl|1+p171
l—py_ _ =
<l [Py 2 (pil‘l pl)’" U VT g 1 (21)
(&

When p;_1 > 0, the combined application of (20) and (21) obtains
(i) < 2lz—1|" P + 00 P (21, Bi—1, pi—1) || T (22)

where 6;; denotes an unknown positive constant (dependent on p;, p;—1 and independent of b) and ®;; =
(bl_lﬁl_l)plzfl_le\/ 1+27 denotes a positive smooth function, which increases with respect to p;_1.
For term (ii), i.e., z;f1, by utilizing Lemma 3 with respect to (3) and Assumption 2, we obtain

l
(i) < (L4277 H0flzal > (P +bF B2 lzia]™)

i=1
-1
= (142771027 4+ (1427 D0 fila] D (14 b B[zl
=1

Because (from Lemmas 1 and 6)

|Zl|1+pi — |Zl Pi*Pl|Zl|1+Pl < (Pzzpl )prpze\/ 1+Zz2|zl|1+pz’
|Zi|(1+pi)(p1—pq,) < (W)(Hm)(m—m)e\/Hz?,
(1427790 filze| (1 + 07 57 )|z [P

= |zi[P (1 + 220 fi(1+ 07 67| ))

<Ll P (L 20 (L 0 B

Zl|1+Pi ,
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we obtain

-1
< 22 2| "7+ O P2 (21, Bu—1)s P—1)) |2 7, (23)

=1

where 63 denotes an unknown positive constant (dependent on (H,p[l,l]) and independent of b) and

Dy = Zi: (14 fi) 4P (14-b; 3;)Pr (1 Pid eV 1+22 V1421 denotes a positive smooth function, which increases
with respect to p;,t=1,...,1— 1.
For term (iii), i.e., —2 Zi } a1 4t using (1), (3), and Assumption 2, we obtain

ox;
da Q-1 P1
+ |zz|2\ \oszm

‘804; 1‘

0
(iii) < |z Z ‘ i} ‘ (Zig1 + )P’

Pi 4 (1+2pl7171)|zl|1+p171

a
|zl|2\ e (SR [

—1
- i— ; o1, ~ B
+|ZZ|Z‘ a;_l‘(1+2pl 1)|bizi6i|pl+|zl| E ‘ﬁ‘eﬂ(l‘i‘?)l 1)
=l ' i=1 i

Y (127 + bj-125-18-1 ). (24)

Jj=1

It is noteworthy that the keys to estimate (i) and (ii) lie in using Lemma 1 to obtain the estimate terms
exhibiting the same power as well as using Lemma 6 to change the uncertainty of the power type (i.e.,
uncertainty in the power) into that of multiplier type (i.e., uncertainty in the coefficient of a known
function). In a considerably similar manner to the estimation processes of (i) and (ii) and after some
tedious estimations of the terms of (24), we obtain

-1
(i) < 4Z|z P + 01313 (2117, Bp—11> Pr—1)) |21 e (25)

=1

where 635 denotes an unknown positive constant (dependent on (H,p[l,l]) and independent of b) and

Ltpi ,  [11 .0 . . 3 i )/ 1422
Buz = 30y (1 + (F2)2) 72 (VI 4 (0B PO (1L 4 fi) 4P 30010 (1 + (b8P (F70)eVIH20)))
denotes an increasing p051tive smooth function with respect to p;,i =1,...,1 — 1.
Thus, by substituting (22), (23), and (25) into (19) as well as using (4) and the expressions of @y ()
such that ®;(2), Bu—1),Pi-1)) = Zz=1 D1 (+), we obtain

l
V < Z bpzﬁilh'z |1+;07 +Z@ D ()2 |1+p1 +Zl($l+1 _a;?z), (26)

i=1

where ©; = Zzzl 01
Finally, when [ = n, by employing (26) and x,+1 = u, we obtain (5). Particularly, from the explicit
expressions of ®;(-), it is clear that ®,(-) increases with respect to p;,j =1,...,7i— 1.

6 Simulation example

We consider the following two-dimensional uncertain nonlinear system to illustrate the effectiveness of
the proposed switching adaptive state-feedback controller:

{x1 = ac2 —H%c (27)

Ty = uP?,

where p1, p2, and 6 are unknown and 0 < p2 < p1. Obviously, system (27) is the two-dimensional case of
system (1) under Assumptions 1 and 2 (with fi(z1) = 1 and fa(z1,22) = 0).
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Figure 1 The closed-loop system signals under case (i): p1 = 22, p» = 1. (a) System states; (b) control input; (c) and (d)
switching parameters.
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Figure 2 The closed-loop system signals under case (ii): p1 = 1, ps = g—? (a) System states; (b) control input; (c¢) and (d)
switching parameters.
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Figure 3 The closed-loop system signals under case (iii): p1 = g—?, p2 = g—? (a) System states; (b) control input; (c) and (d)

switching parameters.

Based on the aforementioned design procedure, we can obtain a switching adaptive state-feedback
controller in the form of (3) with b; and by being updated online by the proposed switching mechanism
using the switching sequences.

{Hy (k) : k€ Zt} ={0.34+0.05(k— 1) : k € Z*},
{Hy(k) : k € Z+} = {0.5(1 + 3k*1) 1 k € Z+}.

The unknown input powers p; and p2 should only be greater than 0, essentially more general than those
in [7,9-11] with known input powers and those in [13-15] with the requirement p; > 1. To prove this, the
simulation is performed in the following three cases: (i) p1 > 1, p2 > 1; (ii) p1 = 1, p2 < 1; (iii) p1 < 1,
p2 < 1. Correspondingly, we consider p; = 3—?, p2 = 1 as the first case, p; = 1, p2 = 3—? as the second case,
and p; = 22, po = 22 as the third case. Then, based on § = 1 and [z1(0), z2(0)]T = [0.5, —0.5]T, we obtain
Figures 1-3, depicting the trajectories of the system states, control input, and switching parameters under
different system input powers. From the simulation figures, we can observe that all the signals, including
the closed-loop system states x1 (), x2(t), and control input wu(t), are bounded and converge to the origin.
The switchings of the design parameters by and by occur only finite times.

7 Concluding remarks

In this study, a new switching adaptive scheme has been developed for a class of nonlinear systems
exhibiting severe uncertainties with respect to the input powers. Different from the related studies [13,
14,16], this study has relaxed the common rigorous restrictions on input powers (required to be precisely
known or unknown but with known upper/nonzero lower bound therein). Along with the rather general
assumption about system nonlinearities, this study challenged the existing control strategies and exhibited
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the powerful ability of the switching adaptive scheme for compensating multiple uncertainties. It is
noteworthy that the proposed switching adaptive scheme with n design parameters by, ..., b, simplified
the design procedure when compared with that of [15], where double number of design parameters are
required. Furthermore, by slightly modifying the switching mechanism, the proposed switching adaptive
controller can be applied to the systems with unknown control directions. Although the restriction on
input powers has been relaxed, the common restriction “py > pa > --+ > p,,” still exists. The intrinsic
obstacle associated with this common restriction and whether it can be eliminated are both reserved for
future studies. Moreover, the improvement of the transient performance of the system, e.g., in avoiding the
possible excessive overshoot [12], needs to be further studied, and the output regulation of the considered
system also deserves to be explored [25].
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